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Abstract. Players A and B play a betting game. Player A starts with initial money
n. In each of k rounds, player A can wager an integer w between 0 and what he has
currently. B then decides whether A wins or loses. If A wins, he receives w money,
and if A loses, he loses w money. A total of k rounds are played, but A can only lose
r times. What strategy should A use to end with the maximum amount of money,
D(n, k,r)?

In this paper, we provide a strategy for A to maximize his money and the algorithm
to calculate D(n, k,r). We study the periodicity of D(n+1, k,r)— D(n, k, r) relative to
n. We will also extend n and w to non-negative real numbers. The maximum amount
of money that A can obtain with continuous money is C(n,k,r), and we study the

relationship between C and D.
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1. Introduction

Professor Yeong-Nan Yeh!*®! proposed the following problem:

Players A and B play a betting game. Player A starts with initial money n.
In each of k rounds, player A can wager an integer w between 0 and what he
has currently. B then decides whether A wins or loses. If A wins, he receives w
money, and if A loses, he loses w money. A total of k rounds are played, but A
can only lose r times. What strategy should A use to end with the maximum
amount of money, D(n, k,r)?

The strategy of this problem looks like that of a two-player zero-sum game
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with player A having choice of n + 1 pure strategies with the w ranging from 0
to n and player B has choice of 2 pure strategies, letting A win or lose. However,
in a zero-sum game, A’s choice and B’s choice are independent. This problem
is much more difficult because in this game, B’s decision is made in response to
A’s decision.

When 1 first started the question, I wrote a computer program to calcu-
late many examples of D(n,k,r). With the data, I could identify the periodic
properties of D(n + 1,k,r) — D(n,k,r), but I could not find a general equa-
tion. Because of this, I decided to look at C(n, k,r), which extends the domains
of n and wagers to non-negative real numbers. By doing so, the pattern for
C(n, k,r) became very clear and T used the information from C(n,k,r) to help
explain certain properties of D(n,k,r).

In section 2, we describe the strategy for player A and the algorithm to calcu-
late D(n, k,r). We also discuss the periodicity of D(n+1,k,7) — D(n, k,r), and
properties and some specific examples of D. In section 3, we change the domains
of n and the wagers to non-negative real numbers, giving a new maximum money
function C(n, k,r). We find A’s strategy for C' and the equation for C' as well as
analyze special properties. In section 4, we talk about the relationship between
C and D and the formula for calculating the period of D(n+1,k,r)—D(n, k,r).

For further information in dynamic games, combinatorial identities, and num-
ber theory, please refer to [16-18].

2. Strategy and Properties of D(n, k,r)

In the case of r = 0 or 7 = k, B has no choices and A will wager the maximum
allowed for » = 0 and wagers 0 for r = k at all bets. So we have:

D(n,k,0) = n -2, (1)
D(n,k, k) = n. (2)

Lemma 2.1. For k > r > 0, we have:

D(n,k,r) = max {min{D(n —w,k—1,r —1),D(n+w,k—1,7)}} (3)

0<w<n

Proof. First, we prove that there exists a solution. Let G be the gain matrix
for player A. G;; = D(n — (i — 1) (—=1)7,k — 1,7 — j + 1), where i = w + 1
and j = 1 means player A wins and j = 2 means player A loses. When player
A chooses a pure strategy, he knows that player B will minimize his gain, so
player A checks each row for the minimum value and chooses the row that
has the highest minimum value. That is, player A chooses a row to maximize
min;{G;;}. After player A chooses a row a, player B will choose the column b,
to minimize G4; which is min;{Gq,;} = Gqp. That means A’s gain is Gyp.
Secondly, we prove that the gain G, is a stable solution. If player B changes
his choice to a different column, player A’s gain will increase because G is the
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minimum of G,; and G,s. Therefore, player B won’t change his choice unless
Ga1 = Ga2, which will not change the solution. If player A changes his choice
to row ¢, player B will choose the column to minimize the gain to min;{G.;},
which will reduce player A’s gain to min;{G.;} < min;{G,;}. Therefore, player
A will not change his choice unless min;{G¢;} = min;{G,;}, which does not
change the gain. So G is a stable solution.

Lastly, we show Gy is the maximum value. Assuming there is another solu-
tion Gge > Ggp. That is, player A chooses row d. Since player B chose column
e, it implies Gge = min;{Gy;} < min;{G,;} = Gqp. However, this contradicts
our previous assumption that G4, > Gap. Therefore, G,p is the maximum value.
That is, D(n, k,r) = Gap = maxp<w<p{min{D(n —w,k—1,r—1), D(n+w, k —

1,7)}}. n

Lemma 2.2.
(a) If n > m, then D(n,k,r) — D(m,k,r) > n—m;
(b) If k > 1, then D(n,k,r) > D(n,l,r);
(¢) If r > s, then D(n,k,r) < D(n,k,s);
(a) Ifr =k orn <r, then D(n,k,r) =n.

Proof. (a) D(n,k,r) is the maximum money player A can have at the end with
initial money n. If player A is required to set aside n — m and only use m
as initial money to play the game, he will have maximum amount of money,
n—m+ D(m, k,r) at the end of the game. Since D(n, k,r) is the upper bound,
we have D(n,k,r) > n —m+ D(m,k,r).

(b) If player A wagers 0 for the initial £ — [ bets, player B will of course let
player A win on those bets. Player A will have equal or less money at the end
due to the constraint.

(c) By Lemma 2.1 (a) and (b), we have D(n, k,r) = maxo<w<np{min{D(n —
wk—1,r—=1),D(n+w,k—1,7)}} < Dn—w,k—1,r—1) < D(n,k,r — 1).
Hence it follows from induction that (c) holds.

(d) Since player A has less than r + 1 money, he will lose the wager if he
wagers more than 0. ]

Define wq(n, k, r) as the wager to maximize min{D(n—w,k—1,r—1), D(n+
w,k — 1,7)}. If there is more than one optimized wager, we will define the
smallest wager as wq(n, k, ). For simplicity, let wq or wg(n) denote wq(n, k, r).
That is, D(n,k,r) = min{D(n — wg, k — 1,7 — 1), D(n + wa, k — 1,7)}.

Lemma 2.3. D(z +y,k,r) > D(x,k,r) + D(y, k,r).

Proof. For k = 1, we have D(z +y,1,0) = 2(x +y) = D(z,1,0) + D(y,1,0)
and D(z +y,1,1) = x4+ y = D(x,1,1) + D(y,1,1). Assuming the statement
is true for k < m, for k =m+1,ifr=m+1, D +ym+1m+1) =
D(z,m+1,m+1)+ D(y,m+1,m+1). If r < m, we have D(z,m + 1,7) =
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min{D(z+wg(z), m,r), D(x —wq(z),m,r—1)} and D(y,m~+1,r) = min(D(y+
wa(y),m,r), D(y — wq(y), m,r — 1)). From our assumption, we have D(z +y +
wq(z) + wa(y), m,r) > D(z + wq(z),m,r) + D(y + wa(y),m,r) > D(x,m +
1,7) + D(y,m + 1,r). Similarly, D(z + y — wq(z) — wq(y),m,r — 1) > D(x —
wq(z),m,r — 1) + D(y — waq(y),m,r — 1) > D(z,m + 1,7) + D(y,m + 1,7).
Therefore, D(z +y,m + 1,7) > D(z,m + 1,7) + D(y,m + 1,7). ]

In order to use the algorithm from Lemma 2.1, we must compare all n + 1
pairs of values given from D(n —w,k—1,r —1) and D(n+w,k —1,7). We will
introduce an integer w; in Lemma 2.4 such that we only need to compare the
values given from two numbers: D(n —w;, k — 1,7 — 1) and D(n +w;, k — 1, 7).
wy can therefore only be either w; or w; + 1.

Lemma 2.4. For given 0 <r < k and 0 < n, the function F(w) = D(n —w,k —
1,r—1)— D(n+w,k—1,7) is a monotonically decreasing function with respect
to 0 < w < n. Furthermore, there exists a unique integer 0 < w; < n such that
F(w;) >0 and F(w; +1) < 0.

Proof. For 0 < w < n, from Lemma 2.2a, we have D(n — w,k — 1,r — 1) >
Dn—(w+1),k—1,r—1)+1and D(n+ (w+1),k—1,r) > D(n+w,k—1,r).
Hence, F(w) = D(n — w,k — 1,r — 1) — D(n + w,k — 1,7) > D(n — (w +
1),k—1,r—1)—Dn+ (w+1),k—1,r)+2 > F(w+ 1). Therefore, F(w) =
D(n,k—1,7—1)— D(n+w, k—1,r) is a monotonically decreasing function with
respect to 0 < w < n. Moreover, since F'(0) = D(n,k—1,r—1)—D(n,k—1,r) >0
by Lemma 2.2¢ and F(n) = D(0,k— 1,7 —1) — D(2n,k —1,7) < 0, there exists
a unique integer 0 < w; < n such that F(w;) > 0 and F(w; +1) < 0. m

Lemma 2.5.
(a) D(n,k,r) =max{D(n+w;,k—1,7),Dn—w; —1,k—1,7—1)};
(b) If D(n+w;, k—1,7) = D(n—w;, k—1,r—1), then wg = w; and D(n,k,r) =
D(n+wgq, k—1,r)=D(n —wg, k—1,r —1);
(¢) If D(n+w;, k—1,7) # D(n —w;, k— 1,7 — 1), then:
() If Din+wi,k—1,r) > D(n—w; —1,k—1,7—1), then wg = w; and
D(n,k,r) = D(n+ wq, k — 1,7);
(i) If D(n+w;,k—1,7r) < Dn—w; —1,k—1,r—1), then wg = w; + 1
and D(n,k,r) = D(n —wg, k — 1,r —1).

Proof. (a) From Lemma 2.4, there exists a unique integer 0 < w; < n such that
F(w;) >0 and F(w; +1) < 0. Hence for 0 < w < w;, D(n —w,k—1,r—1) >
D(n4+w,k—1,r). Forw;+1 <w <n, D(n—w,k—1,7—1) < D(n+w,k—1,r).
Therefore, Lemma 2.1, we have that D(n, k,r) = maxo<w<p{min{D(n — w, k —
1,7—1), D(n4+w, k—1,7)}} = max{maxo<w<w, {min{D(n—w, k—1,r—1), D(n+
w,k—1,7)}}, maxy, y1<w<n{min{D(n —w,k—1,7—1),D(n+w,k—1,7)}}} =
max{maxo<w<w; {D(n+w,k —1,7)}, maxy, +1<w<n{D(n—w,k—1,r—1)}} =
max{D(n+ w;,k —1,r),D(n —w; — 1,k—1,r — 1)}.
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(b) If D(n +w;,k —1,7) = D(n —w;, k — 1,7 — 1), then D(n, k,r) = D(n +
wi, k —1,7) and wg = w;. This is because D(n —w;,k —1,r —1) > D(n —w; —
1L,k—1,r—1).

(¢) ) ¥ D(n+wi,k—1,7) > D(n—w; —1,k—1,r — 1), then D(n,k,r) =
D(n+wq, k—1,r) and wg = w;.

(¢) @) I Dn+wi,k—1,r)<Dn—w; —1,k—1,r—1), then wg = w; +1
and D(n,k,r) = D(n —wq,k — 1,7 —1). ]

Lemmas 2.4 and 2.5 allowed us to write a simple computer program to
find D(n,k,r). We then used this computer program to find many values of
D(n,k,r). From the data, we observed properties such as the periodicity of
D(n+1,k,r) — D(n,k,r) with respect to n, but it is difficult to find a pattern
for the period. We will, however, be able to prove the periodicity and find the
period in Section 4. Some special cases are provided such as r = 1, r = 2, and
r = k — 1. In these cases, we will use Lemmas 2.4 and 2.5 to find w;, wy, and
D(n, k,r). The periodicity of D(n+ 1, k,r) — D(n, k,r) is also observed in these
cases.

Case 1 (r=1):

For k =2, D(n —w;,1,0) > D(n+w;, 1,1) implies 2(n —w;) > n+ w;. This
means w; < §. Similarly, D(n—w; —1,1,0) < D(n+w;+1,1, 1) implies w; +1 >
%, so we have w; = [§]|. D(3m +s,2,1) = max{D(2m + s — 1,1,0), D(4m +
5,1, 1)} = max{2(2m + s — 1),4m + s} = 4m + s = [ 2], where 0 < s < 2 and
wq = m. Therefore, D(n,2,1) = [4] and wy = [2]. We have observed that
forn >0, D(n+1,2,1) — D(n,2,1) is a periodic sequence with a period of 3:
1,1,2,1,1,2,1,1,2, ... We define P(2,1) = 3.

For k = 3, D(n — w;,2,0) > D(n + w;,2,1) and D(n — w; — 1,2,0) <
D(n+w;+1,2,1) imply 4(n —w;) > |20 | and 4(n —w; — 1) < | 20F2tl |,
Therefore, we have w; = |5], so D(2m,3,1) = D(m,2,0) = D(3m,2,1) =
dm = 2n and w; = m. D(2m + 1,3,1) = max{D(m,2,0),D(3m + 1,2,1)} =
max{4m, L4(37§+1)J} = L4(3"3L+1)J =4m+1=n+2|%] and wg = m. Therefore,
D(n,3,1) =n+2|5] and wg = [5|. We have observed that for n > 0, D(n +
1,3,1) — D(n,3,1) is a periodic sequence with a period of 2: 1, 3, 1, 3, 1, 3,

.. We define P(3,1) =2

For k = 4, D(n — w;,3,0) > D(n + w;,3,1) and D(n — w; — 1,3,0)
D(n + w; 4+ 1,3,1) imply 8(n — w;) > n + w; + 2[ 25| and 8(n — w; — 1)
n—+ w; —|—1+2L”+w1+1j If n = 5m+s, where 0 < s < 5, then w; =3m+ 5] =
|22]. D(5m+ s,4,1) = max{D(2m+s — |$] — 1,3,0), D(8m+s+L 1,3,1)} =
max{8(2m + s — [5] — 1),8m + s + | 5] +2Lm++ﬂjj} =8m+s+ 5] +
2L%J =2 +222] and wg = w; = [2]. We have observed that for
n >0, D(n+1,4, 1) = D(n,4,1) is a periodic sequence with a period of 5: 1, 4,
3,4,4,1,4,3,4,4,1,4, 3,4, 4, ... We define P(4,1) = 5.

Examples of D(n, k 1) are shown in Table 1. Later on, we will prove that if &
is even, P(k,1) = k+1, if k is odd, P(k,1) = &L and D(n—|—1 k,r)—D(n,k,r)

2
is a periodic sequence with a period of P(k,r).
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E\n 1 2 3 4 5 6 7 8 9 10 11
1 1 2 3 4 ) 6 7 8 9 10 11
2 1 2 4 ) 6 8 9 10 12 13 14
3 1 4 ) 8 9 12 13 16 17 20 21
4 1 5 8 12 16 17 21 24 28 32 33
5 1 8 16 17 24 32 33 40 48 49 56
6 1 16 24 32 40 49 64 65 80 88 96
7 1 24 40 64 65 88 104 128 129 152 168
8 1 40 65 104 128 152 192 216 256 257 296
9 1 65 128 192 256 257 321 384 448 512 513
10 1 128 256 321 448 512 577 704 769 896 1024
Table 1. Values of D(n,k, 1)
Case 2 (r = 2):

For k=3, D(n —w;,2,1) > D(n+w;,2,2) and D(n —w; —1,2,1) < D(n +
w;+1,2,2) imply L@J > n+w; and LWJ <n+w;+1,s0w; = [£].
D(7m+s,3,2) = max{D(6m+s,2,1), D(8m+s,2,2)} = maX{LWJ,Sm—i—
s}=8m+s=[2] and wqg = w; = [Z] for 0 < 5 < 7. We have observed that
for n > 0, D(n+1,3,2) — D(n,3,2) is a periodic sequence with a period of 7:
1,1,1,1,1,1,2,1,1,1,1, 1,1, 2, ... We define P(3,2) = 7.

For k =4, D(n —w;,3,1) > D(n+w;,3,2) and D(n —w; —1,3,1) < D(n+
w; +1,3,2) imply n —w; + 2| 252 | > LS(TH?'“”)J and n—w; — 1+ 2[2=%=1] <
LL}?MJ.SO we have w; = | & ] + 2228 If n = 11m + s, let w; = 3m + a.
Then, D(11m + s,4,2) = max{D(8m +s—a—1,3,1),D(14m + s+ a,3,2)} =
maX{gm +fs—aq-—1+ 2|—8m+527a71J’ |—8(14m7+s+a)J} — 16m+s+a+ I_HTGJ
and wq = w;, where 0 < s < 11. Therefore, D(n,4,2) = |12 ] 4+ |42+£1] and
wq = ||+ [ 2238 |. We have observed that for n > 0, D(n+1,4,2) — D(n, 4,2)
is a periodic sequence with a period of 11: 1,1, 2,1, 1,2, 1,2, 1,1, 3,1, 1, 2,
1,1,2,1,2,1,1, 3, ... We define P(4,2) = 11.

Table 2 shows examples of D(n, k, 2).

EK\n 1 2 3 4 5 6 7 8 9 10
2 1 2 3 4 5 6 7 8 9 10
3 1 2 3 4 5 6 8 9 10 11
4 1 2 4 5 6 8 9 11 12 13
5 1 2 5 6 8 11 12 16 17 18
6 1 2 6 8 12 16 1v 21 24 27
7 1 2 8 16 21 24 27 32 34 40
8 1 2 16 24 27 34 44 49 59 64
9 1 2 24 34 44 59 65 76 8 104
10 1 2 34 59 65 83 112 128 145 168

Table 2. Values of D(n, k,2)

From the above discussions and analyses, for small £ and r, we have the
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explicit formula for D(n, k,r).

Corollary 2.6. D(n,
2% D(n,3,2) = | &

Case 3 (r=*k—1):

For k = 3, we have D(n,2,1) = |

For k = 4, we have D(n, 3,
For k = 5, we have D(n, 4,

We observe and will later prove that D(n, k, k —

and P(k,k—1)=2F - 1.

2) = |
3) =1
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15+

) wg = 2], and P(2,1) = 3.
8] wq = [%], and P(3,2) = 7.
L0 ] wg = |L], and P(4,3) = 15.

Table 3 shows examples of P(k,r).

K\r 0 1 2 3
11 (1)

2 122-1 (1)

3 12! 23 -1 (1)

4 15 252t -1
5 13 23 2t -3
6 17 11 25 — 11
7 14 29 24

8 19 37 93

9 15 23 65

10 1 11 14 44

11 16 67 29

12 1 13 79 299
13 17 46 189
14 1 15 53 235
15 18 121 144

4 5

(1)

22 -1 (1)
-7 261
2" —29 26 4
2% —93 28 — 37
27 28 — 65
193 29— 193
281 28

397 793
1093 595
1471 3473
1941 2472

): I_Qk 1J Wq = Lgk 1J
6 7 8
(1)
27 -1 (1)
22—9 281 (1)
28923 285 20— 1
2844 2814 210 _11
10 _ 981 28 — 29 ot 67
11 _793 21 — 397 2'2 _299
210 21 — 595 2'% 1093
1619 212 _ 1619 2'* — 3473
9949 gt 15 _ 9949

Table 3. Values P(k,r)

3. Solutions of C'(n, k,r)

Let the initial money n and wagers be non-negative real numbers

and call the

maximum money player A can have after all k& rounds C(n, k,r).

Lemma 3.1.
(a) C(1,k,0) = 2%;
(b) C(1,k, k) =1;
(¢) D(n,k,r) <C(n,k,r);
(d) Cln,k,r)=n-C(1,k,r)
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Proof. (a) If Player A wagers the maximum money allowed at each bet, he will
win all the bets and yield part (a).

(b) Player A cannot wager any amount of money other than 0 at each bet or
else he will lose the bet.

(¢c) Since D(n,k,r) is the money at the end with the constraint of integer
wagers and C(n, k,r) is the maximum money at the end without the constraint,
so D(n,k,r) < C(n,k,r).

(d) Converting n dollars into 1 unit and changing the unit back to dollars at
the very end yields part (d). Therefore, C(n,k,r) is a continuous function with
respect to n. |

Lemma 3.2. For given 0 < r < k, there exists a unique non-negative real number
we(k, ) < 1, which will be written as w. for simplicity, such that C(1 — w., k —
Lr=1)=C(1+w,k—1,r).

Proof. As w increases from 0 ton, C(1 —w,k—1,r—1) - C(1 +w,k —1,7) is
monotonically decreasing from C(1,k—1,r—1)—-C(1,k—1,r) > 0to C(0,k —
1L,r—1)—-C2,k—1,r) = C(2,k—1,r) < 0. Since C(1 —w,k —1,r—1) —
C(1 +w,k — 1,r) is continuous, there exists a unique number, w,, such that
Cl—we,k—1,r—1)—C(1 +we,k—1,7) =0. ]

Similar to the integer case, we have that, for continuous wagers, C(1,k,r) =
maxo<y<1{min{C(l —w,k—1,r —1),C(1 +w,k —1,7r)}}.

Lemma 3.3. Fork >r >0,

ClLk,r)=Cl—we,k—1,r—1)=C(1 4+ we, k—1,7) (4)

Proof. If w < we, we have C(1 + w,k — 1,7) < C(1 + we,k — 1,7) = C(1 —
we, k— 1,7 —1) < C(1 —w,k — 1,7 — 1). Therefore min{C(1 — we,k — 1,7 —
1),CQ+we,k—1,7)} > min{C(1-w,k—1,r—1),C(1+w,k—1,r)}. Similarly,
If w > w,., we have C(1 —w,k —1,r—1) < C(1 —we,k—1,r—1) = C(1 +
we, bk —1,7) < C(1 +w,k —1,7). Therefore min{C(1 —w., k— 1,7 —1),C(1 4+
we, k—1,7)} > min{C(1—w,k—1,r—1),C(1+w,k—1,r)}. Since C(1,k,r) =
maxo<w<1{min{C(l —w,k —1,r—1),C(1+w,k —1,7)}} we have C(1,k,r) =
Cl—we,k—1,r—=1)=C(1 4+ we, k—1,7). ]

That is, for & > r > 0, player A chooses a wager at every possible bet such
that the maximum money at the very end is independent of whether player B
let him win or lose.

Lemma 3.4. G(k,r) = > (’;) is the solution to the initial conditions G(k,0) =1,
i=0
G(k,k) = 2%, and the recurrence formula G(k,r) = G(k—1,r — 1)+ G(k—1,7),
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where 0 < r < k.

Proof. 1t is easy to see that G(k,r) meets the initial conditions: G(k,0) =

k
(5) = 1and G(k,k) = > (¥) =28 For 0 < r < k, we have G(k,r) =

j=0
é () + @) = é((’“;l) F )+ (551 = Gk — 1r) + Gk — 1,r — 1),
Therefore, G(k, ) — Gk — 1,7) = G(k — L7 — 1). "

Lemma 3.5. If r and k are integers such that 0 < r < k, then:
k
(a) C(l,k,'f") = %,
—1

(b) welk,r) = S

Proof. (a) The cases for r = 0 and r = k are trivial. For 0 < r < k, from Lemma
3.3, we have C(1 + we, k — 1,7) = C(1 —we, k—1,r—1),s0 (1 +w.) - C(1,k —

Lr)y=(1-w.) -C(l,k—1,r—1) and w, = gm:i::iﬁgg:j:g Therefore,

1 _ 1. ( 1 + 1 )
C(l,k,r) — 2 C(1,k—1,r) C(l,k—1,r—1)/"

Let F(k,r) = w2 Then, we have F(k,7) = F(k—1,r) + F(k — 1,7 — 1)
for 0 < r <k, F(k,0) = #’;0) =1, and F(k, k) = ﬁ:k) = 2% Therefore,
from Lemma 3.4, we have that F(k,r) = G(k,r). We therefore have C(1,k,r) =

2k‘
G(k,r)"

kE—1
(b) we(k,r) = Q=Lr o6ty _ L), "

1 1 _
Lemma 3.6. COED + COFA=T=T) — 1.

k k r k—r—1
Proof. C(12,k,r) + C(l,k?k—r—l) =G(k,r)+ Gk k—r—1)= X (lj) + Zo (I;) =
J= Jj=
r k
k kY _ ok 1 1 _
‘ (J) + E (j) = 2%, Therefore, oW + SRR = 1. n
7=0 j=r+1

k

Theorem 3.7. C(n, k,r) = ,"'Qk .
> (5)

j=0

k

Proof. From Lemmas 3.1 (d) and 3.5 (a), we have that C(n,k,r) = ,’f'Q(k). |
> (;

i=0

<.

It is obvious that C(n,k,r) has the following monotonic properties:

(a) If n > m, then C(n,k,r) > C(m, k,r);
(b) If £ > m and n > 0, then C(n, k,r) > C(n,m,r);
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(¢) If r > m and n > 0, then C(n, k,r) < C(n, k,m).

All the possible bets of C(1, k,r) form a binary rooted tree, called the C(1, k,
r) tree. Each possible bet is a node which is labeled as (I, s,u), where [ is how
many bets are left over, s is how many times player A can still lose, and if there
are more than one node for the same [ and s, we use a natural number u to label
them, where smaller u means earlier wins. Let the money owned at node (I, s, u)
be n(l, s,u). Then, the optimal wager at node (I, s,u) is n(l, s,u) - we(l, 8). This
is because w, is the optimal wager when n = 1. The optimal wager at (I, s, u)
is a function of n,k,r I, s, and u. For our application, we normally fix k£ and
r. For simplicity, we will call the optimal wagers of the C(n, k,r) tree ”wagers”
and define them as wy, (I, s,u) from now on. The wager of the root node (k,r,1)

k—1
is wy(k,r, 1) = 1-we(k,r) = C(;(,; T)) and the money owned for the root node is

n(k,r,1) = 1. (0,0,u), where 1 <u < (’f), are leaf nodes which have no wagers
and its n(0,0,u) = C(1,k, 7).

The C(n, k,r) tree has the same structure as that of the C(1, k, ) tree except
at each node, the optimal and the money owned are exactly n times of the
corresponding wager and money owned of the C(1,k,r) tree, respectively.

Lemma 3.8. The C(n,k,r) tree has the following properties:
(a) Cln(l,5,u),L,5) = Cln, k,7);
(b) Money owned, n(l,s,u), and wager, wy(l,s,u) at node (I,s,u) are inde-
pendent of u.

Proof. We will use k as the variable for induction. (a) Nodes of the C(n,1,0)
tree are (1,0,1) and (0,0,1). n(1,0,1) = n, w,(1,0,1) = n, and n(0,0,1) = 2n.
C(n(1,0,1),1,0) = 2n = C(n(0,0,1),0,0) = C(n,1,0). Assuming the statement
is true for k < m, for k = m+1, when r = m+1, the nodes of the C(n,m+1,m+
1) tree are (0,0,1) and ([,1,1), where 0 < I < m+ 1. n(0,0,1) = n(l,],1) =
n, and wy(l,1,1) = 0. C(n(0,0,1),0,0) = C(n(l,1,1),1,1) = n(l,l,1) = n =
C(n,m+1,m+1). For 0 <r < m, non-root nodes (I, s,u) of the C(n,m+1,r)
tree are nodes of the C(n - (1 + w.),m,r) tree or C(n - (1 — w.), m,r — 1) tree.
C(n(l,s,u),l,8) =C(n-(1+w.),m,r) or C(n-(1—w.),m,r—1). Since C(n -
(14+we),m,r) =C(n-(1—w:),m,r—1)=C(n,m+1,r), we have proven part
(a).

(b) From part (a), we have C(n(l, s,u1),l,s) = C(n, k,r) = C(n(l, s,u2),l, s).
This implies n(l, s,u1) = n(l, s,uz). Since wy(l,s,u) = n(l, s,u) - we(l, s), both
n(l,s,u) and wy (I, s,u) are independent of w. [

We will use n(l, s) and wy,(l, s) instead of n(l, s, u) and wy, (I, s,u). Note that
wy (1, 8) =n(l,s) - we(l, s).

Lemma 3.9.
(a) Wagers of the C(G(k,r), k,r) tree, we o,y (k—m+1,7—j7) = 2m*1-(kr__3'7‘),
where 1 <m <k and max{0,7 +m —k — 1} < j <min{r,m — 1};
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(b) All the wagers of the C(G(k,r),k,r) tree are integers.

Proof. (a) Please refer to Tables 4 and 5 for visual aid. At the 1st bet (level
1) - the root node (k,r,1), the money owned n(k,r) = G(k,r) and wager
wa g (k) = (%71

At the 2nd bet (level 2), there are 2 possible nodes:

Node (k—1,r,1): n(k—1,7) = G(k,r)+ (k Y =2-G(k—1,r) and wg (kyry (k=
Lr)=2-(*7)

Node (k—1,7—1,1): n(k—1,r—1) = 2.G(k—1,r—1) and wg () (k—1,r—1) =
2-(;23)

At the m*" bet (level m), nodes are (k —m + 1,7 — j,u), where max{0,r +
m—k—1} <j <min{r,m —1}.

Therefore, n(k —m+1,r —j) =2""1- G(k —m+1,r — j), and wek, (k —
m+1,r—j)=2m"1. ("7m).

(b) Since (kri’jn) are gleintegers, all the wagers are integers. [
(5,3,1)
/\
(4,3,1) (4,2,1)
/\ /\
(3,3,1) (3,2,1) (3,2,2) (3,1,1)
(2,2,1) (2,2,2)/\21,1 (2, 23)/\2,1,2 (2,1,3) (2,0,1)

N N |

(1,1,1) (1,1,2) (1,1,3) (1,0,1) (1,1,4) (1,1,5) (1,0,2) (1,1,6) (1,0,3) (1,0,4)

(0,0,1) (0,0,2) (0,0,3) (0,0,4) (0,0,5) (0,0,6) (0,0,7) (0,0,8) (0,0,9) (0,0,10)

Table 4. The C(n,5,3) tree.

Definition 3.10. For any natural number k and any non-negative integer
r < k, we define g(k,k) = 2% and g(k,r) is the greatest common divisor of
all we (k) (l,8) of the C(G(k,7), k,r) tree.

Let h(k,r,m) denote 2™~ 1 gcd( ( ) ( ™, (rk;;il)) where 0 < m <
min{k—1,k—r,r+1}. Note that h(k,r,m) is the greatest common factor of all
the wagers at the m'" bet of the C(G( r),k,r) tree. Since wgk,y(r +1,7) =

2k=r=1 we have h(k,r, k —r) = 2F—"—1,
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I\s 8 7 6
13 (2)
12 2t (181) 2t (171)
11922 () 22 (1) 22
1020 (9 20 () 20 (
9 9t 23 2
8 0 25 25. (
7 0 26
6 0
)
4
3
2
1
0

H
o
SN—

(o230 Ber e sl e Ne]

— — —

23.
24.
25 .
26 .

o~~~ —~

o gty Otoo Ot o

o e o

N SN /N /S

B UL O B 0

— = O

3 2
% ()
2. (9) 2
27 () 27
2. (1) 2
29 29
0 210
0

C.J. Lien

1 0
2)
2) 27 ()
2 2°-() 2°
2) 2°-(1) 2
210 _(?) 210
211 211
0 212

Table 5. wg(13,8)(1, 5) of the C(G(13,8),13,8) tree

Lemma 3.11. For r < k, g(k,r) = ged(h(k,r, 1), h(k,r,2),..., h(k,r,min(k —
Lk—rr+1))).

Proof. Since weg(i,y(r +1,7) = 2F=r=1 " we have g(k,r) = 29 where g < k —
r—1. Also, 287" | wg k. (k — m,s) for m > k — r. Therefore, those cases

do not need to be included in the calculation of the ged. That is, g(k,r)

ged(h(k,r, 1), h(k,7,2),..., h(k,r,min(k — 1,k —r,r + 1))).

Lemma 3.12. g(k,r) = g(k,k —r — 1) for r <k.

Proof. h(k,k—r—1,m)=2m"".ged((

1) (

k—m

ged((

r—m+1

r—1,1),h(k, k

It is easy to see that g(k,0) =1 = g(k,k — 1) since (kal) =1

Lemma 3.13.

k—m
r—m-+2

)ooos (

k—m
r

k—m
k—r—1

). (

k—m
k—r—2

) (

k—m
k—r—m

) =2n.

)) = h(k,r,m). g(k,k —r—1) = ged(h(k,k —
—r—1,2),...,h(k,k—r—1,min{k— 1,7+ 1,k —2})) = g(k, 7).

(a) For 0 <r<2™, we have g(2™,r) = 1.
(b) For 0 <r < 2™ we have g(2™ + 1,r) = 2.

k—1
k—1

(x")-

Proof. (a) h(k,r,1) = (k;l), which is odd when k = 28], Therefore, g(2™,r) =
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1, where r < 2™.
(b) h(k,r,2) = 2-ged((*?), ("2?)) = 2 when k = 2" +1B. h(k,r,1) = (*1),

r—1 T

which is even when k = 2™ + 118, Therefore, g(2™ +1,7) = 2, where 7 < 2™. m

Theorem 3.14. The wagers of the C(n,k,r) tree are all integers if and only if

f((::)) | n, where a | b means a divides b.

G(k,r)
g(k,r)

Proof. For k = r, the theorem is true since both | » and the wagers of the
C(n, k,r) tree are all integers.

For k > r, from Lemma 3.9b and the definition of g(k,r), we know that

wak,r) (1,8)

Weawn (1,8) = — iy are all integers and are relatively prime. Therefore,
g(k,r) ’
the ng of all W G(k,r) (l, S) is 1. u}n(l’ S) = % WGk, (l’ S). Ifn=m- G(:7T;7
g(k,m) m 9k, ) g(k,r
then every wy, (I, s) is an integer. Conversely, if every w,(l, s) is an integer, then
=ty s an integer. =

g(k,m)

K\r 0 1 2 3 4 5 6 7 8
1 1 (2

2 11 (2%

3 1 2 1 (23)

4 11 1 1 (24)

5 1 2 2 2 1 (25)

6 11 2 2 1 1 (29)

7 1 2 1 221 2 1 (27)

8 11 1 1 1 1 1 1 (28)
9 1 2 2 2 2 2 2 2 1
w1 1 22 22 2 2 22 22 1
m 1 2 1 232 222 22 1
2 1 1 1 1 2 2 2 2 1
3 1 2 2 2 1 22 22 22 1
4 1 1 2 2 1 1 22 22 1
5 1 2 1 22 1 2 1 23 1

Table 6. Values of g(k,r)

4. Further Properties of D(n, k,r)

Theorem 4.1. For any 0 <r <k and n > 0, C(n,k,r) = D(n, k,r) if and only
if the wagers at each node of the C(n, k,r) tree are integers.

Proof. For k =1, C(n,1,0) = 2n = D(n,1,0) and the wager is n, which is an
integer. C(n,1,1) = n = D(n,1,1) and the wager is 0, which is an integer, so
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for 0 <r <k, we have C(n,1,7) = D(n,1,r) if and only if all possible wagers
in the C(n,1,r) tree are integers.

Assuming the statement is true for all k¥ < m, we want to prove it is true for
k=m+1. C(n,m+1,m+1)=n= D(n,m+1,m+1) and all the wagers are 0
so the statement is true for r = m+1. C(n,m+1,0) = n-2"*! = D(n,m+1,0)
and all the wagers are n,n-2,...,n-2™, so the statement is true for r = 0.

For 0 < r < m+ 1, Let us first prove that if D(n,m+1,7) = C(n,m+1,r),
then all wagers of the C'(n,m + 1,r) tree are integers. We know that the first
wager of C(n,m + 1,7) is n-w, and C(n,m + 1,r) = C(n- (1 +w.),m,r) =
C(n- (1 —we),m,r —1). Let the first wager of D(n,m + 1,7) be wq. Then,
D(n,m + 1,r) = min{D(n + wq,m,r),D(n — wg,m,r — 1)}. If wg < n - w,,
D(n,m + 1,r) < D(n + wg,m,r) < C(n+ wg,m,r) < Cn+n-w.,m,r) =
C(n,m + 1,r). The inequalities become equalities and wg = n - w.. Similarly,
if wg >n-we, D(n,m+1,r) < Dn —wq,m,r—1) < C(n —wg,m,r—1) <
Cn—n-we,m,r —1) = C(n,m+ 1,r). The equalities hold and wg = n - w,.
Therefore, wg = n-w. and D(n,m+1,r) = D(n-(1+w.),m,r—1) = C(n,m+
1L,r)=C(n-(1+w.),m,r). D(n-(1+w:),m,r)=C(n-(1+w.),m,r) implies
all the wagers of the C'(n - (1 + w.), m,r) tree are integers and similarly, all the
wagers of the C'(n- (1 —w.), m,r —1) tree are integers. Therefore, all the wagers
of the C(n,m + 1,r) tree are integers.

Lastly, we will prove that if all wagers of the C'(n,m + 1,7) tree are integers,
then D(n,m+1,r) = C(n,m+1,7). The C(n- (14 w.), m,r) tree is a sub-tree
of the C'(n,m+1,r) tree. Therefore all wagers of the C(n-(1+w.), m,r) tree are
integers. This implies that C(n-(14+w.), m,r) = D(n-(1+w.), m,r). Similarly,
C(n-(1—we),m,r—1) = D(n-(1—w),m,r). Since n-w, is an integer, we have
D(n,m+1,7) > min{D(n-(1+w.), m,r), D(n-(1—w.), m,r—1)} = C(n,m+1,r).
Since C(n,m +1,7) > D(n,m+ 1,7), we have C(n,m+ 1,r) = D(n,m + 1,r).

[

Lemma 4.2. For any 0 < r <k andn > 0, we have:
(a) Existence: There exists a positive integer n such that C(n,k,r) =
D(n,k,r);
(b) Homogeneity: If C(n,k,r) = D(n,k,r), then C(n-m,k,r) = D(n-m, k,r);
(¢) Additwity: If C(ny1,k,r) = D(n1,k,r) and C(nz2, k,r) = D(na, k,r) where
ng > ny, then C(na —ny, k,r) = D(na — nq, k,r).

Proof. (a) From Lemma 3.9 (b) and Theorem 4.1, we have C(G(k,r),k,r) =
D(G(k,r),k,7).

(b) If C(n, k,r) = D(n, k,r), then all wagers of the C(n, k, r) tree are integers.
That implies that all wagers of the C(n - m, k,r) tree are integers.

(¢c) If C(ny,k,7) = D(nqy,k,r) and C(nga, k,r) = D(ng, k,r), then all wagers
of the C(n1,k,r) tree and the C(nq, k,r) tree are integers. Since the wagers of
the C(n,k,r) tree are n times the corresponding wagers of the C(1,k,r) tree,
wagers of C'(ny — nq, k,r) tree are the difference of the corresponding wagers of
the C(nq, k,r) tree and the C(ng, k,r) tree. ]
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Lemma 4.3. For every 0 < r < k, let P(k,r) = (g;(k’:). Then, C(n,k,r) =
D(n,k,r) if and only if P(k,r) | n.

Proof. From Theorem 3.14, we have P(k,r) | n if and only if all the wagers of
the C(n, k,r) tree are integers. From Theorem 4.1, we have that all the wagers
of the C'(n, k, ) tree are integers if and only if C(n, k,r) = D(n, k,r). Therefore,

C(n,k,r) = D(n,k,r) if and only if P(k,r) | n. ]
Lemma 4.4. P(k,k—r—1) = g(?:r) — P(k,r).

_ Gkk—r=1) _ 2*—G(k,r) _ 2F
Proof. P(k,k—r—1)= S T = ety = 9t P(k,r). n

Theorem 4.5.

(a) D(n,k,r) = C(m,k,r) + D(y,k,r) = g‘(TQ];) + D(y,k,r) where m =
Lty - P(k,r) and y =n —m;
(b) D(n+1,k,r)—D(n,k,r) is a periodic function of n with a period of P(k,r).

Proof. (a) For D(y, k,r), we can use the C(1, k,r) tree structure and attach each
node with wagers and money owned of D(y, k,r). The wagers and money owned
are increasing functions of y. There exists an optimized path from the root node
to a leaf node of the C(1,k,r) tree such that the leaf node has money owned
equal to D(y,k,r). D(m,k,r) and C(m,k,r) have the same tree and values
attached at each node and the optimized D(m, k,r) path can be any path of the
C(m,k,r) tree. If we use the optimized D(y, k,r) path for D(y + m, k,r), at
each node the wager and money owned for D(y+m, k, r) are the sum of those of
D(y,k,r) and C(m,k,r), so we have D(y +m, k,r) > D(y, k,r) + C(m,k,r). If
we use the optimized D(y + m, k,r) path for D(y, k,r) at each node, the wager
and money owned for D(y, k,r) are the difference of those of D(y +m, k,r) and
C(m,k,r). We then have D(y,k,r) > D(m + y,k,r) — C(m, k,r). Therefore,
D(m+y,k,r) =C(m,k,r)+ D(y,k,r). This implies D(n, k,r) = C(m, k,r) +
D(y,k,r) = é”(TQI:) + D(y, k, ).

(b) D(n+1,k,r)—D(n,k,r) = D(y+1,k,r)—D(y, k,r) for 0 <y < P(k,r),
so it is a periodic function of n with period P(k, ). ]

Corollary 4.6.
(a) D(n,k,k—1) = |22 ];

2k —1
m- o, m- r m-2k
(b) D( ggf(];) ),k,r) = C( 956(7]:“3 ),k‘,r) = g(k?r)'
G(k,k—1)

Proof. (a) P(k,k —1) = = 2k — 1. For non-negative integers y <

28 — 1,y < D(y,k,k—1) < Cly,k,k—1) = % =y + 5i=g. This implies

D(y,k,k — 1) = y. From Theorem 4.5, we have that D(n,k,k —1) = | 57+ -
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k n

P(k,r) - % + D(y, k,r), where y = n — | g5 ] - P(k,7), so D(n, k., k - 1) =

|_2kn_1J '2k +y= |_27cn_1J '2k +n— |_2kn_1J ' (2k - 1) =n-+ LﬁJ = L;kzlj

(b) From Lemma 4.3, we have that D(%U;’)T),k,r) = C(%U:j)r),k,r) =
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