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1. Introduction

Let A be an alphabet having at least three letters. A square is a word in AT
of the form wu, with v a nonempty word. A word contains a square if one of
its factors is a square, otherwise, the word is called square-free. Then there are
infinitely many square-free words in A*. Consider the semigroup

D =sgp(A|w® =1,w € AT), where AT = A*\ {1}.

Each square-free word constitutes an equivalence class modulo this congru-
ence, and the quotient monoid D is infinite.
There is another situation where square-free words can be used. Consider
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the quotient monoid
E =sgp{A|w™ =w",w e AT, m,n>2)

Since each square-free word also defines an equivalence class, the monoid F is
infinite. In fact, this result also holds for a two-letter alphabet (Brzozowski,
Culik II, and Gabrielian 1971).

These considerations can be placed in the framework of the classical Burnside
problem (originally, the Burnside problem was formulated for groups only, but
it is easy to state for semigroups also):

Is every finitely generated torsion semigroup finite 7 (A torsion semi-
group is a semigroup such that each element generates a finite subsemigroup.)
We have just seen that the answer is negative in general. But in one special
case, surprisingly, the answer is positive.

Let A= {a; |i € I} be a set. The monoid

M = sgp(A | w® = w,w € A*)

is called the free idempotent monoid on A (see [8]).

Theorem 1.1. (Green-Rees [8]) The free idempotent monoid on A is finite and

has exactly
- n . 9t
Z(,J ] k—i+1)

k= 1<i<k

0
elements, where n = Card(A).

2. Preliminaries

We first cite some concepts and results from the literature [3, 2, 9] which are
related to Grobner-Shirshov bases for associative algebras.

Let X be a set and F a field, F(X) the free associative algebra over F
generated by X, and X* the free monoid generated by X. A well ordering < on
X™* is monomial if for any u,v € X*,

u < v = wiuwe < wivws, for all wy, ws € X*.

Let X T be the semigroup generated by X. For any u € X*, denote by |ul
the length of wu.

A standard example of monomial ordering on X* is the deg-lex ordering which
first compare two words by length and then by comparing them lexicographically,
where X is a well ordered set.

Then, for any nonzero polynomial f € F(X), f has the leading (maximal)

word f. We call f monic if the coefficient of f is 1.
Let f, g € F(X) be two monic polynomials and w € X*.



Grobner-Shirshov Bases for Free Idempotent Monoids 761

If w = fb = ag for some a,b € X* such that |f| 4 |g| > |wl|, then (f,g)w =
fb—ag is called the intersection composition of f, g relative to w.

If w= f = agb for some a,b € X*, then (f,g9)w = f — agb is called the
inclusion composition of f, g relative to w. The transformation f — f — agb is
called the elimination of leading word (ELW) of g in f.

In (f, 9)w, w is called the ambiguity of the composition.

Let S C F(X) be a monic set. A composition (f, g) is called trivial modulo
(S, w), denoted by

(f,9)w =0 mod(S,w)

if (f,9)w = a;a;s;b;, where every o; € F, s; € S, a;,b; € X*, and a;5;b; < w.

Generally, for f,g € F(X), f=g mod(S,w) we mean f — g = > a;a;8;b;,
where every o; € F, s; € S, a;,b; € X*, and a;5;b; < w.

Recall that S is a Grébner-Shirshov basis if any composition of polynomials
from S is trivial modulo S.

Let f and r; be two polynomials. Then f — f; by ELW of r; in f means
f = aiairiby + f1 where ay,by € X*, a1 € F, f =a,7by and fy < fif fi #0.
Generally, f — f1 — -+ — f, — r means that f = Y aa;m;b; + r where
f = a171b1 > asTzby > -+ > a,T,b, > 7. If this is the case, we say that f can
be reduced to r via {ry,...,m,}.

Clearly, if (f,g)w can be reduced to zero by ELW of S, then (f,¢)w =
0 mod(S,w).

The following lemma was first proved by Shirshov [9] for free Lie algebras
(with deg-lex ordering) (see also Bokut [3]). Bokut [2] specialized the approach
of Shirshov to associative algebras (see also Bergman [1]). For commutative
polynomials, this lemma is known as Buchberger’s Theorem (see [4, 5]).

Lemma 2.1. (Composition-Diamond Lemma) Let F' be a field, A = F(X|S) =
F(X)/Id(S) and < a monomial ordering on X*, where Id(S) is the ideal of
X) generated by S. Then the following statements are equivalent:

£
(1) S is a Grébner-Shirshov basis.
(2) f € Id(S)= f=asb for some s € S and a,b € X*.
(3) Irr(S) = {u € X*|u # a3b,s € S,a,b € X*} is an F-basis of the algebra
A= F(X]S).

If a subset S of F(X) is not a Grobner-Shirshov basis then one can add
all nontrivial compositions of polynomials of S to S. Continuing this process
repeatedly, we finally obtain a Grobner-Shirshov basis S°°™P that contains S.
Such a process is called Shirshov algorithm.

A set S is called minimal Grébner-Shirshov basis if it is a Grobner-Shirshov
basis and there are no inclusion compositions in S.

Let A = sgp(X|S) be a semigroup presentation. Then S is also a subset
of F(X) and we can find Grébner-Shirshov basis S°™P. We also call S a
Grobner-Shirshov basis of A. The set Irr(S™P) = {u € S*|u # afb, a,b €
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S*, f € 8P} is a linear basis of F/(X|S) which is also a set of all normal forms
of A.

In this chapter, we introduce Burnside problem and Green-Rees theorem.
We give a new presentation of free idempotent semigroup in which the set of
relations is a Grobner-Shirshov basis and then a normal form of free idempotent
semigroup is obtained by using Composition-Diamond lemma (see Lemma 2.1).

3. Some Properties for Free Idempotent Monoid

Let A= {a; |i € I} be a set. The monoid
M = sgp(A | w® = w,w € A*)

is called the free idempotent monoid on A (see [6, 7, §]).

For any w = ajas - - - a, € A*, where ay, ag, . ..,a, € A, we denote alph(w) =
{a1,as,...,a,}, for example, alph(aaba) = {a,b}. Let F be a field. F(A) is the
free associative algebra over F generated by A.

Lemma 3.1. [8] For any x,y € A*. If alph(y) Calph(z), then there exists u € A*,
such that in F(A), zyu —x = a;(w? — w;)b;, where a;,b; € A*,w; € AT.

Proof. Induction on |y|.

If |y| = 0, then y = € and let u = z.

If |yl = 1, then y = a € A. Since alph(y) C alph(z), there exist z, 2’ € A*,
such that = zaz’. Let u = 2’. Then xyu — x = 2[(az’)? — (az’)].

For |y| > 1, let y = y/a, where a € A. Since alph(y') Calph(y) Calph(z),
by induction, there exists v/ € A*, such that zy'v’ — 2z = > a;(w? — w;)b;.
Furthermore, a € alph(z), whence x = zaz’. Let u = 2’y'u’. Now we have

zyu —x = zaz'y az'y'v — zaz'
= 2[(az'y)? — (a2'y))Ju' + zaz'y'u' — za2’

= 2[(az'y)? — a2’y |u’ + Z ai(w? — w;)b; -

Remark 3.2. Symmetrically, there exists a word v such that in F(A), vyzr —z =
Zci(tg — ti)di, where Ci,di S A*,ti € At.

For any z € A, denote ' the shortest left factor of x such that alph(z') =
alph(z). Setting «’ = pya,, where a, € A, alph(p,) =alph(z) \ {a,}. Denote z”
the shortest right factor of z such that alph(z”) =alph(z). Setting =" = b,qy,
where b, € A, we have alph(q,) =alph(z) \ {b,}. Therefore, for any x € A*,
there exist uniquely pg, az, by, ¢z which are defined as above.

Lemma 3.3. [8] For any x € AY, we have pyazb.q: —x = > a;(w? —w;)b;, where
ai,bi S A*,wi € AT,
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Proof. Let © = ppa,y = 2byq., where y,z € A*. Since alph(y) Calph(p.a,),
there exists u € A*, such that pya, — prazyu = > a;(w? — w;)b;. Similarly,
since alph(pga,) Calph(b,q. ), there exists v € A*, such that vp,a,;byqs — bz, =
S ei(t? —t;)d;. Since

PrrYubs e — 2VPrazrbrqy

= [puasy — (Pasy)*]ubeqs + [(P2asy)*ubsqe — 20(pyasbegs)?]
+ZU[(pmambIQw)2 - pwaacbac%c]

= [pwamy - (pwawy)2]Ubwqw + [(pwawy)2me(Im - pmawypwambmqm]
+[Prazyprasbeds — 20(prasbags)?]
+20[(P2aabsqz)? — Poabads)

= [pwamy - (pwawy)2]Ubwqw + pmamy(pmawyu - pmaw)bw(h
+2(bas — VP2 Asbeqs)Posbuds + 20[(Prsbsds)? — Poasbsal,

we have

P2zbyqs —
= Palzbeqe — 2b2qys
= (Pols — P20aYU)bale + (P2AayUbags — 2UPr0ebrqs) + 2(VPrasbeqe — beqa)
= (pmaac - pwamyu)bmqm + [pmamy - (pwamy)Q]me(Im
+P2 Y (Prazyt — Prasz)beqe + 2(beqe — VPra:brqr)Prarbeqe
+20[(P2aab20s)® — Poabes] + 2(VP2asbede — bugs)
= > ai(w} — wi)bibeqe + [Praay — (Paay)?ubsgs
+ O praayai(w] — wi)bibeqe + Y 2¢i(t] — ti)dipeaabegs

+20[(Peebrqe)? — Praebege] + Z 2¢i(t2 — t;)d;. -

For any u,v € A*, if u = wyws and v = wows, where wy, wq, w3 € A*, we
denote cm(u, v) = wiwaws.

Definition 3.4. For any © € A", we define (x)s by induction on |x|.
(1) Forlz|=1, (z)s = x.
(2) For |z| > 1, by induction (x)s = cm((pg)stz, bz (gz)s)-

For example, * = ajasasaiaiasa; € AT, Since p, = a1, ay = az, by = ao,
gz = a1, we have (z)s = cm(ajas,a2a1) = ajaza;.

Lemma 3.5. For any © € A", the word (x), is unique.

Proof. If |(z)s] < |(pz)s@zbs(gz)s|, we suppose that (z)s = cm((ps)saz,
br(QT)s) = UV1V2V3, (33)/5 = Cm/((pm)sam;bm(Qr)s) = wWi1waws, where (pm)sar =
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vy = wiwa, by(gy)s = vavs = wows, |va] > 1, |we| > 1. Suppose
wg = cvy = byd, where ¢,d € A*. If (z), # ()., then |¢] > 1, b, €
alph(c), and there exists t € A* such that ¢ = byt. Then (g.)s = tvadws
and b, €alph(ve) Calph((gs)s) which contradicts b, ¢ alph(gy).

If [(2)s| = [(P)s@aba(qa)s|; then (#)s = (p2)saabe(gz)s-

This shows that for any x € A*, (z)s is unique. |

Denote

R = {w?—w|we A*},
S = { paubq — (pabq)s | p,q € A", a,b€ A, (p)s =p, (q)s = q,a & alph(p),
b ¢ alph(q), alph(pa) = alph(bg), u € (alph(pa))”, [paubq| > |(pabq)s|}.

Note that alph(pa) = alph(paubq) if paubgq — (pabq)s € S.

Let (I, <) be well-ordered set. Then we order A* by the deg-lex order. We
will use this order in this paper. For any f € F(A), f means the leading term
of f. Suppose S is a subset of F/(A). Then we denote Id(S) the ideal of F(A)
generated by S.

Lemma 3.6. For any w € AT, if (w)s # w, then there exist s1 € S, a,b € A*,
such that w = as1b.

Proof. Induction on Card(alph(w)).
For Card(alph(w)) = 1, w = a* for some m > 1. Since (w)s; # w, we have
m > 2. Setting s1 = a? — a;, we have w = afaz’“? = §1a;”72
Suppose that Card(alph(w)) > 1. If (pw)s 7# Pw OF (Guw)s 7 Gw, by induction,
the result holds. If (pw)s = Pw and (Guw)s = qu, then w = (Py)sawuby (qw)s for
some u € (alph(pa))* since (w)s # w. Now, we have s;1 = w — (w)s € S and
w = 81. |

Lemma 3.7. Id(R) = Id(S) in F(A).

Proof. First we want to prove Id(S) C Id(R). Clearly, it suffices to show S C
Id(R). For any paubq — (pabq)s € S, let 1 = paubg and xz2 = (pabq)s. Since
Doy =P = Dayy gy = G = gy, byy = b =byy, ¢z, = ¢ = qz,, by Lemma 3.3, we
have

paubq — (pabq)s = (paubq — pabq) + (pabq — (pabq)s)

= Zai(wf —w;)b; + Zci(vf —v;)d; € Id(R).

Now we show R C Id(S). For any w? — w € R. There are two cases to
consider:

Case 1. Suppose (w)s = w. Since w = (w)s = cM((Pw)sGw, bw(Gw)s) =
((Pw)s@wbw(quw)s)s, we have (pw)s = Pw, (quw)s = quw and there exist uy,uz €
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(alph(w))* such that w = pyawur = usbywqw. Hence, if u = ujus then u €
alph(w))* and

W — W = Pty uobygy — ((Pw)s@uwbuw(qw)s)s

= (pw)sCLwaw(Qw)s - ((pw)sawbw(Qw)s)s €s.

Case 2. If (w)s # w, then |w| > 2. We will prove this case by induction on
|w].

For |w| = 2, since (w)s # w, we have w = a? and w? — w = af
(a} —a;) — (a? — a;) in 1d(9).

For |w| > 2, by Lemma 3.6, there exists s1 € S satisfying (pg)s = ps,
(gs1)s = g5 such that w = c§1d. Suppose §1 = pg as u1bs ¢s,- Then w =
¢(ps, a5 u1bs, g5 )d and

2 _
—a;

w2—w

= ¢(ps; a5, u1bs; ¢s; )de(ps as,urbs, 451 )d — c(ps; a5, urbs g5 )d

c(Psi a5 u1bs; 451 ) de(ps; as u1bs; Gs; )d—c(ps; as u1bs; Gs; ) sde(psy as, u1bs; gs; )d
+c(ps; s u1bs 451 ) sde(Ps; as; u1bs; G5y )d — c(ps; asy u1bs; Gy ) sde(ps; as urbs
05 )sd + c(psy a5 u1bs, @, ) sdc(Psy a5, U1bs sy ) sd — ¢(Psy sy U1bs sy )d

= c[ps, a5 u1bs; @5y — (Psy a5, U1bs, Gy ) s)de(psy sy urbs, g5, )d

1

+C(ps_1 As; UL bs’1 s )Sdc[p5_1 as u1b8_1 sy — (p8_1 as u1b8_1 qs; )S] d
+C(ps_1 Qs; UL bs’1 s )Sdc(ps_l Ag; U1 b8_1 qs; )Sd - C(ps_l Asy u1b8_1 qs; )Sd
_c[ps’l ag; U1 bs’l ds1 — (ps’l g, U1 bs’l dsy )e] d,

by induction, C(ps_1 Gy bs_1 ds; )Sdc(p8_1 as b8_1 qs )Sd - C(ps_l Asy b8_1 4s; )Sd € Id(S)
This implies w? — w € Id(S). |

4. A Grobner-Shirshov Basis

By Lemma 3.7, we have F(A | S) = F(A | R) which is equivalent to M =
sgp(A | S) = sgp(A | R).
The following theorem is the main result in this paper.

Theorem 4.1. With the deg-lex ordering on A*,

S = { paubq — (pabq)s | p.q€ A*, a,be A, (p)s =p, (q)s = q,a ¢ alph(p),
b ¢ alph(q), alph(pa) = alph(bq),u € (alph(pa))*, |paubq| > |(pabq)s|}

is a Grébner-Shirshov basis in F(A).

Proof. We will prove that all the compositions in S are trivial. Assume that
[ = paubq — (pabq)s, g = p'a'u'b'q’ — (p'a’V'q’)s € 5.
First we prove that all intersection compositions are trivial.
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Case 1. No one of {a,b,a’,b'} is in the intersection, i.e. ¢ = ujug, p' =
ugug, |ug| > 1, w = paubujususa’u't'q'.

P u q

\ [a]  [p[u] w]
ekl P[]

P u' q'

There exist wy,ws € A* such that (pabq)s = wibg = wibuius, (p'a'd'q’)s =
p'a'we = usuza’wo.

(f, 9w = —(pabg)suza’u'b'q’ + paubu, (p'a’t'q)s
—wibuiususa’u'b'q" 4+ paubuiusuza’ws

—wibui (p'a’b'q')s + (pabq)suza’ws

—wrbuip’a’ws + wibqusa’ws

—wibuususa’we + wibugusuza,ws
= 0.

Case 2. One of {a,b,a’,b'} is in the intersection. We may assume that
U= uiua, p’ = usbqusz, w = paubqusa’u'b'q .

P u q
L afuwle] ]

Clearly, alph(bqus) C alph(p'), and alph(p’) = alph(us) U alph(bqus) C
alph(u) U alph(bqus) = alph(bqus). We have alph(bqus) = alph(p’). Then
bqusa’u'b'q’ — (bquza't’'q’)s € S. There exist wy,ws € A*, such that (pabq)s =
wibq, (p'a'b'q’)s = p'a’ws = usbquza’ws, (bquza’b'q’)s = bqusa’ws.

(f,9)w = —(pabg)suza’u't'q’ + pau, (p'a’b'q’)s
—wibqusa’u'' ¢’ + paujusbquza’ wo

—wi (bqusza'b'q')s + (pabq)suza’ws
—w1bqusa’ws + wibquza’ws
= 0.

Case 3. Two of {a,b,a’,b'} is in the intersection. There are three subcases.
(i) p = urug, p’ = ugaubqus, w = paubquiu'b'q’.
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Since alph(uza) C alph(pa) = alph(bg) C alph(bqus) and alph(u) C
alph(bq) C alph(bqus), alph(p’) = alph(uga)Ualph(u)Ualph(bgqus) = alph(bqus).
So we have bqusa’u't’'q’ — (bqusa’t'q’)s € S. There exist wy,wy € A*, such that

(pabq)s = wibg, (p'a’t'q’)s = p'a’wy = ugaubquza’ws, (bquza't'q")s = bquza’ws.

(fv g)w = _(pabQ)sUBalulblq/ + up (p/alb/ql)s
—wibqusa’u'b' ¢’ + uiusaubqusa’ws

—wi(bqusza't'q’)s + (pabq)suga’ws
—w1bqusa’ we 4+ wibquza’ws
= 0.

(ii) u = wyug, v = usug, w = paup’a’u’'b'q.

P u q
L Jafu fw 5] |
\ Jalw w o]

'Q<

r' u'

Since alph(uz) C alph(bq), alph(us) C alph(p’a’), alph(bq) C alph(p'a’us) =
alph(p'a’) U alph(us) = alph(p'a’), alph(p'a’) C alph(usbq) = alph(uz) U
alph(bq) = alph(bq). Then, alph(pa) = alph(bq) = alph(p'a’) = alph(b'q’).
So pavt'q’ — (pab’q’)s € S, where v € (alph(pa))*. There exist wy,wy € A*, such
that (pabq)s = pawi, (p'a’b'q')s = wab'q’.

(f,9)w = —(pabq)susb'q" + paui(p'a’t'q")s
= —pawyuab’q’ + pauwb'q’

—(pab'q’)s + (pab'q’)s
=0.

(iil) w = w1p’, v = qua, b=d’, w = paubquab’q’.

p u q
[ Jaful -
| Akl ]

Clearly, alph(pa) = alph(b'q’). We have pavb'q’ — (pab'q’)s, where v €
(alph(pa))*. There exist wy,wy € A*, such that (pabq)s = paw, (p'a'b'q)s =
wab'q’.

(fs9)w = —(pabg)susb'q’ + paur(p'a’t'q’)s
= —pawiusb'q + paurwab'q

—(pab'q’)s + (pab'q’)s
0.

Case 4. Three of {a,b,a’,b'} is in the intersection. There are five subcases.
: / / (NN ANV,
(i) p = uruz, v’ = uzus, ¢ = usa'uz, w=uip'a’u'b'q.
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\ Jalw o]

p' u' q'

Clearly, alph(bq) = alph(p’a’). There exist wy,v1,v,v3 € A*, such that
(pabq)s = pawy, (p'a'b'q’)s = vivavs.
(fs9)w = —(pabg)suab'q’ +ui(p'a’t'q’)s
—pawiugb’'q’ + urv1vav3
—(pab'q)s + (pab'q’)s
= 0.

(il) p = wyusg, v = usbquy, w = paubqusb’q’.

p' u' q'
Clearly, we have alph(bq) = alph(p’a’). There exists w; € A*, such that
(pabq)s = paws.
(f,9)w = —(pabg)suab'q + ui(p'a’t'q’)s
—pawiush’'q + uip’a’usb’'q’
—(pab'q/)s + (pab/ql)s
= 0.

(iii) pa = u1p’a’us, v’ = usubquy, w = paubqusb’q’.

L Jal s P o]

Clearly, we have alph(bq) = alph(p’a’). There exists w; € A* such that
(pabq)s = paws.
(f,9)w = —(pabg)suab'q’ + ui(p'a’t'q’)s
= —pawiugb’q + uip'a’usb’'q
—(pab'q’)s + (pab'q’)s
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Since b = da’ ¢ alph(p’), a € alph(p'), a # b. Since alph(pa) = alph(bq),

b € alph(q).

Since alph(q) C alph(u'), we have |alph(u’)| > 1. There exists

wy € A*, such that (pabq)s = paws.

(fs9)w = —(pabg)susb'q’ +ui(p'a’t'q’)s
—pawuzb'q’ +uip'ad't'q

—(pab'q')s + paubb'q’
—(pab'q)s + (pab'q)s

Il
e

(V) p=w1p’, a=d, v = ubqua, w = paubquab'q’.

Clearly, alph(pa) = alph(V/'q’) and |alph(u’)| > 1. There exists wy € A*, such

that (pabq)s

= paw;.

(f,9)w = —(pabq)susb'q’ + ui(p'a't'q’)s
—pawiuzb'q’ +uip'a’t'q
—(pab/q')s + (pab'q/)s

= 0.

Case 5. All of {a,b,a’,b'} is in the intersection. There are seven subcases.

(1) p = uruz, ¢ =usuy, P’ = usaubus, w = paubquy.

14 u q

\ Ja'] [plwi w]

P u' q'

w w4 [b]u] |

Clearly, alph(pa) = alph(V'q’).

(f,9)w = —(pabg)sus +ui(p'a’b'q’)s
—(pab'q’)s + (pab'q’)s
0.

i ! / /
(i) p = wru2, ¢ = usua, p' = ugaus, ¢ = ugb'uz, w = paubquy.

P u q

w  Lw Jalul o[ w ]
\ Ja'] [ple ]
P u' q
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Clearly, alph(pa) = alph(b'q’) and |alph(u)| > 1, |alph(u')] > 1.

(f,9)w = —(pabq)sus + u1 (p'a’b'q’)s
—pabquy + u1p'a’t'q’

= —pabugh'usuy + uugausa’b’'q’

—(pab'q’)s + (pab'q’)s
= 0.

Since a € alph(u’) C alph(p'a’) C alph(p), this contradicts with a ¢ alph(p).
Then the following two cases will not happen.

Since a € alph(b'q’) C alph(p’'a’) C alph(p), this contradicts with a ¢
alph(p). Then the following case will not happen.

P u q

Clearly, alph(p') = alph(q).

(f,9)w = —(pabq)sus + u1(p'a’b'q’)s
= —(pab'q')s + (pab'q’)s
= 0.

Similarly, we can prove following cases.
(iv)a=4d, w=padu'tyq.

V)a=d, w=pdu'tyq.
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(vi) a =¥, w=paq'.

Thus, all intersection compositions in S are trivial.
Now, we prove all inclusion compositions are also trivial.
Case 1. There are three subcases.

(i) w = u1gus, w = paurp’a’u't'q usbg.

(f.9)w = —(pabq)s + paui (p'a’V'q") susbg
—(pabq)s + (pabq)s
= 0.

Similarly, we can prove following two cases.

(i)

(iii)

771
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—(pabq)s + u1(p'a’b'q")sua
—(pabq)s + (pabq)s
= 0.

(f 9w =

Case 3. There are four subcases.
(i) p=wp, u=u'bqus, a=ad', w= paubq.

There exists wy € A* such that (p'a’d'q')s = p'a’w;.

(f,9)w = —(pabg)s + ui(p'a’b'q")suzbg
—(pabq)s + u1p’a’wiuszbq
—(pabq)s + (pabg)s

= 0.

Similarly, we can prove the following three cases.

(i)

14 u' q
(iii)
P y q
[« Tol
a b'
r u' q
(iv)
P u q
[<] L] |
el |o1] |
14 u' q'

So all the possible compositions in S are trivial.
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By Lemma 2.1 and Theorem 4.1, Irr(S) is an F-basis of F(A | S) which is

also a normal form of sgp(A | R).

We have Irr(S) = ;_, Bk, where B, = {w € Irr(S) | Card(alph(w)) = k}.

Now we get By by induction on k:
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(1) For k=0, By = {e}.

(2) Fork=1, By = A.

(3) For k > 1, by induction B} = {ya | y € Bx_1, a € A\ alph(y)}, B} =
{em(u,v) | u,v € B}, alph(u) = alph(v)} and By, = B |J B:.

Noting that by the proof of Lemma 3.5, cm(u,v) is unique in the set B,% in

(3).

Corollary 4.2. The set |-, Bk is a normal form of the free idempotent monoid
on A = {a;|i € I}, where By, is defined as above.

Now, as a special case of Corollary 4.2, we have the following corollary which
is due to Green and Rees, see [6].

Corollary 4.3. [6] The free idempotent monoid on A is finite and has exactly
) (Z) ] k—it1)?
k=0 1<i<k
elements, where n = Card(A).
Proof. Denote by = Card(By), where 0 < k < n. Then by = 1, by = n. If
1 < k < n, since By = Bj |J B2, where B} = {ya | y € Bx_1, a € A\ alph(y)}
and B? = {cm(u,v) | u,v € B}, alph(u) = alph(v)}, we have

Card(B) =by_1 - (n —k+1)

and ) .
1-(n— 1
Card(B) =bg_1-(n—k+1)-] ol (Ték +1) —1].
ba_y-(n—k+1)* : . . 21
Then by = *=—F—. It is easy to get b, = () II (k—i+1)*. Now we have
" i=1
B n B n n ) 21
Card(Irr(S)) _Zbk_z (k) | (k—i+1)°.
k=0 k=0 1<i<k [
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