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1. Introduction

Let A* be a free monoid generated by an alphabet A. Then, we call an element
w € A* a word over A and we denote the empty word by 1. Accordingly, a
subset of A* is called a language over A. The notation A1 is A* — {1}. Now,
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we call the language X C AT a code if it is a basis of a free submonoid of A*.

Among the codes, the maximal codes have been extensively studied in the
literature by many authors because the maximal codes have many interesting
properties, for example, see [2], [4]-[6], [9]-[20]. In fact, the codes that are
maximal play a crucial role in the theory of codes. Some of the well known
conjectures of codes such as the triangle conjecture, the commutatively prefix
conjecture and the conjecture of factorizing codes are all false on general codes.
Currently, no counter example has been found in finite maximal codes [1, 12].
Thus, the structure of finite maximal codes is an interesting phenomenon. It is
well established that the structure of finite maximal codes are closely related to
the factorization problem of the additive group Z,, and the problem of completion
of finite codes. If there exists a pair (P, Q) of subsets of N such that for every
1=0,1,---,n— 1, there exists one and only one pair (p,q) € P x Q satisfying
p + ¢ = i mod n, then we call the pair (P, Q) a factorization of Z,, (see [7, 8]).
By using the factorization of Z,,, we are still able to construct some codes which
are finitely incompletable (see [9, 10, 11, 14]).

In [21], we gave a property of the structure of finite maximal codes and by
using this property, some partial results can be obtained based on the triangle
conjecture for the finitely completable codes. In this paper, we will revise our
previous results given in [21] so that the statements of our revised results are
more concise than our previous results. Some corrections and supplemented
results are also given in this paper.

For those notations and terminology not given in this paper, the reader is
referred to the well known monographs of A. Salomaa [16], J. Berstel, D. Perrin
and C. Reutenauer [1].

2. On the Structure of Finite Maximal Codes

Throughout this section, we let P C B(N) and Q C P(N), where P(N) is the
power set of N. If for any P € P and Q € Q, (P, Q) are the factorizations of Z,,,
then (P, Q) is said to be a system of factorizations of Z,. If ', A are the sets of
integers, then we write

a' = {a'|ieT},
F'+A={i+jliel,jeA}

If T' = {k}, i.e, T' is a singleton, then for the sake of simplicity, we use k + A
instead of {k}+A. For an integer k, we use the notation k to denote the smallest
nonnegative integer contained in the congruence class of k modulo n, and for a
set I' of integers, we write

T'={7lyeT}.
In the following, we always denote T'= {0,--- ,n — 1} and suppose that P C T

and @ C T for any factorization (P, Q) of Z,,. Clearly, if (P, Q) is a factorization
of Z,, then (P — k, Q) — £) are also factorizations of Z,, for all k, ¢ € N. Hence, we
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call the system (PP, Q) of factorizations of Z,, perfect if {P — k|k e NP ¢ P} C P
and {Q — (L eN,Q € Q} CQ. If (P,Q) is a perfect system of factorizations of
Zy,, then for any k € T, there exists P € P (Q € Q) such that k € P (k € Q).

Let X C A*. Then, we call a word y € A* a right completable word for X
if yw € X* for some w in A*. A word y € A* is said to be a strongly right
completable word for X if ysA* N X* # () for any s € A*. One can observe that
the set of strongly right completable words is a right ideal of A* [1]. It is known
that every finite maximal code X C AT has some strongly right completable
words [16], and there exists n € N (related to a € A) such that o™ € X. We call
this number n the order of a (related to X) (see [1, Prop. 2.5.15]).

In this paper, we always assume that the alphabet A is not a singleton
and a € A. Let B = A — {a} and w € B(a*B)*. Moreover, let (P,Q) be
a system of factorizations of Z,. If for any assigned Py = {p1,---,ps} € P,
Qo ={q, - ,q} € Q, the set of n words X,, = {wy, -+ ,w,} C a*wa* can be
arranged in the following matrix form related to (P, Qo) ( Here Py (Qo) can be
regarded as a (1 x s) ((1 x t)) matrix, i.e., every element of Py (Qo) has a fixed
location),

a1t , at12qairz L attaIte ’
a2l wal?l . gt22al?2. - gltwal?t
X (P0,Qo) — ’ ) ’ (1)
w DY DY DY DY 4
a'st wa]sl7 a 52’LUCLJ"2, ceeoqlst waj-“,

which satisfies the following conditions:
(i) Fork=1,---,sand m=1,--- |t

qm_ikm €P07 Pk—ka €Q0~ (2)

(ii) For Qx = {ig1, -+ ,ike} and Pp, = {jim, -+ ,Jsm}, where k =1,--- s and
m:]_’... ’t7

{Plv"'vpt}g]P)v {Qla"'st}gQ' (3)

Then we call X, induced by (P,Q) and call the matriz X090 induced by
(P, Q) related to (Po, Qo). In the following, we always regard P € P and Q € Q
as (1 x s) and (1 x t) matrices respectively when the matrix induced by (P, Q)
related to (P, Q) is concerned.

Remark 2.1. We remind that the conditions (2) are the equivalent form of con-
ditions (5) and (6) in [21]. Moreover, we claim that the conditions (7) and (8)
in [21], i.e.,

({ilmv"'aism}‘FPO)QQo:{qm}, m:L...,t;
({jkl,"'ajkt}+Qo)ﬁPo:{pk}7 k:].,"',S.

are redundant. In fact, they are the deductions of conditions (2). Assume that
Gm — tgm € Py. Then, there is p € Py such that ¢, — igm = p + «, where a = 0
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mod n. Clearly, we may write
ikm + P = ¢m mod n. (4)

By (P, Qo) being a factorization of Z,,, we can easily see that g, + PoN Qo =
{gm}. The situation of the second equation is similar.

Proposition 2.2. Let (P,Q) be a system of factorizations of Z,, and Py =
{p1,-+,ps} € P, Qo = {q1,, ¢} € Q. If Xoy C a*wa* is induced by
(P,Q) and X$P090) s the matriz induced by (P,Q) related to (Py,Qo), where
w € B(a*B)*, B= A —{a}, then the following statements hold:

(i) If a'wa’ is an element of X,, which satisfies qm — 1 € Py, then a'wa’ must

be located in the column m of the matriz XQ(UPO’QO).
(i) If a'wa’ is an element of X,, which satisfies px — j € Qo, then a‘wa’ must
be located in row k of the matriz X&PO’QO),

(iii) The matriz X090 s unique.

Proof. (i) Let a’wa’ be in X,. Then, it suffices to prove the following fact.
If g, —i € Py and g —i € Py, then ¢ = ¢». We denote ¢,, — 7 = p + «
and ¢ — 1 = p’ + B for some p,p’ € Py and o, 8 = 0 mod n. Thus, we have
dm — gk :p_p/+06_57 i'e'v dm +p/ = gk +p+ (OZ—B) Since (POaQO) is a
factorization of Z,, we see that ¢, = qi.

(ii) The proof of this part is similar to (i).

(iii) Let X9 pe a matrix induced by (P,Q) related to (Pp, Qo). We
Xi(l)PO7QO)

denote this matrix as (1). Then, the element (k, m) in the matrix need
satisfy gm — ikm € Po and p — jim € Qo. By (i) and (ii), except a‘*mwa/*m
itself, no word in X, satisfies this condition. Therefore, the construction of the
matrix XQ(UPO’QO) from X, is unique. ]

Proposition 2.3. Let (P, Q) be a perfect system of factorizations of Z,, and X,, C
a*wa* induced by (P,Q), where w € B(a*B)*, B = A—{a}. Then the following
statements hold:

(i) If a'wa?, 0 wa?’ € X,, which satisfies |i — | € {|k — {||k,{ € P,P € P},
then |j — 5’| € {|k — {||k,l € P, P € P}.

(ii) If a'wa?, o’ wa? € X, which satisfies |7 — 7| € {|k — £||k, £ € Q,Q € Q},
then we also have |i —i'| € {|k — {||k,¢ € Q,Q € Q}.

Proof. Let li —i'| = |k — €|, where k, ¢ € Py with Py € P. Then, we may assume
that 7 > ﬁ/ and k > /. For the other case, the argument is similar. Thus, we
have i — i/ = k — (. Let us denote i + ¢ = i + k = ¢ mod n (where ¢ € T).

Thus, g — 1,9 — 12 € Py. Since (P, Q) is perfect, there exists an element @y of

Q such that ¢ € Qy. Furthermore, we can arrange X,, as a matrix XQ(UPO’QO)
which induced by (P, Q) related to (FPp, Qo). By using Proposition 2.2 (i), it
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can be seen that e wa’, a2wa’? are located in the same column in the matrix
X @) Thus, the equation (3) of the definition of the matrix X0 Jeads
to |71 — j2| € {|k — £||k,¢ € P, P € P} and hence (i) is proved. The proof of (ii)
is similar and is hence omitted. ]

Clearly, {|k — {||k, 0 € P,P € P} n{|k —{||k,l € Q,Q € Q} = {0} because
(P,Q) is a factorization of Z,, for any P € P and any @ € Q. In order to
prove the next Theorem, we recall the known concept of Bernoulli distribution
on A*. It is a morphism 7 from A* into the multiplicative monoid R4 of some
nonnegative real numbers, which satisfies ¥,cam(a) = 1 (see [1, pp. 40]). If =
is a Bernoulli distribution on A*, then, it is known that 7(X) < 1 for any code
X CAT.

We now prove the following crucial theorem which is closely related to finite
maximal codes.

Theorem 2.4. Let (P,Q) be a perfect system of factorizations of Z,, and X,, C
a*wa* induced by (P,Q), where w € B(a*B)*, B= A — {a}. Then, {a"} U X,
is a maximal code in a* U a*wa™.

Proof. We first prove that {a"} U X, is a code. If {a"} U X,, is not a code, then
there exists a word which has different decompositions in {a™} U X,,, say

(@)@ wa) (@) (@ wa) -+ (@) (0" wa) (o)

= (a®1)(a" wa’)(a)(a2wa?) - - - (a®) (a"*wak ) (a®*+1),

where a;;, =0 mod n and o/, =0 mod n, m=1,2,--- ,k+ 1. We may assume
that this word is the shortest which has different decompositions. Thus, we write

iy =17 mod n, jx = jj mod n.

and

N =i =i # 0 Gt — iy =g — ik # 0,
Clearly, we have |i} — ;| =0¢c {|k—{||k, £ € P,P € P}, by applying Proposition
2.3 (i), we know that |j; — ji| € {|k — ||k, ¢ € P,P € P}. Since i — iy = j1 — ji,
again by Proposition 2.3 (i), we have [j2 — j3| € {|k — ¢||k,¢ € P,P € P}.
Proceeding in this way, we have = |i}, —iy| = [jx—1—3jr_,| € {|{k—{||k, L € P,P €

P}. On the other hand, by using Proposition 2.3 (ii), we see that |5, — ji| =0 €
{|k — 1|k, £ € Q,Q € Q} leads to |i}, — ix| € {|k — £||k,£ € Q,Q € Q}. Thus, we
arrive at a contradiction because (P, Q) is a factorization of Z,, and % —ig # 0.
Therefore, we have proved that {a"} U X,, is a code.

Now, we proceed to prove that Y = {a" }UX,, is a maximal code in a*Ua*wa*.
Assume that there is # ¢ Y such that ¥ = {z} UY is again a code. Then, it
is clear that = ¢ a* and hence x € a*wa*. In fact, we may regard Y as a code
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over the alphabet A = {a,w}. Let 7 be a Bernoulli distribution on (A)* and
m(a) = 0. Then, we have the following situation:

F(7) 1 = m(){(m(@)™ + -+ (@) + (@) ]~ [1 — (n(a)"]
=(1=0)[O" 4+ 40" +0) = (1+0+60>+-- + 0" 1)),

where a1, -, a, is the number of appearance of a in the word belonging to
X, respectively (Notice that X, contains n words), and «,,4+1 is the number of
appearance of a in the word z. By applying the following result

Hm (0% + -+ 0% + 0% ) — (L4+0+ 6%+ + 0" )] =1,

6—1

there exists 7’ such that 7/ (Y") > 1. Clearly, this is a contradiction since 7/ (X) <
1 for every code X C (A)T. Therefore, we now know that Y is not a code and
hence we have shown that Y = {a"} U X, is a maximal code in a* U a*wa*. =

Let X C AT be a finite maximal code, and n the order of a € A. If z € A*
be such that the set

Q = {k e T|a" 2 XlzA* 0 X* #£ 0} (5)
satisfies the following condition
a7t (X)X, ford,j € Q with i < 4. (6)

Then we say that a@ is a right set of X (related to a € A) and z is its generator.
Clearly, if i € N and Q" = Q) — ¢, then a®Q is also a right set. The word a'z is
the generator of a?’. Let y € A* be a strongly right completable word of X and
let P = {k € T|ya®" X1tk ¢ X*}.

Then, we say that a®” is a left set of X (related to a € A) and y is its generator.
Similarly, if j € N and P’ = P — j then o is also a left set. The word ya’ is
clearly the generator of a® "

Remark 2.5. The following is a statement given in [21]:

Ifi € Q and Q' = Q — ¢, then aQ is also a right set, and if j € P and
P’' = P — j, then aP is also a left set. In fact, the restrictions i € Q and j € P
are unnecessary.

Proposition 2.6. [21, Props. 2.1 and 2.2] Let X C A be a finite mazimal code
and n the order of a € A. Then there exist some right sets of X related to a.

For w € A*, we denote the number of the letter a appearing in the word w
by |wl|a, and in general, for B C A, we write |w|p = ), 5 |w|s, specially, we
write |w|a = |w|, and it is called the length of w. For X C A*  we denote the
largest length of the words in X by | X].
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Proposition 2.7. [21, Prop. 2.6] Let X C A" be a finite mazimal code and n the
order of a € A. Ify is a strongly right completable word of X and a® is a right
set of X (related to a), then for any u € A*, there exists a unique j € Q such
that yua®™X1=7 ¢ X*.

Proposition 2.8. Let X C AT be a finite mazimal code and n the order of a € A,
a® (a®) a left (right) set of X related to a. Then for any u € A*, there exists
an unique pair (p,q) € P x Q such that a®>™X|=Pya?"XI-1 ¢ X~

Proof. See Proposition 2.8 of [21]. n

Theorem 2.9. Let X C AT be a finite mazimal code and n the order of a € A,
a® (a®) a left (right) set of X related to a. Then, (P,Q) is a factorization of

n-

Proof. See Theorem 2.7 of [21]. N

Corollary 2.10. Let X C A% be a finite mazimal code and n the order of a € A.
Let

Px = {P CN|a” is a left set of X},
Qx = {Q S Na® is a right set of X}.

Then (Px,Qx) is a perfect system of factorizations of Z,,.

Proof. By Theorem 2.9, we know that (Px,Qx) is a system of factorizations of
Z,,. Also, by the definitions of the left set and the right set, we easily see that
the system (Px,Qyx) is perfect. [

Now, we call the (Px,Qx) in Corollary 2.10 the system of factorizations of
Z,, induced by X related to a. In the following, we always suppose that X C A*
with ™ € X, and for w € B(a*B)*, denote

Xy =X, — (a" X, UX],a"), (7)
where
X! = (a*wa* N X*).

Clearl/y, if',a’iwaj € Xy, then for i/ = i mod n,j’ = j mod n with (¢,j) #
(7', 7)), a* wa? ¢ X,.
For finite maximal codes, we have the following theorem.

Theorem 2.11. Let X C A" be a finite mazimal code, n the order of a € A, and
(Px,Qx) the system of factorizations of Z,, induced by X related to a. Then,
for B=A—{a} and w € B(a*B)*, X, is induced by (Px,Qx).
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Proof. (i) Let w € B(a*B)* and Py = {p1,---,ps} €P, Qo ={q1, -, ¢} € Q.
Then, we fix (pg,gm) € Po X Qo and observe that u = a¥waP*. By applying
Proposition 2.8, there exists an unique pair (p,q) € Py x Q¢ such that

a?rXI=P (qmqpaPr)g®MIXI=1 ¢ X+, (8)

Hence, there is a function ¥ : Py X Qo — Po X Qo, (Pk,qm) — (p,q). It is
convenient to denote this (p,q) as (Prm,qkm). The word in (8) can only be
factorized in X as follows:

(aa1)(aaerqm*pkmwaﬂerpk*qzs-,m)(aﬂ1)7
where a1, aa, 81, B2 = 0 mod n and q®>tm —PrmoygP2tPe—aem ¢ X = We write

a2 + Gm — Pkm = Tkm> B2+ Pk — Qem = Jkm. 9)

and define a function ¢ : Py x Qo — Xuw, (Dks@m) — a®*mwa’ . We now
show that ¢ is an injection. If there are (pk,qm), (Prrsqm) € Po X Qp, with

(pk7 qm) 7é (pk’;Qm’); SuCh tha’t ¢((pk7 qm)) = ¢((pk’;Qm’)); then

¢((pk7 QM)) = aa2+qm_pkmwa52+pk_(1km

= T P PP Gk = b((ppr g ).

This result is clearly impossible since (Py, Qo) is a factorization of Z,,. Hence,
we have shown that ¢ is an injection. Clearly, (n — Py, Qo) and (FPo,n — Qo)
are also the factorizations of Z,. Thus, for any a'wa’ € X, there exist some
p, 0 € Py, q,q4 € Qo such that (n—p')+¢=14mod n and p+ (n — ¢’) = j mod
n. Hence, we obtain the following equality.

a2"‘X|*p’(aqwap)a%‘xlfq' = aa(aiwaj)aﬂ,

where o, 3 = 0 mod n. Now, by the definition of ¢, we have ¢(p,q) = a‘wa’.
This shows that ¢ is a surjection and so that ¢ is a bijection. Let k =1,--- s
and m = 1,--- ,t. Then all words a’*mwa’/* constitute the matrix (1) and the
equation (2) follow from (8).

(i) Let Qx = {ik1, - ,ikt} and Py, = {Jim, -+, Jsm}, where k = 1,--- /s
and m = 1,--- ,t. Then, we prove that a* is a left set and a9 is a right set.
For other P € {Py,--- , P} and Q € {Q1,---,Qs}, the proofs are similar. Now,
we let y be a strongly right completable word generating a’® and z the generator
of a90. Then, we see immediately that y; = ya® 12" Xly is also a strongly right

completable word. Observing (2), there exists pp1 € Py, k= 1,--- , s, such that
211 P11 q1
221 Pp21 q1
+ = mod n.
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We have
yral*t = (yaq1+2n|X\w)ajk1 = (ya?*")(a®) (¢ wa’) € X*, k=1,---,s,

where a = 0 mod n, yaP* € X*, a* wa* € X,,. Clearly, y;a2" X+ ¢ X
and hence, we have

Pr={ji1,-,ja} C {i € T|yra®XI+ ¢ X*}.

We now claim that jg; # jm1 for k # m. If jx1 = jm1, then yia?* = yjaimt,
and
(ya?*) a®) @ 07 (@) = (gaP) (@)@ wai) (0,

where o, o/, 3,8 = 0 mod n. Since X is a code, we see that px1 = pn1 and
i51 = im1. Furthermore, we have a*!wa’** = a’~*wa’™1. This is a contradiction
because ¢ : Py X Qo9 — X, is a bijection and hence the words in X,, are
different to each other (Noting that the definition of X,,, there are no different
words a‘wa’, a’ wa? € X,, such that i = i’ mod n and j = j’ mod n). Since
P,, = {i € T|y1a®"XIT* € X*} contains s elements, we see that P, = P,, and
a™ is a left set.

Now, we consider the word z; = wa?*t*"Xlz. By using (2), there exists
q1m € Qo, m =1,--- ,t such that

Ji q11 D1
J12 q12 D1

. + . = . mod n.
Jit q1t P1

We have

a2n|X\+Ex1 — a2n\X|+m(waP1+4n|X\x) _ (aa)(ailkwajlk)(aﬂ)(a2n|x\+qu)’

where a, 8 = 0 mod n, a’*wa’* € X, and a?"XIF0kgA* N X* £ () (since
ik € Qo) Let
Quy = {k € T|a*"XHhg A 0 X # 0}

Then, we deduce that Q1 C Q,. If k € Q,,, then there exists z € A* such that
a2 X|+ky 2 € X*. This word has a factorization in X as follows:

a2n\X|+kxlz _ a2n\X|+kwa4n|X\+p1x2 _ (a2n\X|+k7iu)(aiuwajle)(aa)(aquxz),

where all words in the parentheses belong to X*. Clearly, k =iy, € Q1. There-
fore, we have Q1 = Q,,. In order to show that a®' is a right set, we still need
verify that @, satisfies condition (6). If there exist i1y,71, € Q1 With i1x # 41/
such that alv—4el € (X*)=1X* then ali+—1el € (X*)"1X* too and there are
u,v € X* such that u = var—"1¢ (Assume that i1, > i1¢). Furthermore, we
have ua**z; = va™*z;. This word has the following factorizations:

watz; = ua'twaP! +an|X|,. — (u) (amwaj”)(aﬂ)(aq”x),

va't gy = vatitwaPr Ay = (fu)(ailkwajlk)(aﬂ,)(a(hkx)’
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where 3,3 = 0 mod n, a"**wa’*, a"**wa’t* € X,,. For the sake of convenience,
we assume that g1y < ¢q1x. Thus, we have

(W) (@ wal*) (@)~ ((u)(awal ) (aP)) = a0

and hence, we have a?*~%¢ € (X*)~1X*. This result contradicts to a®° being
a right set. Therefore, we see that @ satisfies condition (6) and a@" is also a
right set.

Since (Py, Qo) is arbitrarily taken, we have proved that X, is induced by
(Px,Qx). -

Remark 2.12. Let (P,Q) be a perfect system of factorizations of Z, and X C
U a*B(a*B)k~ta* with a"® € X, where B = A — {a}. If X, C a*wa* is
induced by (P,Q) for each w € U, B(a*B)*~!, where X,, is defined as (7).
By Theorem 2.4, each X, is a maximal code in a* U a*wa*. We may ask the
following question: Is X a maximal code in Ug";la*B(a*B)k’la* ? In fact, when
X is a code, the answer to this question is positive. However, X may not be a
code, see the following example.

Ezample 2.13. Let P = {Py}, where Py = (0,2,4) and Q = {Qo, @1}, where
Qo = (0.1),Q1 = (1,2). Clearly, (P,Q) is a system of factorizations of Zg.
Moreover, let A = {a, b} and

X = {a®ba®, ab, a*ba?, aba?, a*ba’, aba*, ba*b, abab, ba*ba?, ba*ba’}.

Then X, and Xp,2, are induced by (P,Q). The following are the matrices
X,gPO’QO) and X729 induced by (P, Q) related to (Py, Qo)-

ba2b
a’bab, ab,
XéPO’QO) = < a®ba?, aba?, 3,
a’ba*, aba?,
ba’b,  aba’®b,
X,ng,;QO) = { ba’ba?, aba’ba?,

baba*, aba?ba’,
(Notice that aba?ba?, aba’ba* € X2.) However, we have the following equality:
(aba?)(a*ba?)(ba*ba?) = (aba*)(bab)(a’ba?),

where all the words in the parentheses belong to X. This equality shows that
X is not a code.

3. Triangle Conjecture

In this section, we return to consider the well known triangle conjecture. Let
A ={a,b} and X C a*ba* be a code. Then the triangle conjecture asserts that

Card({a’ba’ € X|i+j < K})< K +1,
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for any K € N.

In the literature, the triangle conjecture was first proposed by D. Perrin and
M.P. Schiitzenberger in 1981 [12]. It has already been proved by P. Shor in 1983
that this conjecture is in general not true [17]. In this section, our work is mainly
to prove that the triangle conjecture holds for finitely completable codes under
an additional condition. Thus, our result in this section can be regarded as a
supplemented result of the well known triangle conjecture.

We first recall a kind of factorizations of Z, introduced in [8]. Consider
a factorization (P, Q) of Z,, satisfying the following condition: For every ¢ =
0,1,---,n — 1, there exists one and only one pair (p,q) € P x @ such that
p 4+ g = i not modulo n. Then we call such factorization a strong factorization
or call it Krasner factorization.

For strong factorizations, we state the following theorem.

Theorem 3.1. Let X C AT be a finite mazimal code and n the order of a € A.
Moreover, let (P,Q) be the system of factorizations of Z,, induced by X . If there
exists P C N (Q C N ) such that ({P} UP,Q)) (P,{Q}UQ)) ) is again a
system factorizations of Z,,, and it contains a strong factorization, then for any
w € B(a*B)*, where B= A — {a}, the following inequalities hold:

Card({a'wa’ € X,y | i+j<K})<K+1, K=0,1,2,---. (10)

Proof. We only consider the condition that ({P} UP,Q) contains a strong fac-
torization of Z,. For the condition that (P,{Q} U Q) contains a strong factor-
ization of Z,, the proof is similar. Let (P, Q) be the strong factorization in
({P}UP,Q). Clearly, any k € N may be factorized uniquely as k = p+ ¢+ «
such that (p,q) € P x @ and o = 0 mod n with a > 0. Therefore, we have two
functions: A: N — P k+— pand o0 : N — @,k +— ¢g. Furthermore, we define a
function ® : X, — awa®, a'wal — a”Dwar9).

In fact, ® is an injection. If this assertion is not true, then there ex-
ist a'walt,a2wa’? € X, with a"wa’t # a2wa’ such that ®(a"wa’) =
®(a2wa’?) = alwa?, where (p,q) € P x Q. We now factorize i1, j1,i2, jo as
follows:

ih=p1+qtal, i2=p2t+qtaz j1=p+q+p, jo=p+aq+ P,

where p1,p2 € P and q1,q2 € Q, a1, a2, B1,82 = 0 mod n with ay, az, 81, 82 <
2n|X|. Since a"twa’t # a2wa’?, we see easily that i; — ig # 0 or j; — ja # 0.
Assume that j; — ja # 0. By Proposition 2.3, |iy —ia| = |p1 —pa| € {|k—£||k, £ €
P,P € P} leads to [j1 — j2| € {|k —{||,k,¢ € P,P € P}. This contradicts to
lj1 = Jo| = a1 — q2| € {|k —{||,k, L € Q,Q € Q} and j1 —ja # 0. For iy —iz # 0,
again by Proposition 2.3, |j1 — jo| = |1 — 2| € {|[k—{||k, ¢ € Q,Q € Q} leads to
liy —ia] € {|k—1||,k, £ € Q,Q € Q}. Similarly, we see that this result contradicts
to [iy — ia| = |p1 — p2| € {|k — ¢||,k,£ € P,P € P} and i; — iz # 0. Therefore,
we have proved that ® is an injection. Since (P, Q) is a strong factorization, we
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obtain immediately that
Card({a?wa® € a®wa” |p+¢<K})<K+1, K=0,1,2,---.
Clearly, o(i) < i and A(j) < j. Hence, we deduce that

{a®Dwa ) € &(X,)|i+j < K} C {a”Dwa*?) € &(X,)|o(i) + A\(j) < K}
C {a%wa? € a®wa”|q+p < K|}

The above result implies that

Card({a’ba’ € X, | i +j < K}) = Card({a®Dba*V) € ®(X,) | i+j < K})
Card({a%a? € a®wa” | ¢+p < K})

<

< K+1,

where K =0,1,2,---. Therefore, we have proved that the inequality (9) holds.
|

In closing this paper, we give the following Remark.

Remark 3.2. For the system of factorizations (P, Q) of Z,,, we list three types as
following;:

(i) There exists a strong factorization (P, Q) of Z,, which is contained in (P, Q).
(ii) There exists a strong factorization (P, Q) of Z,, such that ({P}UP, {Q}UQ)
is again a system factorizations of Z,. Moreover, at least one of P and Q
belong to PUQ (Clearly, if P € PUQ, then P € P and {P}UP =P. For
Q@ € PUQ, the situation is analogous.)
(ili) There exists a strong factorization (P, Q) of Z,, such that ({ P}UP, {Q}UQ)
is again a system factorizations of Z,.

Clearly,
Type(i) C Type(ii) C Type(iii).

In [21], we prove that the conclusion of Theorem 3.1 holds if the system of
factorizations (P, Q) of Z,, induced by X belong to type (i), and in this paper,
we prove that the conclusion holds if (P, Q) belong to type (ii). We can not
prove that the conclusion holds for (P, Q) belonging to type (iii).

Remark 3.3. One naturally call two codes X and Y commutative equivalent if
there exists a bijection between these codes such that a word and its image
only differs by the ordering of their letters. Hence, a code X is said to be a
commutative prefiz code if X is commutative equivalent to a prefix code.

Now, we let (P, Q) be a perfect system of factorizations of Z,, and the code
X C U a*B(a*B)*'a* with a® € X, where B = A — {a}. If for each
w € B(a*B)*1, k=1,---,m, X, satisfies the inequalities (10), then we know
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that all X, are commutative prefix codes (see [1, Prop. 14.6.3]). Accordingly,
we ask the following natural question.

Is X a commutative prefix code?

The answer to this question is however negative. We now provide the follow-
ing example.

Ezample 3.4. Consider the following Shor’s code in [17]
Xg =0b{1,a,a",a, a"} U {a® a®}b{1,d% a*, a®} Ua''b{1,a,a?}.

In keeping the notation given in this paper, we exchange the position of a and
b, i.e, let

X =a{1,b,07, 6" b} U {1, 6%)a{1,b%, %, 05} U b a{1, b, b?}.

Since a € X, we see that for each w € b(a*b)*, X,, has at most one element and
hence all X, (if they are not empty) are prefix codes. However, it is clear that
X is not a commutative prefix code. This illustrates the situation.
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