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1. Introduction

There have been various works on topological semigroups and their structures,
a lot of which were initiated by A.D. Wallace in 1953 [15]. Representations
of semigroups by transformations of sets give rise to the notion of acts over
semigroup. Aspects of topological semigroups as well as topological acts over
topological semigroups can be found in [3, 4, 8,9, 12]. In this paper we concerned
about the topological acts over a topological monoid from a categorical point of
view. Some studies of the category of topological S-acts were accomplished by
Khosravi [5, 6], where (S, 7g) is a topological monoid. Khosravi introduced the
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notions of free topological S-acts over a topological space, over a set as well as
over an S-act. Then by using the notion of free topological S-acts over S-acts
he characterized projective topological S-acts. Then Khosravi [6] considered the
category S-CReg of Hausdorff completely regular topological S-acts, where S
is a completely regular Hausdorff topological monoid and studied the coproduct,
free object over completely regular space and characterized the projective object
in this category. He also characterized the algebraic and topological structure
of a projective topological S-act for an arbitrary topological monoid S. In this
paper we identify the product, coproduct in the category of topological S-acts.
Then we revisit (cf. Proposition 3.8) the result of Khosravi [5, Prop. 3.9], for the
construction of free topological S-act over a set and observe its general structure
(cf. Corollary 3.11). We define indecomposable topological S-act which is more
general than what is meant by Khosravi [6] and observe that every topological
S-act has a unique decomposition into indecomposable topological subacts (cf.
Definition 3.18 and Theorem 3.22). Then we study projective topological S-
act and revisit (cf. Theorem 3.26) one characterization [6, Theorem 2.2] of it.
Finally we define generator in the category of topological S-acts and obtain some
of its characterization (cf. Theorem 3.30) which are analogous to [7, Theorem
2.3.16].

We now briefly recall some preliminaries needed in the sequel.

2. Preliminaries

For a monoid S, a set A is a left S-act [7] if there is an action S x A — A given
by (s,a) — sa satisfying (st)a = s(ta) and 1ga = a for all s,¢t € S and a € A.
A nonempty subset B of an S-act A is said to be a subact of A if SB C B. An
S-act A is called cyclic if A = Sa for some a € A. For S-acts A and B, a map
f+A— Bisan S-map if f(sa) = sf(a) for all s € S, a € A. The category
formed by left S-acts together with S-maps is denoted by S-Act.

Definition 2.1. [12] A monoid S with a topology Ts is a topological monoid if the
multiplication S x S — S is (jointly) continuous in both the variables, i.e., if
st € U € 75 for some s,t € S, then there exist V € Tg containing s and W € g
containing t such that VW C U.

Definition 2.2. [12] For a topological monoid (S,7s), a left S-act A with a topol-
ogy Ta is said to be a left topological S-act if the action S x A — A is (jointly)
continuous, i.e., if sa € X € 74 for some s € S, a € A then there exist U € g
containing s and Y € T4 containing a such that UY C X. Analogously right
topological S-act is defined.

Here we give some usual examples of (left) topological S-acts.
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Ezample 2.5.
(1) (S,7s) itself is a topological S-act, where the S-action is given by monoid
multiplication.
(2) Any S-act A together with the indiscrete topology is a topological S-act.
(3) Let (A,74) be a topological S-act. Then any subact B of A together with
the subspace topology 75 is also a topological S-act.

Remark 2.4. [5] For a topological monoid (S, 7s) we denote the category of all
left topological S-acts together with continuous S-maps by S-Top. Analogously
we denote the category of right topological S-acts together with continuous S-
maps by Top-S.

For further notion and examples of topological S-acts we refer to [12, 5, 6].
For preliminaries on topologies and category theory we refer respectively to [11]
and [10, 1].

In the subsequent discussion by S-act we mean left S-act and by topologi-
cal S-act we mean left topological S-act (cf. Definition 2.2) unless mentioned
otherwise.

3. Categorical Properties of Topological S-Acts

We begin this section by producing a canonical example of topological S-act.

Ezample 3.1. Let (S,7s) be a topological monoid. For any non-empty set X,
consider S* = {f | f : X — S} with product topology 7 together with left

S-action defined as
S x 8% - §X

(s, f) = sf (x> sf(x)).
Then a routine verification shows that (S, 7) is a topological S-act.

The following result describes the product in the category of topological S-
acts.

Proposition 3.2. Let (An,Ta)aca be a collection of topological S-acts. Suppose
[lacaAa is the product of (Aq)aen in S-Act with canonical projections, pg :
[TacaAa — Ag for B € A. Then ([],ecpAas [TacaTa) is the product of the family
(Aa,Ta)aen in S-Top, where [],caTa is the product topology on [],cpAa-

Proof. Suppose XaepAq is the cartesian product of the family (Ay)aen of S-
acts with projections pg : Xqearda — Ap defined by pg((za)aca) := xa, where
B €A, (Za)aecr € XacrAq. Then we know from [7] that this cartesian product
together with the S-action defined on it as componentwise multiplication by
elements of S is the product of (Aq)aca in S-Act and is denoted by [], ., Aa-

Let st € U € [[,caTa, Where s € S, © = (Ta)acar € [[penAa- Then
there exist U,, € To,, where a; € A, ¢ = 1,2,...,n, for some n € N such
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that sz € (;_1p5'(Us,) € U. Therefore we see that for all i = 1,2,...,n,
Da, (sz) € U,, which implies sz, € Uy,. Then for each i = 1,2, ..., n, there exist
Vo, € Ts and Wy, € 74, with s € V,,,, o, € Wy, such that V,,,W,, C U,,.
Thus we have

s € ﬁVa =Vers and z€ ﬁp;l(Wa) =We HTO"

=1 i=1 aEN

Now since pq, (VW) C VW, C Vo, W,, C U,, for all i = 1,2,...,n, therefore
denoting ;_1p5! (Ua,) as U we have VW C U, where s € V € 79, v € W €
[TacaTa- Hence ([T cpAar [TacaTa) is a topological S-act.

Let (@, 7q) be a topological S-act and f, : Q — A be a family of morphisms
for all @ € A. Define f: Q = [[,cpda by f(2) = (fa())a. Now for U, € 7a,
z € f~Yp ' (Uy)) if and only if f(z)(a) € U, if and only if z € f71(U,).
Therefore the continuity of f, implies that f~ (p,'(Ua)) = f3'(Uas) € 70.
Hence f is a continuous S-map from (Q,7q) to (J[,cpAas[IacaTa) such that
Paf = fo for all a € A.

Again let g : Q@ — [[,crAa be another continuous S-map such that p,g =
fo holds for all & € A. Then for y € Q, pag(y) = fa(y) for all & € A, which in
turn implies that g(y) = (fa(¥))a = f(y). Therefore f = g. This completes the
proof. ]

Notation 3.3. In what follows we write [] .5 (Aa,7a) for (JTocada, [TacaTa)-
If (Aa,7a) = (A,7) for all @ € A then we use the notation [], .,(A,7) for

[Toea(Aa; 7a)-

The following result describes the coproduct in the category of topological
S-acts.

Proposition 3.4. Let (An,Ta)aca be a collection of topological S-acts. Suppose
[HocrAa is the coproduct of (Aa)aca in S-Act with canonical injections tp :
Ag = [Hpen Aa for B € A. Then (J1,cp Aas [laca Ta) is the coproduct of the
family (Ao, Ta)aen in S-Top, where [] cp Ta is the disjoint union topology, and

[Hoca 7o is defined to be the finest topology on agAAO‘ such that each 1 : Ag —

U A, 1s continuous.
acA

Proof. Suppose OAAa is the disjoint union of the family (A4 )aen of S-acts with
(1S

injections g : Ag = [[,cp Ao defined by tg(a) := (a, 8), where € A, a € Ag.
Then we know from [7] that the disjoint union together with the S-action defined
on it as

Sx U Ay — U A,
aEA aEN
(s, (a,B)) = (sa,B)
is the coproduct of (A, )aen in S-Act and is denoted by J[ 5 Aa-
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Let s(a,8) € U € [ epTa for some s € S, (a,8) € [[,ep Aa- Then
(sa,p) €U, ie., sa € Lgl(U) € 73. Now (Ag, 73) being a topological S-act there
exist V' € 7g containing s and Wg € 75 containing a such that VWg C Lgl(U) =
Us (say). Denoting 15(Wp3) as W, we have (a,3) € W € [],cp 7o such that
VW = 15(VWg) CU. Hence ([[,cp Ao, [{aen Ta) is a topological S-act.

Let (@, 7q) be a topological S-act and f, : Ay — @ be a family of morphisms
for all @ € A. Define f : [[ cp Ao — @ by f((a,@)) = fal(a), where o €
A, a € A,. Clearly f is an S-map. Now let m € f~1(V) C [,cn Aa- Therefore
m = (a,3) for some 3 € A, a € Ag. Now (a, 3) € f~1(V) implies that fz(a) € V
whence a € fﬁ_l(V), ie, m e Lﬂ(fﬁ_l(V)). So f~4(V) C OLEJALa(f(;l(V)). The

reverse inclusion follows in a similar manner. Thus f=*(V) = LEJAL(l (f7E V),

which is clearly open in J] ., Ao. Thus we have a continuous S-map f such

that fiq = f, for all @ € A.

Let g : [[ocn Aa — @ be another continuous S-map such that gin = fao
holds for all @ € A, i.e., for any a € A,, gta(a) = fa(a) for all « € A. Therefore
g(a, @) = fu(a) which implies that g = f. This completes the proof. ]

Notation 3.5. In what follows we write [ [, (Ao, 7o) for ([T,ep Aas [Taca 7o)
If (Aa,7a) = (A,7) for all @« € A then we use the notation [[,(A,7) for

[Hoea(Aa; 7a)-

Remark 3.6. The coproduct, described in the above proposition for S-Top when
restricted to S-CReg (the category of completely regular Hausdorff S-acts), is
the same as that of Khosravi [6] which is explained below.

Suppose (Aa; Ta)aca is a family of topological S-acts in the category [6]
S-CReg of completely regular Hausdorff S-acts with continuous S-maps be-
tween them as morphisms, where S is a Hausdorff completely regular topo-
logical monoid and (A, 7) is the coproduct of (Aq,7Ta)aca in S-Top. Let F
be a closed subset of A and (a,8) € A~ F for some 8 € A, a € Ag. Now
since Lgl(F) is closed in (Ag, ), there exists a continuous map fz : Ag — R
such that fﬁ(LEl(F)) =1 and fs(a) = 0, and for every @ € A, a # 8 define
fa:Aa = Rby fo(x) =1 for all z € A,. Now consider the mapping f: A — R
given by (y,a) — fa(y), a € A, y € A,. Then clearly f is a continuous real
valued function such that f(F) = 1, f((a,8)) = 0. Therefore (A4, 7) is com-
pletely regular. Now for (z,a), (y,7) € A with a # «y in A there exist open sets
ta(Aa), ty(Ay) € T such that 14 (As) Ny (Ay) = ¢. Again for (m,a), (n,a) € A
with m # n there exist U,,V, € 7, containing m,n respectively such that
Ua NV = ¢. Therefore 14(Uy), ta(Va) € 7 such that to(Us) N ta(Va) = ¢.
Hence (A, 1) is a completely regular Hausdorff S-act and thus is the coproduct
of the family (An, 7a)aca in S-CReg.

Definition 3.7. [5] Let (S, 7s) be a topological monoid. A topological S-act (F,Tr)
together with a map v : X — F is said to be a free topological S-act over a given
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set X if for any topological S-act (A,74) and for any mapping o : X — A, there
exists a unique continuous S-map 7 : (F,7p) — (A,7a) such that 5o = 0.

We recall from [7] that for a monoid S, the free S-act over a set X is the S-act
Sx(SxX)—=8SxX, (s,(t,x))— (st,z) for t,s € S and x € X together with
themap ¢ : X — S x X, z+ (lg,z). From now on we denote this act as F'(X).
Now by providing a direct proof we revisit the following result of Khosravi [5,
Proposition 3.9].

Proposition 3.8. [5] Let (S,7s) be a topological monoid and X be a set. Then
the free topological S-act on the set X is F(X) with the topology Tsxx, where
Tx in the definition of Tsxx is the discrete topology, and Tsxx 1is the product
topology on S x X.

Proof. Consider the one-one map ¢ : X — F(X) defined by  — (1g,z) and
for a topological S-act (A,74) consider a function ¢ : X — A. We define
T: (F(X),7sxx) — (A,74) by 5((s,z)) = so(z). Clearly 7 is an S-map. Let
so(x) € U € 74. Then (A,74) being a topological S-act, there exist V €
Ts, W € 74 such that s € V, o(z) € W and VW C U. Thus there exist V € 7g
containing s and o~1(W) € 7x containing = such that 7(V x e~ }(W)) C VW C
U. Hence 7 is a continuous S-map such that 7u(z) = 7((1g,2)) = o(x), i.e.,
gL=o0. (]

Proposition 3.9. Let (S,7s) be a topological monoid and X be a non-empty set.
Then 1] (S,7s) (cf. Notation 3.5) together with the map f : X — [[(S,7s)
defined by f(x) := (1g,x), is free over X in S-Top.

Proof. Let (A,74) be a topological S-act and g : X — A be a mapping. We
define g : [[(S,7s) = (A,7a) by g((s,z)) := sg(x). Clearly g is an S-map.
Let V € 74, t € 171 (g (V) where for z € X, 1y : (S,75) = [[x (S, 7s) is the
natural injection given by s+ (s, ). Then tg(x) € V, which implies that there
exist Uy € 7 and W € 74 with t € U, g(x) € W such that U;W C V. Let
s € U;. Then g((s,z)) = sg(z) € UyW C V which implies (s,z) € g~ 1(V), i.e.,
s€1;1(g (V). Thus for every t € 1;1(g~*(V)), there exists U; € Tg such that
te U Cu;Y (G (V). Hence ¢;1(g~1(V)) is open in S implying the continuity
of the S-map g such that for z € X, gf(z) =7((1s,z)) = g(x).

Let h be another continuous S-map such that Af = g. Then we have, for all
reX,

hf(x) =gf(x)
ie, h((1s,z)) = g((1s, z))
ie., sh((1s,2)) = 53((1s, 1))
Le, h((s,z)) = g((s,z))
ie, h=7.

This completes the proof. ]
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Remark 3.10. 1t follows from the above result that any topological monoid
(S, 7s) is a free topological S-act.

Corollary 3.11. Let (S,7s) be a topological monoid. A topological S-act (F,Tp)
is free over a set X if and only if it is isomorphic to [] (S, 7s).

Proof. In view of Definition 3.7 and Proposition 3.9 the result follows from the
categorical fact that free object over a set in a category is unique upto isomor-
phism. ]

Proposition 3.12. For any topological S-act (A, Ta) there exists a free topological
S-act (F,7r) such that (A,74) is an epimorphic image of (F,Tr).

Proof. Let (F(A),T) be the free topological S-act over the set A where ¢ : A —
F(A) is given by t(a) = (1g,a). Then by Definition 3.7, for the identity map
ida : A — A, there exists a continuous S-map f : (F(A),7) — (A, 74) such
that fo = ids. Now f being a surjective continuous S-map is an epimorphism.
Hence (A, 74) is an epimorphic image of a free topological S-act. ]

Definition 3.13. A topological S-act (P,7p) is projective in S-Top category,
if for any epimorphism w : (A,74) — (B,TB) between two topological S-acts
(A,74),(B,7B) and any morphism ¢ : (P,7p) — (B,7B), there exists a mor-

phism @ : (P,7p) — (A, Ta) such that ¢ = 7%.

Proposition 3.14. Fvery free topological S-act is projective.

Proof. It is well known [7] that in a concrete category if epimorphisms are sur-
jective then every free object is projective. We prove here that in S-Top epi-
morphisms are surjective which in turn proves the result.

Let f: (A,74) — (B,7) be an epimorphism in S-Top. Define the relation
0 on B by zf0y if and only if either x = y or z,y € Imf. Then for x # y
in B, xz0y implies that there exist m,n € A such that x = f(m), y = f(n).
Therefore for s € S, sz = f(sm), sy = f(sn), which implies that sxfsy. Hence
6 is a congruence on B and B/0 together with the indiscrete topology 7 is a
topological S-act where the action is defined as

SxB/0— B/
(s, [z]o) — [sx]e-
Now define
g:B—B/§ and h:B— B/ by
x> [x]p and x> [f(c)]g for some fixed ¢ € A.

Since 7 is indiscrete both the S-maps are continuous such that g f(a) = [f(a)]e =
[f(c)]e = hf(a), for all a € A. Therefore we have gf = hf, which implies that
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h, since f is an epimorphism. Thus for any « € B, [z]g = g(x) = h(x) =
Jo, which implies B = I'mf. Hence f is surjective. ]

g =
[f(e)

We recall below one result on projective topological S-acts from [6, Proof of
Lemma 2.1] for its immediate use in Example 3.17.

Proposition 3.15. [6] For any idempotent e € S, Se together with the subspace
topology Tse is a projective topological S-act.

Remark 3.16. That the converse of Prop. 3.14 is not true is illustrated in the
following example.

Ezample 3.17. Consider the topological monoid (Z, 74is), where Z is the mul-
tiplicative monoid and 74;s is the discrete topology. Then in view of Prop. 3.15,
({0}, 7103) is a projective topological Z-act where (o, = {¢,{0}}. But we show
below that it is not free. Suppose it is free over a set X with corresponding
mapping ¢ : X — {0} defined by = — 0 for all z € X. Consider the topological
Z-act (Z,74is) and a map f : X — Z given by x +— 1 for all z € X. Then
there exists continuous Z-map f : ({0}, 7(0}) = (Z, 74is) such that fv = f which
implies that f(0) =1 - a contradiction since f is a Z-map. Hence ({0}, 7(o}) is
not free.

Definition 3.18. We call a topological S-act (A,Ta) decomposable if there is an
indexed set A of cardinality at least two and non-empty closed proper subacts X;
of A, i € A such that A = J,c,Xi and for each pairi,j € A, with i # j, X; N
Xj = ¢. Inthis case A = |J;c, X is called a decomposition of (A, 74). Otherwise
(A,74) is called indecomposable. A subact B of A is said to be indecomposable if
(B, T8) is an indecomposable topological S-act where Tg is the induced topology.

Remark 8.19. Recall that [7] an S-act A is called decomposable in S-Act if there
exist two subacts B,C C A such that A = BUC and BN C = ¢. Otherwise
A is called indecomposable. We call a topological S-act (A,74) algebraically
indecomposable if the underlying S-act A is indecomposable in S-Act, whereas
this notion is called indecomposable topological S-act by Khosravi [6]. Clearly
every algebraically indecomposable topological S-act is indecomposable. But
the converse is not true which is evident from the following example.

Ezample 3.20. Let us consider the topological multiplicative monoid (N, 7),
where 7 is the discrete topology and the topological N-act (Z,7) with 7 as the
indiscrete topology and the action given by

NxZ—=7Z
(n,a) — na.
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Here (Z,7) is indecomposable since it has no non-empty closed proper subact.
But there are subacts ZT U{0},Z~ such that Z = (Z*U{0}) U Z~. Hence (Z,T)
is algebraically decomposable.

Lemma 3.21. For topological S-act (A,7a), let (A;)icr be subacts of A such that
(A;,7:) (1:’s are subspace topologies) are indecomposable topological S-acts. Then
UierAi equipped with the subspace topology T* is an indecomposable topological
S-act whenever (,c; Ai # ¢.

Proof. Clearly ({J;c;Ai, 7*) is a topological S-act. Let (J;,c;Ai = Jyen Xa be a
decomposition of (| J;.;4i, 7*), where X, ’s are non-empty closed proper subacts
in J;c;Ai. Take x € (), ;A; with z € X for some 3 € A. Thenfor k € I, Ay =
Uaen (AxNXy), where (AxNX,) is a closed subact of Ay, for all @ € A. But since
(A, %) is indecomposable, it follows that Ay N X, = ¢ for all @ € A, «a # 5.
This is true for all £ € I. Therefore | J,.;A; = X - a contradiction. Hence the
proof. [ ]

Theorem 3.22. Every topological S-act (A,74) has a unique decomposition into
indecomposable subacts.

Proof. Take a € A. Since the cyclic S-act Sa is indecomposable in S-Act[7],
Sa equipped with subspace topology 75, induced by 74 is indecomposable in S-
Top. Let Sub(A) be the collection of all subacts of A. Then by Lemma 3.21, we
get that U, = U{V € Sub(A) | (V,7v) is indecomposable and a € V'} (where 7y
is the subspace topology on V') together with the subspace topology 7, induced
by 74 is indecomposable topological S-act.

Let U, denote the closure of U, in (A,74). We claim to prove that U, is
an indecomposable subact of (A, 74). For this, let s € S, b € U, and U be an
open set in A containing sb. Then (A4, 74) being a topological S-act there exist
W € 74 containing b such that sW C U. Now b € W € 74 implies that there
exists some y € WNU, such that sy € U,NsW C U,NU, i.e., U,NU # ¢. Hence
sbeU,. Now if U, = UieIXi’ where X;’s are closed proper subacts of U,, then
Ua = U;e;(XiNU,). But since U, is indecomposable we must have U, = XxNU,
for some k € I, which in turn implies that U, = X} - a contradiction. Thus
U, together with the induced topology is an indecomposable topological S-act
containing a. Therefore U, = U,, i.e., U, is closed.

For z,y € A, we get that U, = Uy or U, NUy = ¢. Indeed, z € U, N U,
implies U, Uy, € U,. Thus z € U, C U,, y € Uy C U,, ie.,, U, C U, NU,.
Therefore U, = U, = U,. Denote by A’ a representative subset of elements
x € A with respect to the equivalence relation ~ defined by = ~ y if and only if
Uy = Uy. Then A = meUA'UI is a decomposition of A in indecomposable subacts.

Now for uniqueness, let A = UBVa be another decomposition of (A, 74) into
ae

indecomposable subacts. Then there exists at least one U, for some y € A’, such

that U, # V, foralla € B. Now Uy = ANU, = gB(Va NU,). For a € VgNU,
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for some 8 € B implies V3 C U, = U,. By hypothesis we have U, # V3 therefore

for « € B, either V., NU, = ¢ or Vo, CUy. Let J={a € B |V, C Uy} Itis

evident that J is a non-empty, non-singleton set such that U, = UJVa, where
ae

V, is indecomposable subact for all « € J. Thus we have a decomposition of

the topological S-act (Uy, 7,) - a contradiction. Hence A = UA U, is the unique
‘ rc A’

decomposition of A in indecomposable subacts. ]

Theorem 3.23. For any indecomposable projective topological S-act (P,T) there
exists an idempotent e € S such that (P, T) is isomorphic to (Se,Ts.), where Ts,
is the subspace topology.

Proof. For any p € P, consider the continuous S-map o, : (S,73) — (P, 7)
defined by s +— sp. Then there exists a continuous S-map

o= [lop: Il (Sp,m) = (P,7) ((Sp:7p) = (5,75))

peP peP
(s,p) = op(s)

such that Imo = P. Therefore (P,7) being projective there exists a continu-
ous S-map v : (P,7) — ][ (Sp,7p) such that oy = idp. Consider (y(P),7*),

peP
where 7* is the subspace topology, i.e., 7 = {UN~(P) | U € [ 7p}. Then
peEP
V € 7* implies that V = V' N ~(P) for some V' € ][] 7,, which implies that

peP
v Y (V) =~4"Y(V') € 7. Hence v : (P,7) — (y(P),7*) is continuous and also
o* = olypy: (v(P),7") — (P,7) is continuous such that ¢*y = oy = idp and
yo* = id,py. Hence (y(P),7*) is isomorphic to (P, 7) and thus is indecompos-
able. Now consider the injections ¢, : S, — [] S; defined by s — (s,p). Then
zeP
we have an algebraic decomposition of v(P) as follows :

HP)= U ((P)N1a(8)) = U A, 1)
Then for any p € P,
P)N A, = U A, =~(P)N U 1 (S)) er”.
WPty = o A=aPin( Y ()

Also SA, = S(v(P) Np(S)) € (v(P) Nep(S)) = Ap. Therefore A, is a closed
subact of «(P) for all p € P. Now since (y(P),7*) is indecomposable, therefore
Y(P) C 1py(S) for a unique m € P. So we have, P = idp(P) = oy(P) C
otm(S) =0 (S)=Sm C P, ie, P=Sm.

Now for the epimorphism, o, : (S,7s) — (P,7), there exists a continuous
S-map ¢ : (P,7) — (S, 7s) such that o,,¢p = idp. Denote ¢(m) =e € S. Since
m =idp(m) = opmp(m) = om(e) = em, we have e = p(m) = p(em) = ep(m) =
e2. Again ¢(P) = p(Sm) = Sp(m) = Se.
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Also (P, 7) is isomorphic to ¢(P) together with subspace topology. Therefore
(P, 7) is isomorphic to (Se, Tse). ]

Remark 3.24. As mentioned earlier that by indecomposable topological S-acts
Khosravi [6] meant the topological S-acts which are algebraically indecompos-
able and obtained a characterization [6, Lemma 2.1] similar to as that of Theo-
rem 3.23, which we recall below.

Theorem 3.25. [6] Any indecomposable projective S-space P is cyclic and there
exists €2 = e € S such that P is topologically isomorphic to Se.

Khosravi [6, Theorem 2.2] proved the following result using Theorem 3.25.
But it can be proved by using our result given in Theorem 3.23.

Theorem 3.26. A topological S-act (P,7p) is projective if and only if (P,7p) =
[L;c;(Pi, 7) where each (P;, ;) is isomorphic to (Se;, Tse,) for some idempotent
e; € S together with subspace topology Tse,, © € I.

To conclude the paper we introduce the notion of generator in the category
S-Top and characterize it (cf. Theorem 3.30) which is a partial analogue of [7,
Theorem 2.3.16].

Definition 3.27. A topological S-act (G,7¢) is said to be a generator in S-Top
if for f, g: (X,7x) — (Y,7y) in S-Top with f # g there exists a continuous
S-map «: (G,76) = (X, 7x) such that fa # ga.

Remark 3.28. Suppose (S, 7s) is a topological monoid and (X, 7x), (Y, 7y) are
topological S-acts. Then for notational convenience we denote the set of all con-
tinuous S-maps from (X, 7x) to (Y, 7y) by C(X,Y) when there is no ambiguity
regarding the topology of X and Y.

Before giving a characterization of generators in S-Top we recall the following
Lemma from [7].

Lemma 3.29. [7] Suppose C is an arbitrary category and G € C is a generator
in C. If for every X € C there exists X [[ X in C such that the injections
up,ug : X = X [[ X are different, then Morc(G,X) # ¢ for all X € C, where
Morc(G, X) denotes the set of all morphisms from G to X in C.

Theorem 3.30. Suppose (S, 7s) is a topological monoid. For (G,7¢) € S-Top,
the following conditions are equivalent:
(i) (G,7q) is a generator in S-Top.

(ii) Every (X,7x) € S-Top is an epimorphic image of [] (G,7a).
C(G,X)
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(iii) For every (X,7x) € S-Top there exists a set I such that (X,7x) is an
epimorphic image of [ [(G, 7).
1

(iv) There exists an epimorphism 7 : (G, 7q) — (S, 7s).

(v) (S,7s) is a retract of (G,7¢).

(vi) There exists 1* = ¢ € C(G,G) such that y(Q) is topologically isomorphic
to (S, 71s).

Proof. (i)=(ii). Suppose (X,7x),(Y,7yv) € S-Top and f,g: (X,7x) — (Y, 7v)
are continuous S-maps such that f # g. We already have from Lemma 3.29 that
C(G,X) # ¢. Now consider the diagram in S-Top (see Fig. 1).

(G762 (X, ) ==3(¥, )

Lo [(@)]

Fig. 1

where ¢,’s are the canonical injections into  [[ (G, 7¢) and [(«)] is coproduct
c(G,X)

induced. By (i) there exists f € C(G, X) such that f5 # gB8. Therefore if we

assume that f[(a)] = g[(a)] then we have f[(a)]tg = g[(a)]eg which implies that

fB = gB - a contradiction. This proves that [(«)] is an epimorphism.

(iii) follows trivially from (ii).

(iii)=(@v). Let f : JI,c;(Gi,7) — (S,7s) be an epimorphism, where
(Giy 1) = (G,7¢) for all i € I. Since epimorphisms are surjective in S-Top (cf.
proof of Prop. 3.14) there exists (g, k) € [[,c;(Gi, ;) such that k € I, g € Gy and
f((g,k)) = 1g. Therefore for any s € S, s = s.1g = s.f((g,k)) = f((sg,k)) =
fue(sg), where t, : (Gr,m) — [l;c;(Gi,7i) denotes the canonical injection.
Then m = fu : (Gk, 7) — (5, 7g) is a surjection and also being the composition
of two continuous S-maps is a continuous S-map. Thus 7 : (G, 7g) — (S, 7s) is
an epimorphism in S-Top.

(iv)=(v). Consider the diagram in S-Top (see Fig. 2).

In view of Remark 3.10 and Prop. 3.14 (S, 7s) is projective so there exists a
continuous S-map v : (S,7s) — (G, 7¢) such that 7y = idg. Hence the proof.

(v)=(vi). Let 7 : (G,7¢) — (S, 7s) be a retraction in S-Top. Then there
exists a continuous S-map v : (5,75) = (G,7¢) such that 7y = idg. Then
clearly ¢ = vw € C(G, Q) is an idempotent and since v(1g) € G we get that
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v(1s) = v(my(1s)) = (ym)y(Ls) € P(G) Le., Sv(ls) CY(G) =y7m(G) =~(S) =
Sv(1s). Thus v(S) = ¥(G). Also since v is a coretraction, (S, 7g) is isomorphic
to (v(S), 7y(s)), where 7,(g) is the subspace topology induced from 7. Hence
(@) is topologically isomorphic to (S, 7s).

Since ¥(G) is topologically isomorphic to (S, 7s), (iv) follows from (vi).

(iv)=(i). Consider f,¢ : (X,7x) — (Y,7y) in S-Top with f # g. Then
there exists © € X such that f(x) # g(z). In view of Prop. 3.9 (S, 7s) is a free
topological S-act over any singleton set {a} so we consider the diagram (see Fig.
3)

(S,T5) {a}—2—> (X,T0)
ids 4
(G, Te)——(S,T5) (S,Ts)
Fig. 2 Fig. 3

where ¢(a) = z, ¥(a) = 1s. Then there exists @ : (S,7s) — (X,7x) in S-Top
such that ¢ = ¢ i.e., ¢(1s) = x. Then we have ¢7 : (G,7¢) — (X, 7x) such
that f(¢m) # g(¢m), since 7 is an epimorphism. Hence the proof. [

4. Concluding Remark

The results obtained in the paper may be considered to be some of the necessary
tools required to initiate the study of Morita equivalence of topological monoids
whose counterpart for monoids and semigroups has been a topic of sustained
research interest which is evident from various works mentioned in [7] and [14,
2, 13].
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valuable suggestions.
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