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1. Introduction and Preliminaries

Throughout this paper, by a space X, we always mean a topological space (X, 7)
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with no separation properties assumed. Let H be a subset of X. We denote the
interior, the closure and the complement of a set H by int(H), cI(H) and X\H
or H¢, respectively.

An ideal Z on a space X is a non-empty collection of subsets of X which
satisfies (i) PeZandQC P=Q€c€Zand (i) P€Zand Q€ Z = PUQ €T.
Given a space X with an ideal Z on X and if p(X) is the set of all subsets of X,
a set operator (.)* : p(X) — p(X), called a local function [15] of H with respect
to 7 and Z is defined as follows: for H C X, H*(Z,7) ={e €e X |[UNH ¢ T
for every U € 7(x)} where 7(x) = {U € 7 | ¢ € U}. We will make use
of the basic facts about the local functions without mentioning it explicitly (see
[14, Theorem 2.3]). A Kuratowski closure operator ¢l*(.) for a topology 7 (Z, 7),
called the *-topology, finer than 7 is defined by cl*(H) = HUH*(Z, 7) (see [25]).
When there is no chance for confusion, we will simply write H* for H*(Z, 7) and
7* for 7*(Z, 7). If Z is an ideal on X, then (X, 7,Z) is called an ideal space. N’
is the ideal of all nowhere dense subsets in (X, 7). A subset H of an ideal space
(X,7,Z) is called x-closed [14] (resp. -dense in itself [12]) if H* C H (resp.
H C H*). A subset H of an ideal space (X, 7,Z) is called Zy-closed if H* C U
whenever H C U and U is open (see [6]).

Int*(H) will denote the interior of H in (X,7*). A subset H of a space
(X,7) is called an a-open [21] (resp. semi-open [17], preopen [18]) set if H C
int(cl(int(H))) (resp. H C cl(int(H)), H C int(cl(H))). The family of all a-
open sets in (X, 7), denoted by 7¢, is a topology on X finer than 7. The closure
of H in (X,7%) is denoted by clo(H). A subset H of a space (X, 7) is said to
be g-closed if cl(H) C U whenever H C U and U is open (see [16]). The family
of all semi-open sets of X is denoted by SO(X).

An ideal 7 is said to be codense [7] or 7-boundary [20] if 7 NZ = {0}. Z
is said to be completely codense [7] if PO(X)NZ = {0}, where PO(X) is the
family of all preopen sets in (X, 7). Every completely codense ideal is codense
but not converse in [7]. The following Lemmas will be useful in the sequel. In
study of the ideal topological space, the concepts of weakly e-I-open sets and
r-I-open functions introduced in [3] are useful.

Lemma 1.1. [23, Theorem 5] Let (X,7,Z) be an ideal space and H C X. If
H C H*, then H* = cl(H*) = cl(H) = cl*(H).

Lemma 1.2. [23, Theorem 3] Let (X, 7,Z) be an ideal space. Then T is codense
if and only if G C G* for every semi-open set G in X.

Lemma 1.3. [23, Theorem 6] Let (X, 7,Z) be an ideal space. If T is completely
codense, then ™ C 7¢.

Recall that (X, 7,7) is a T ideal space if every Z,-closed set is x-closed.

Definition 1.4. [8] Let (X, 7,Z) be an ideal topological space. A subset G of
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(X,7,7) is said to be weakly I,4-closed set if (Int(G))* C H whenever G C H
and H is a regular open set in X.

Definition 1.5. [9] A subset S of an ideal topological space (X, 7,T) is called
(a) Ij-closed in (X, 7,Z) if cl(S) C N whenever S C N and N is x-open in
(X,7,7).
(b) Zj-open in (X,7,I) if X\S is I;-closed.

Remark 1.6. [9] Let (X, 7,7) be an ideal topological space. The following dia-
gram holds for a subset S of X. None of the these implications is reversible:

Z,-open — g-open — Lg-open
1 e

open  — *-0pen

Lemma 1.7. [19, Corollary 2.2] If (X,7,Z) is a Tz ideal space and H is an
Zg4-closed set, then H is a x-closed set.

Lemma 1.8. [6, Theorem 2.1] Every g-closed set is Z,-closed but not conversely.

Lemma 1.9. [14] Let (X, 7,Z) be an ideal space and let M and N be two subsets
on X. Then

(a) M C N = M*C N*.

)
(c) (M*)*C M*.

(d) (MUN)* = M*UN*.

(e) M* — N* = (M — N)* — N* C (M — N)*.

Now, we call w C P a weak structure (briefly WS) on X if and only if § € w.
Clearly each generalized topology and each minimal structure is a WS (see [5]).

Each member of w is said to be w-open and the complement of a w-open set
is called w-closed.

Let w be a weak structure on X and H C X. We define (as in the general
case) i, (H) is the union of all w-open subsets contained in H and ¢, (H) is the
intersection of all w-closed sets containing H (see [5]).

Let w be a WS on X and H C X. Then H € o(w) [resp. H € a(w),
Hen(w) ] if HC cyliw(H)) (resp. H C iy(cw(iw(H))), H Ciyw(cw(H))) (see
[5]).

Let w be a WS on a space X. Then H C X is called a gw-closed set if
cw(H) C U whenever H C U € SO(X). The complement of a gw-closed set is
called gw-open (see [24]).
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Remark 1.10. [24] For a weak structure w on a space, every w-closed set is
gw-closed but not conversely.

Remark 1.11. [2] If w is a WS on X, then i,,(#) = 0 and ¢, (X) = X.

Theorem 1.12. [5] If w is a WS on X and A, B € w then

(a) iw(A) C AC cy(A),
(b) AC B =iy(A) Ciy(B) and c,(A) C
= ¢y

)
(C) zw(zw( )) = Zw(A) and Cw(cw( ))
(d) iw(X —A) =X —cw(A) and c,(X

Cu ( );
(A
A) = X —iy(A).

Theorem 1.13. [10] The following properties hold for a WS w on X and A,B C
X:

(a) iw(ANB) C iw(A) Niy(B).
(b) cu(A) U cw(B) C cu(AU B).

Lemma 1.14. [2] If w is a WS on X, then
(a) = € 1iw(A) if and only if there is a w-open set G C A such that x € G,

)
(b) = € cy(A) if and only if GN A # 0 whenever x € G € w,
(¢) If A € w, then A =i,(A) and if A is w-closed then A = c¢,,(A).
2. Properties of wg-Closed Sets

Definition 2.1. Let w be a WS on a space X. Then H C X is called a wg-closed
set if cl(H) C U whenever H CU € o(w).

Ezample 2.2. Let X = {a,b,c}, 7 = {0,X,{a}, {a,c}}, w = {0,{a},{b,c}}.
Then {c} is wg-closed.

Ezample 2.3. In Example 2.2, {a} is not wg-closed.

Definition 2.4. A subset H of an ideal space (X, T,T) is said to be I,,5-closed if
H* C U whenever H CU and U € o(w).

Ezample 2.5. Let X = {a,b,c}, 7 = {0, X,{a},{b,c}}, T = {0,{c}} and w =
{0,{b,c}}. Then {a} is Z,,5-closed.

Ezample 2.6. Let X = {a,b,c}, 7 = {0, X,{a},{a,c}}, w = {0,{a,b}} and
Z = {0}. Then {a, b} is not Z,,4-closed.
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Definition 2.7. A subset H of an ideal space (X, 7,T) is said to be Ly5-open if
X — H is Lyg-closed.

Proposition 2.8. If H € 7, then H € o(w).

Proof. Let H be any open in X. Since any topology is weak structure, H € w.
Then i,(H) = H. Also ¢y(iw(H)) = ¢w(H) and H C c,(H) = ¢w(iw(H)).
Therefore H € o(w). [

Ezample 2.9. Let X = {a,b,c}, 7 = {0, X, {c}} and w = {0, {a},{a,b}}. Then
o(w) ={0,X,{a},{c},{a,b},{a,c}}. It is clear that {a} € o(w) but it is not an
open set.

Theorem 2.10. If (X, 7,7) is any ideal space, then every Lyz-closed set is Ly-
closed.

Example 2.11. Let X = {a,b,c}, 7 = {0, X,{c}}, w = {0,{a},{a,b}} and
Z = {0}. Then Z,;-closed sets are 0, X, {b},{a,b},{b,c} and Z,-closed sets 0,
X, {a},{b},{a,b},{a,c},{b,c}. It is clear that {a} is Z,-closed set but it is not
ZLyg-closed.

Ezample 2.12. Let X = {a,b,c}, 7 = {0, X, {a},{a,c}}, w={0,{a},{b,c}} and
Ihz {@,{é?c}; T(he)n {b} is a closed set and {a} € o(w). Also {b}N(X\{a}) = {b}

Remark 2.13. From the above example, it is proved that X — (AN B) ¢ o(w) if
A€ € 7 and B¢ € o(w).

Definition 2.14. An ideal topological space (X, T,T) is said to have the property
B if P¢ €1 and Q° € o(w) then X\(PNQ) € o(w).

The following theorem gives characterizations of Z,,4-closed sets.

Theorem 2.15. If (X, 7,Z) is any ideal space with the property B and H C X,
then the following are equivalent:

(a) H is Lyg-closed.

(b) cl*(H) CU whenever HC U and U € o(w).

(c) If F Ccl*(H)— H and F° € o(w) then F = ).

(d) If F C H* — H and F¢ € o(w) then F = (.

Proof. (a)=(b). If H is Z,,45-closed, then H* C U whenever H C U and U €
o(w) and so cl*(H) = HUH* C U whenever H C U and U € o(w). This proves

(b).
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(b)=(c). Let F¢ € o(w) and F C ¢l*(H) — H. Then F C c¢l*(H). Also
FCel*(H)—HCX —Hand hence HC X — F. By (b) cI*(H) C X — F and
so FCX —cl*(H). Thus F Cc*(H)N (X — cl*(H)) = 0.

(¢)=(d). We know that cI*(H)— H=(HUH*)—H=(HUH*)NH® =
(HNHY)U(H*NHS) = H*NH® = H* — H.

(d)=(a). Let H C U where U € o(w). Therefore X — U C X — H and
so H*N(X —-U) C H*N(X — H) = H* — H. Therefore H*N (X —U) C
H* — H. Since H* is always closed set and by Definition 2.14 and assumption
(d), H*N (X —U) =0 and hence H* C U. Therefore H is Z,,3-closed. ]

Theorem 2.16. Every %-closed set is Z,4-closed.

Proof. Let H be x-closed. Then H* C H. Let H C U where U € o(w). Hence
H* C U whenever H CU and U € o(w). Therefore H is Z,,3-closed. n

Ezample 2.17. Let X = {a,b,c}, 7 = {0, X,{a},{b,c}},w={0,{b,c}} and T =
{0,{c}}. Then T,4-closed sets are: P(X) and *-closed sets are 0, X, {a}, {c},
{a,c}, {b,c}. Tt is clear that {b} is Z,,4-closed set but it is not *-closed.

Theorem 2.18. Let (X, 7,7) be an ideal space with the property B. For every
H eZ, H isZLyz-closed.

Proof. Let H C U where U € o(w). Since H* = {) for every H € Z, cI*(H) =
HUH*=H CU. Therefore, by Theorem 2.15, H is Z,,3-closed. [ |

Theorem 2.19. If (X,7,7) is an ideal space, then H* is always T,4-closed for
every subset H of X.

Proof. Let H* C U where U € o(w). Since (H*)* C H* [14], (H*)* C U
whenever H* C U and U € o(w). Hence H* is Z,,3-closed. [

Theorem 2.20. Let (X, 7,Z) be an ideal space and H € o(w). Then every L,;-
closed set H is x-closed.

Proof. Since H is T,,5-closed, H* C H whenever H C H and H € o(w). Hence
H is %-closed. ]

Corollary 2.21. If (X, 7,7) is a Tt ideal space and H is an L,4-closed set, then
H is x-closed.

Proof. Since H is Z3-closed, by Theorem 2.10, H is Z,-closed. Since (X, 7,7)
is T7 ideal space, H is x-closed. [ ]

Proposition 2.22. Let w be a WS on a space X. If H € w then H € o(w).
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Proof. Let H € w. Then i,(H) = H and ¢y (iw(H)) = cw(H). Since H C
cw(H) = ¢y(iw(H)), H € o(w). We have w C o(w). ]

Ezample 2.25. Let X = {a,b,c}, 7= {0, X,{c}} and w = {0, {a}, {a,b}}. Then
o(w) = {0, X,{a},{c}, {a,b},{a,c}}. It is clear that {c} € o(w) but it is not a

w-open set.

Corollary 2.24. If (X,7,Z) be an ideal space with the property B and H be an
ZLwg-closed set. Then the following statements are equivalent:

(a) H is *-closed.

(b) X — (cI*(H) — H) € o(w).

(¢) X —(H*—H) € o(w).

Proof. (a)=(b). If H is x-closed, then H* C H and so cI*(H)—H = (HUH*)—
H=0. X —(cd*(H)— H) = X € w since every *-topology is weak structure.
By Proposition 2.22, we get the result.

(b)=(c). Since ci*(H)—H=H*—H, X — (H*— H) € o(w).

(c)=(a). f X—(H*—H) € o(w), since H is Z,,5-closed set, by Theorem 2.15,
H* — H =0 and so H is *-closed. [

Theorem 2.25. Let (X,7,Z) is an ideal space. Then every wg-closed set is an
Lyg-closed set.

Proof. Let H be a wg-closed set. Then cl(H) C U whenever H C U € o(w).
We have cl*(H) C cl(H) C U whenever H C U and U € o(w). Hence H is
Zwg-closed. m

Ezample 2.26. Let X = {a,b,c}, 7 ={0,X,{a},{a,c}}, w={0,{a},{b,c}} and
Z = {0,{a}}. Then Z,,4-closed sets are 0, X, {a}, {b}, {c}, {a,b},{a, c}, {b,c} and
wg-closed sets are 0, X, {b}, {c}, {a, b}, {a,c}, {b,c}. It is clear that {a} is Z,-
closed set but it is not wg-closed.

Theorem 2.27. If (X,7,Z) is an ideal space with the property B and H is a
*-dense in itself, L, q-closed subset of X, then H is wg-closed.

Proof. Suppose H is a x-dense in itself, 7,,5-closed subset of X. Let H C U
where U € o(w). Then by Theorem 2.15 (b), c¢I*(H) C U whenever H C U
and U € o(w). Since H is x-dense in itself, by Lemma 1.1, cl(H) = cl*(H).
Therefore cl(H) C U whenever H C U and U € o(w). Hence H is wj-closed. m

Corollary 2.28. If (X, 7,7) is any ideal space with the property B where T = {(}},
then H is L 4-closed if and only if H is wg-closed.

Proof. From the fact that for Z = {0}, H* = cl(H) 2 H. Therefore H is x-dense
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in itself. Since H is Z,4-closed, by Theorem 2.27, H is wg-closed. Conversely,
by Theorem 2.25, every wg-closed set is Z,,4-closed. ]

Corollary 2.29. If (X,7,Z) is any ideal space with the property B where T is
codense and H is a semi-open, Lyg-closed subset of X, then H is wg-closed.

Proof. By Lemma 1.2, H is x-dense in itself. By Theorem 2.27, H is wg-closed.
]

Ezample 2.30. Let X = {a,b,c}, 7 = {0, X,{a},{a,c}}, w = {0,{a,b}} and
Z = {0}. Then g-closed sets are (), X, {b}, {a, b}, {b, ¢} and Z, ;-closed sets are
0,X,{b},{a,c},{b,c}. Tt is clear that {a,b} is g-closed set but it is not Z,-
closed.

Ezxample 2.31. Let X = {a,b,c}, 7 = {0,X,{a},{a,c}}, w = {0,{a,b}} and
Z = {0}. Then g-closed sets are (), X, {b}, {a, b}, {b, ¢} and Z,,3-closed sets are
0,X,{b},{a,c}, {b,c}. It is clear that {a,c} is Z,4-closed set but it is not g-
closed.

Remark 2.32. By Examples 2.30 and 2.31, g-closed sets and Z,,4-closed sets are
independent.

Proposition 2.33. Fvery closed set is wg-closed.

Proof. Let H be a closed set such that H C U € o(w). Then cl(H) = H
whenever H CU € o(w). Thus H is wg-closed n

Ezample 2.34. Let X ={a,b,c}, 7 ={0, X, {a},{a,c}} and w = {0, {a}, {b, c}}.
Then wg-closed sets are 0, X, {b},{c},{a,b},{a,c},{b,c} and closed sets are
0, X, {b},{b, c}. Tt is clear that {c} is wg-closed set but it is not closed.

Proposition 2.35. Fvery wg-closed set is g-closed.

Proof. Let H CU € 7. Then H C U € o(w) by Proposition 2.8. Also ¢l(H) C
U. Hence H is g-closed. ]

Ezample 2.86. Let X = {a,b,c}, 7 ={0,X,{c}} and w = {0, {a}, {b,c}}. Then
wg-closed sets are 0, X, {a,b},{a, c} and g-closed sets are 0, X, {a}, {b},{a, b},
{a,c}, {b,c}. Tt is clear that {b} is g-closed set but it is not wgj-closed.

Remark 2.37. We have the following implications for the subsets stated above.
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closed —— wg-closed ——— g-closed

l l l

*-closed ———— Lg-closed ——— Ly-closed

Theorem 2.38. Let (X, 7,Z) be an ideal space with the property B and H C X.
Then H is Lyg-closed if and only if H = F'— N where F' is x-closed and B C N,
where B¢ € o(w) and B = (.

Proof. If H is Z,,5-closed, then by Theorem 2.15 (d), B C N = H* — H where
B¢ € o(w) and B = (. If F = cl*(H), then F is %-closed such that F — N =
(HUH*)— (H*—H)=(HUH")N(H*NH)=(HUH*)N((H*)°UH) =
(HUHN(HU(H*))=HU((H*N(H*)*)=H.

Conversely, suppose H = F — N where F is x-closed and B C N, where
B¢ € o(w) and B = (. Let U € o(w) such that H C U. Then F — N C
U= FnN((X-U) CN. Now H C F and F* C FthenH* C F* and so
HNX-U)CF*N(X-U)C FN(X—-U) C N. By hypothesis, since
X-(HNX-U)) €eo(w), HHN(X —U) = () and so H* C U. Hence H is
Zwg-closed. [

Theorem 2.39. Let (X, 7,7) be an ideal space and H C X. If M C N C M*,
then M* = N* and N is x-dense in itself.

Proof. Since M C N, M* C N* and since N C M*, N* C (M*)* C M*.
Therefore M* = N* and N C M* C N*. Hence proved. [

Theorem 2.40. Let (X, 7,7) be an ideal space with the property B. If M and N
are subsets of X such that M C N C cl*(M) and M is T,4-closed, then N is
ZLywg-closed.

Proof. Since M 1is Z,,3-closed, by Theorem 2.15 (c), F' C cl*(M) — M where
Fe¢ e o(w) and F = (). Since cI*(N)— N C cl*(M)— M and so G C cI*(N) - N
where G¢ € o(w) and G = ). Hence N is Z,,4-closed. ]

Corollary 2.41. Let (X, 7,Z) be an ideal space with the property B. If M and N
are subsets of X such that M C N C M™* and M is T,,45-closed, then M and N
are wg-closed sets.

Proof. Let M and N be subsets of X such thatM C N C M* = M C N C
M* C cl*(M) and M is Z,yg3-closed. By the above Theorem, N is Z,5-closed.
Since M C N C M*, M* = N* and so M and N are x-dense in itself. By
Theorem 2.27, M and N are wg-closed sets. ]

The following theorem gives a characterization of Z,,3-open sets.
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Theorem 2.42. Let (X, 7,Z) be an ideal space with the property B and H C X.
Then H is T,,5-open if and only if F C int*(H) whenever F© € o(w) and F C H.

Proof. Suppose H is Z,3-open. If F¢ € o(w) and F C H,then X —H C X — F
and so cl*(X—H) C X—F by Theorem 2.15(b). Therefore F C X —cl*(X—H) =
int*(H). Hence F' C int*(H).

Conversely, suppose the condition holds. Let U € o(w) such that X —H C U.
Then X —U C H and so X — U C int*(H). Therefore cI*(X — H) C U. By
Theorem 2.15 (b), X — H is Z,43-closed. Hence H is Z,,3-open. [ ]

Corollary 2.43. Let (X,7,Z) be an ideal space and H C X. If H is L,,5-open,
then F C int*(H) whenever F€ € 7 and F C H.

The following theorem gives a property of Z,,5-closed.

Theorem 2.44. Let (X, 7,7) be an ideal space with the property B and M C X.
If M is Ly,g-open and int*(M) C N C M, then N is Ly,g-open.

Proof. Since M is T, 3-open, X — M is Z,,3-closed. By Theorem 2.15 (c), F C
cd*(X — M) — (X — M) where F¢ € o(w) and F = {). Since int*(M) C int*(N)
which implies that ¢l*(X — N) C el*(X — M) and so cl*(X —N)— (X —N) C

[

cd*(X — M) — (X — M). Hence M is Z,,5-open.

The following theorem gives a characterization of Z,,5-closed sets in terms of
Zyg-open sets.

Theorem 2.45. Let (X, 7,Z) be an ideal space with the property B and H C X.
Then the following statements are equivalent:

(a) H is Lyg-closed.
(b) HU (X — H*) is Lyg-closed.
(c) H* — H is I,35-open.

Proof. (a)=(b). Suppose H is Z,z-closed. If U € o(w) is such that H U
(X—-—H)CU,thn X-UCX—-(HUX—-H")=XnN(HUH" =
H*NH®= H*— H. Since H is Z,,;-closed, by Theorem 2.15 (d), it follows
that X—U=( and so X=U. Therefore HU(X—H*)CU= HU(X—H*)CX and so
(HU(X—H*))* CX* CX=U. Hence HU(X—H"*) is Z,,5-closed.

(b)=(a). Suppose H U (X — H*) is Z,4-closed. If F° € o(w) is such that
FCH*—H,then FCH*and F¢ H=X-H*CX—-Fand HC X - F.
Therefore HU(X — H*) CHU(X —F)=X —F and X — F € o(w). Since
(HUX -H*)*CX-F=H"UX-H)CX—Fandso H* C X — F =
F C X — H*. Since F' C H*, it follows that ' = (). Hence H is Zyg-closed.

b)ye(c). X —(H*—H)=XnNnHNH) =XN({(H")UH)=(Xn
(HHYU(XNH)=HU(X — H*). (]
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Theorem 2.46. Let (X,7,7) be an ideal space. Then every subset of X is Ly,-
closed if and only if every subset of o(w) is x-closed.

Proof. Suppose every subset of X is Z,,5-closed. If UCX and U€ o(w), then U is
Zwg-closed and so U* CU. Hence U is x-closed. Conversely, suppose that every
subset of o(w) is x-closed. If U€ o(w) is such that HCUCX, then H* CU* CU
and so H is Z,,4-closed. [ |

The following theorem gives a characterization of normal spaces in terms of
Zyg-open sets.

Theorem 2.47. Let (X,7,7) be an ideal space where T is completely codense.
Then, the following statements are equivalent:

(a) X is normal.
(b) For any disjoint closed sets M and N, there exist disjoint T,,5-open sets P
and Q such that MCP and NCQ.

(c) For any closed set M and open set Q) containing M, there exists an ZLy5-
open set P such that MC PCcl* (P)C Q.

Proof. (a)=(b). The proof follows from the fact that every open set is Z,,3-open.

(b)=(c). Suppose that M is closed and Q is an open set containing M.
Since M and X—Q are disjoint closed sets, there exist disjoint Z,,3-open sets
P and R such that MCP and X—QCR. Since (X—Q)° € o(w) and R is Z,4-
open, X—QCint*(R) and so X—int*(R)CQ. Again PNR=0 =PnN int*(R)=0 and
so PCX—int*(R)=cl*(P)CX—int*(R) CQ. P is the required Z,3-open sets with
MCPCcl*(P)CQ.

(¢)=(a). Let M and N be two disjoint closed subsets of X. Then, by
hypothesis there exists an Z,,5-open set P such that MCPCcl*(P)CX—N. Since
P is Z,,5-open, MCint*(P). Since 7 is completely codense, by Lemma 1.3, 7 C 7
and so int*(P) and X—cl*(P) in 7%*. Hence MCint*(P)Cint(cl(int(int*(P))))=S
and NCX—cl*(P)C int(cl(int(X—cl*(P)))) =T. S and T are the required disjoint
open sets containing M and N respectively, which proves (a). ]

A subset H of an ideal space (X,7,Z) is said to be an agsw-closed set if
clo(H)CU whenever HCU and Ue o(w). The complement of an agsw-closed
set is said to be an agsw-open set. If Z =N/, then Z,,;-closed sets coincide with
agsw-closed sets and so we have the following Corollary.

Corollary 2.48. Let (X,7,Z) be an ideal space where T =N. Then the following
are equivalent:

(a) X is normal.

(b) For any disjoint closed sets M and N, there exist disjoint agsw-open sets
P and @Q such that MCP and NCQ.
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(¢) For any closed set M and open set Q containing M, there exists an agsw-
open set P such that MCPCcl, (P)CQ.

A subset H of an ideal space is said to be Z-compact [7] or compact modulo
T [18] if for every open cover {U, | a € A} of H, there exists a finite subset Ag
of A such that H— U {U,, | « € Ag} € Z. The space (X,7, Z) is Z-compact if X
is Z-compact as a subset. In closing this paper, we state the following theorem.

Theorem 2.49. [16, Theorem 2.17] Let (X,7,Z) be an ideal space. If H is an
Zg4-closed subset of X, then H is T-compact.

Corollary 2.50. Let (X, ,Z) be an ideal space. If H is an L,z-closed subset of
X, then H is Z-compact.

Proof. The proof follows from the fact that every Z,,3-closed set is Z,-closed. m
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