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1. Introduction

Without using Linear Algebra techniques such as for being diagonalizable of
matrices (cf. [18], [33] as famous classical items), more directly, we would like to
study projections of matrix algebras over complex or real numbers, to classify
the generalized Bott projections (in our sense) and their spaces algebraically and
geometrically, in the three by three, and four by four matrix cases, and in the
general matrix case. In addition, as just a comparison, unitaries of the complex
matrix algebras are only reviewed.

Our motivation for this study comes from deep and thorough understanding



92 T. Sudo

the so called Bott projection as well as its basic properties as in [34] (cf. [2],
[26], [27], [28], and [29]). The Bott projection is viewed as a continuous, 2 x 2
matrix projection-valued function on the real two-dimensional sphere S2, which
also connects continuously the two standard rank one projections at north and
south poles on S2. The Bott projection does play an important role in the K-
theory of C*-algebras (cf. [31] and [34], as well as [2], [26], [27], [28], and [29]).
Namely, it gives a non-trivial K-theory class of the C*-algebra of all continuous,
complex-valued functions on the 2-sphere S2. As well, refer to [3] and [13] for
the topological K-theory of spaces, and moreover, see [9] for other topics.

In this paper, we review the Bott projections in the 2 x 2 matrix algebra
over complex numbers, and then obtain algebraic and geometric classification
results on the generalized Bott projections (in our sense) of matrix algebras over
complex or real numbers and on the spaces of the projections in the 3 x 3, and
4 x 4 matrix cases, and in the general matrix case. In the 2 x 2 matrix case, the
Bott projection and its properties are considered in details, with some refinement
or extension to the literature as in [34]. May as well refer to [31, 8.5], [32], [25],
and moreover, [4], [12], [22], [24]. There may be more other items found in the
literature. For some advanced or developed topics, may refer to [8], [10], [15].
[16], [17], and [21]. Furthermore, may refer to [1], [6], [7], [14], [19], [20], [23],
and [30].

The explicit formulae obtained by determining those projections algebraically
may be some useful as a convenient reference. As well, the geometric (or topo-
logical) structure for the spaces of the generalized Bott projections may have
some applications such as to the theory of C*-algebras. Certainly, the geometric
(or topological) structure for the spaces may be considered as the first basic step
towards yet a noncommutative geometry (or topology) theory for C*-algebras
(without stabilizing), such as the (stabilized) K-theory for C*-algebras ([24],
[34]). As well, the homotopical structure for those spaces is also deduced, but
which is certainly well known (in Linear Algebra or Geometry) (cf. [18], [33]).

Unfortunately, this time we could not determine all the projections in those
cases (except the 2 X 2 case), which may involve more further computation, but
such computation in the 3 x 3 case and more may be known to some experts.
This task may be considered in the future, but temporarily postponed.

Notation 1.1. We use the symbol = as meaning a definition. Let ¢ € C with
i2 = —1. We use the symbol ~ as meaning a homemorphism. We denote by
M,,(C) the n x n matrix Banach or C*-algebra over C of complex numbers. For
convenience, we may consider the Euclidean norm on M, (C) as the complex
n2-dimensional Euclidean vector space (C"z, to equip its topolology. We denote

by M, (R) the n x n matrix Banach algebra over R of real numbers.

Recall that an element p € M,,(C) is a projection if and only if p = p? = p*
with p* the adjoint of p, i.e, the complex conjugate transpose p* of p. We denote
by P(M,(C)) the space of all non-trivial projections of M, (C) with relative
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topology, and by
P(M,(C))~ = P(M,(C)) U{0,,1,} (as union)

the space of all projections of M,,(C), where 0,, is the zero matrix and 1,, is the
identity matrix. Define P(M,(R)) and P(M,(R))™ similarly.
For a,b € M, (C) (n > 1), we denote by a @ b the diagonal sum in Mo, (C).

2. The 2 x 2 Matrix Case
By solving the equation for the definition of 2 X 2 matrix projections, we obtain

that, with several proper notations according to the calculation in the proof
below,

Theorem 2.1. If p = (pi;) is a non-trivial projection of Mz(C), then p is either

10 00
(1) (00):1@052917 <01>:O@15P2, or

LESVARRTEICR
? z veyiae | = PE(2) (compound order)
/143l

for any z € C\ {0}, with 1 > 1 — 4[z|* > 0 if and only if 0 < |z| < 3.
We may as well define p+(0) as
p+(0) = limpy(2) =p1 and p_(0) = limp_(2) = ps.

z—0

For z = %eie with € R (mod 27) and |z| = %,

L o 3 3¢\ _ 1
Pi(§€ )= (5 0 1 =P(§€ )-

i 1
€ 2

In particular,

) Ep(%) € My(R).

SN
N[= =

Moreover, p4(z) = p—(2) for z € C\ {0} if and only if |z| = L. Furthermore,
pi(z) € Ma(R) if and only if = € R. Also, the extended py(z) are viewed
as injective, continuous, projection-valued functions from the closed ball {z €
C|l|z| < 4} = B(0,%) with center 0 and radius 1 in C to P(M(C)).

Proof. Suppose that p = p* = (p;;). Then

az
p—(z d) a,d e R,z eC.
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In addition, if p? = p, then a® + |2]2 = qa, |2|> + d®> = d, and (a + d)z = Z.
If z=0,thena=0o0r1,and d=0or 1.
If z # 0, then a 4+ d = 1, so that if |z] < %, then

IRERVIET L
a 2

by solving the quadratic equations above with respect to a and d. And if |z| > 3,

then
1 1 1 1
= — ] 2_ = — ) 2_ 1
a=3 +i4/ 2| 1 and d 5 Ly /|2 1 not in R,

and hence, this case does not exist.
If p; () = p—(2), then |z| = § by computing the (1, 1)-entry in the equation.
The injectivity and continuity for p4(z) are clear, [

15 /1= A2
and d— LTV 4P

We may say that the functions p4(z) are the Bott projection (function) on
B0, %), whose domain can be converted as given later below.
Corollary 2.2. The space P(M2(R)) consists of p1, pa, and p+(t) for t € R with
0< Itll <3 where py = limeo p+(t) = p1(0), pa = limyop—(t) = p—(0), and
p+(£3) =p(35) =p-(£3).

Now let X and Y be topological spaces and K be a space viewed as a subspace
in both X and Y. We denote by X Uk Y the K-jointed sum of X and Y (we
call so), which is defined to be the space obtained from attaching X and Y on
the space K, or in other words, as that in the disjoint union X UY of X and Y,
the space K viewed in X is identified with K viewed in Y.

We denote by S? the real 2-dimensional sphere in R3.

Theorem 2.3. There is a homeomorphism between the space P(Ms(C))™ and the
disjoint union {02} U {12} L (B(0, 3) Uist B(O, 1)), with
1 1
5% ~ B(0, 5) Uig B(0, 5) ~ P(M(C))

of all rank 1 projections of Ms(C), where B(0,271) Uy-151 B(0,271) is the
space obtained from attaching two copies of B(0,271) along the set %Sl ={z¢€
Cllz| = 3}, as a 1S -jointed sum or a circle-jointed sum, where +ST is homeo-
morphic to the real 1-dimensional sphere S' = {z € C||z| = 1}.

Proof. Define a homeomorphism from B(0, 1) Uig B(O, 1) onto P(M;(C)) by
sending z € B(0,27!) one copy with [z| < 1 to pi(2), and w € B(0,27) the
other copy with |w| < 1 to p_(w).

We may identify the space $5' = {z € C||z| = 3} with S*. It follows from
elementary Topology that we can make the 2-sphere from attaching two distinct
closed unit balls as in R? along their boundary as S!, in R3. [
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Corollary 2.4. There is a homeomorphism between the space P(M3(R))™ and
the disjoint union {02} U {12} U ([—3, 3] Uigo [— 1.4D), with

'~ (52 Uyso [0 5)) ~ PO (E)

of all rank 1 projections of Ma(R), where [-271,271] Uigo [—271 271 is the
space obtained from attachz'ng two copies of the closed interval [—271,271] at the
set 350 = {t e R||t| = 1} = {£1}, as a two-points-jointed sum, where 50 is
homeomorphzc to the real 0-dimensional sphere S°® = {t € R||t| = 1} = {&1}.

We say that two projections p and ¢ of P(M>(C))™ are homotopic if there
is a continuous path in P(M3(C))™ connecting p and gq. We denote by [p] the
homotopy class of p and by P(M2(C))™~/ ~ the set of all homotopy classes of
elements of P(M2(C))™.

The well known consequences are deduced:

Corollary 2.5. The homotopy classes within P(M2(C))™ are given by [02], [12],
and [1 0] = [0® 1] € P(Ms(C))™/ ~.

Proof. Note that lim,_,op4(z) = 1@0 and lim,_,op_(z) = 0@ 1 and that p4 (z)
take the same value p(z) at z = e, ]

Corollary 2.6. The homotopy classes within P(M2(R))™ are given by [02], [12],
and [1®0]=[0® 1] € P(M2(R))~/ ~.

For x = (z;;) € M2(C), we denote by tr(z) the canonical trace of =, which
is viewed as a function on M5(C), where tr(z) = z11 + T22. For x € My(C), we
denote by rk(z) the rank of z, as a function.

Corollary 2.7. There are bijections among the homotopy set P(My(C))™
image tr(P(M2(C))~) ={0,1,2}, and the image rk(P(Mz(C))™ ) = {0,

The same also holds for P(M2(R)))™

/~
1,2

Proof. The trace for any p € P(M2(C)) determined explicitly above is easily
computed. Only to determine the rank of p, we may use a well known fact in
Linear Algebra as that each p has eigenvalues 0 or 1, and that there is a unitary
matrix u of My(C) such that upu* is equal to either 0, 1, or p;. Without
using this, we may do computation as in Lemma 2.11 below, but complicated in
general. Note also that tr(upu*) = tr(p) and that the trace on P(M3(C)) takes
only 1. ]

Let B(0,7) = {z € C||z| < r} be the closed unit ball in C with center 0 and
radius r. By changing variables as in the statement below and computing the
components of py(z) in Theorem 2.1, it follows that
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Proposition 2.8. [34, 5.I (e)] (Extended) We obtain

bl = o (40 = B ze\)

T[22 7 1T+ 22 \2 |22

with 0 < |z|] < 1, where 1lez“2 < % if and only if |z| € [0,00), as well as

z 1 L2 %
PR =TT e <|Z| 1) = B_(2), zeC\{0}

with |z| > 1.
On the other hand,

4 . 1 |Z|22 _ . .
p(1+|2|2)_1+|z|2<z 1)_B( ), z2€C\{0}

with 0 < |z| <1, as well as

) = o (L) =B e\ )

T+ 227 7 1422 \& |22

with |z] > 1.
Namely, the Bott projection(-valued function) in M2(C) as in [34] is defined
on C\ {0} as

By (2) 1 (1 z > _ {p+(1+fz|2) 0<|z <1,

=T 2
1422 \z |2 p_(HTZ‘Q) || > 1.

As well, we define

B o L (FRR) _ [r(aim) o<kt
SRR 2 1) T el ez

[ER P

which may be called the dual Bott projection-valued function on C\ {0}.
In addition, we may set

Bi(0)=1®0=p; and B_(0)=0®1=po,
and we have at infinity in any direction,

By(x0) = ‘ l‘im Bi(2)=0®1=py; and B_(cx0)= ‘ l‘im B_(z) =180 = py,
zZ|— 00 zZ|— 00
but within P(Mz(C)).

Moreover, Bi(z) are injective as continuous functions from C into
P(M3(C)). Also, B+(z) = B_(z) if and only if |z| = 1, but B4(z) = B_(w)
such that for any z € C\ {0}, there is w € C\ {0} such that z # w with
|z| <1 <|w| or |w| <1< |z|, as well as B4+ (C\ {0}) = B_(C\ {0}) as images
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with B, (B(0,1)\ {0}) = B_(B°(0,1)°) and B, (B*(0, 1)) = B_(B(0, 1)\ {0}),
where B°(0,r) = {z € C||z| < r} is the open ball as the interior of B(0,r).
Furthermore, By (z) respectively can extend to injective continuous functions
from the real 2-dimensional torus S* ~ C LI {cc} the one-point compactfication
of C into P(M2(C)), with B, (S?) = B_(S?). Namely, by the same symbol
extended, By are P(Ms(C))-valued, continuous functions on S2.
Proof. Let f(z) = HfT for x € R. Then the derivative f’(x) = 0 if and only
if z = £1. Note that f(+1) = +3 the maximum and the minimum of f(z)
respectively, f(0) = 0, and lim;|, f(2) = 0, and that f(z) is not injective on
[0,00), as that for any 0 < x < 1, there is y > 1 such that f(z) = f(y), and that
£((0,1]) = f(]1,0)) as images.
Compute only the (1,1)-entry of p; (=) and p_(:=-=) case by case as

T+[2[? 1+[z[
L \2 V=)

1+ 1—4(W) 1+( T+ > ohE <1,

= = 2|2
2 2 e 21

j 2 (1—12|?)? 2
() - (S [ s,
2 2 e 2>

If B1(z) = By (w) respectively, then z = w.
If B4(z) = B_(z), then |z| = 1. ]

Theorem 2.9. There are identities and homeomorphisms as

Bo(8%) = {Bs(2) | 2 € CU{oc}} = {B_(z)| = € CU {o0}} = B_(S?)
1 1
=P(M,(C)) ~ B(0, 5) Uig B(O, 5) ~ B(0,1) Ug: B(0,1) ~ S2.
In other words, the Bott projection-valued function By and the dual
Bott projection-valued function B_ extended on S? are homeomorphisms to
P(M>(C)).

Recall now that the complex projective plane CP(1) is defined to be the set
of all equivalence classes [(21, 22)] (as directions) of points (21, z2) € C2\ {(0,0)},
where (21, 22) is equivalent to (27, z5) if and only if there is some non-zero A € C
such that A(z1, z2) = (Az1, Aza) = (21, 25).

Lemma 2.10. [34, 5.1 (a)] The complex projective space CP(1) is homeomorphic

to the real 2-dimensional sphere S2.

Proof. Take [(0,1)] € CP(1). Let [(21, 22)] € CP(1)\{[(0,1])} with 21 # 0. Then
(21,20) = 21(1, 27 '29). Thus [(21, 20)] = [(1, 27 '22)]. Since [(1,2)] = [(1,w)] if
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and ounly if z =w € C, CP(1) \ {[(0,1])} is identified with C, which is homeo-
morphic to R2. Note as well that for (z1,22) = z1(1, 21_12’2) with 21 # 0, if z;

converges to 0 € C, then lim,, o 2y ‘2o = co. Hence [(z1, 22)] = [(1, 27 *22)] con-
verges to [(0,1)] in CP(1) as z; — 0. It then follows that CP(1) is homeomorphic
to S? as the one-point compactification of R2. [ ]

Lemma 2.11. [34, 5.I (b)] (Extended) The Bott projection B.(z) at z € C is
also the projection from C? to the complex 1-dimensional subspace spanned by a
point (1,z) € C% as a column vector.

As well, the dual Bott projection B_(z) at z € C is also the projection from
C? to the complex 1-dimensional subspace spanned by a point (Z,1) € C? as a
column vector.

Moreover, for z € C we obtain

(7)) e n0(2)-()

Proof. Indeed, compute that for (21, z2) € C2,

B (Z) 21\ _ 1 1z Z1\ _ %1 +Zz (1 _ <(21,22),(1,Z)> 1

TN\z) TR\ 1P \2) T 122 ) T @ \z)
where ((21, 22), (w1, ws)) = 21W7 + 293 is the complex inner product for C? and
(21, 22)|| = \/{(21, 22), (21, 22)) the norm. As well,

21\ 1 |Z|2 z z1\ 22+ z2 (Z) ((z1,22), (2,1)) (Z
20 (3) = e (1) (2) - 35 0) - S8 (s
Lemma 2.12. [34, 5.1 (c)] (Extended) There is a homeomorphism from CP(1) \
{[(0,1)]} to the subspace {B+(z) |z € C} of P(M2(C)), defined by sending [(1, z)]
to B1(z) for z € C.

There is also a homeomorphism from CP(1) \ {[(0,1)]} to the subspace
{B_(2)|z € C} of P(M2(C)), defined by sending [(1,2)] to B_(z) for z € C.

Corollary 2.13. [34, 5.1 (d)] (Extended) There are homeomorphisms as follows:

CP(1) ~ 5% ~ {B1(2) | 2 € C} U{pa} = B4(S?)
— {B_(2)|2 € C}U{p1} = B_(S?) = P(M(C)).

Unitaries 2.14. We now denote by Us(C) the group of 2 x 2 unitary matrices of
M5(C). Namely, u € Uz(C) if and only if u*u = 15 = uu*.
For z € C, we define

z

sy (2) = \/ﬁ (i ‘f) and u_(2) = \/ﬁ G _12) .
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Lemma 2.15. [34, 5.1 (f)] (Extended) For any z € C, it follows that u(z)y €
Us(C). As well, us(2) = us(2)* if and only if 2 =0 and u_(z) = u_(2)* if and
only if z € R, and that

wr(2)prus (2)° = Ad(uy (2))py = Bi(2) and  Ad(u_(=)p1 = B_(2).

Now let

u=(m“m>zguw)e@@)

U21 U22

with u; and us as column vectors in C2. As a well known fact, there is an
equivalence between u € Uz(C) and u*u = 1o. Equivalently, ||u1]|? = |u11]? +
ug1|* =1 = |luz||® = [ura|* + |uzz[* and (u1,us) = 0.

We denote by SU2(C) the normal subgroup of Us(C) with determinant 1.

Lemma 2.16. [5, pp. 7] There is a homeomorphism between SU(C) and S* the
3-dimensional sphere.

Proof. Tt follows from the norm 1, the inner product 0, and determinant 1 that
it u € SU2(C), then
u1l —7u
u=<11_3>,nmw21
U21 Uil

Indeed, check that

(u1, ug)uia + (det u)izs = Ouyz + 1 Uz = Uag
=(u11TU12 + u21TUa2)u12 + (Ur1U2e — U12U21 U2
=up1 (Jura]?® + |ugel?) = u11,

(u1, ug)use — (det u)urs = Ouge — 113 = —T1a
=(u11U12 + U212 ) U2z — (Ur1Uze — U12U21 )UT2

=ug1 (Jugz|® + |ur2|*) = ua.
If wjy = s41 + ity with si1,¢51 € R, then
w1 [? + |uz [* = sty + 8], + 53, + 85, = 1,

so that the vector u; is identified with (s11,%11, S21,%21) € S3. n
As just a comparison with the above case of projections,

Lemma 2.17. [5, 11] There is a short exact sequence of groups or spaces as

det

1— SUQ((C) ~ 893 — UQ((C) E— UQ((C)/SUQ((C) ~ Gl 1,
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induced by determinant det.

Proof. If u € U3(C), then u*u = 15, which implies det udet u = 1. |

3. The 3 x 3 Matrix Case

Solving the equation for the definition of 3 x 3 matrix projections implies that

Lemma 3.1. If p = (pi;) is a projection of M3(C), then

)
a z1 z2
p=121 b 73 a,b,c € R, z1,22,23 € C,
Z9 Z3 C
where
a’® + |z1|2 + |22|2 =a, |z1|2 +v?2+ |23|2 =b, |22|2 + |23|2 +2=c¢,

and

(a+b)zZm+ZRzs =71, (a+c)Hm+Zizzs=2, 2172+ (b+0)Z5 =73,

so that
1 1 9 5 9 9 1
a=a(erm) = Lo ol 0 | R < L,
2 4 4
1 1 9 5 9 9 1
b="0b(z1,23) = = £/~ —|z1]2 — |23 if 0 <|z1]* + 23> < -,
2 4 4
1 1 9 5 9 9 1
020(32,23)E§i Z_|22| — 23] if 0 < 2o + |23 ST

Corollary 3.2. [t follows from Lemma 3.1 the following:

(1) Ifz1 =20=23=0, thena=0o0r1, andb=0 or 1, and c=0 or 1.

(2) If 1 # 0 and 20 = 23 = 0, or if z1 = 22 = 0 and z3 # 0, then these
correspond to the 2 X 2 case. If z1 = z3 = 0 and z2 # 0, then this also correspond
to the 2 x 2 case similarly.

(1),(2) If 21 = 0 is zero, then zo or zs is zero. If zo = 0 is zero, then z; or
z3 1s zero. If z3 = 0, then z1 or zo is zero. These cases correspond to the cases
done above.

(3) The rest is the case where z1, z2, z3 are all non-zero.

Remark 3.3. Further computation and determination in the case (3) above are
postponed, and would be given in the future. It is certainly noticed by some
experts that the case (3) does happen.
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We may say that a projection p € M3(C) is degenerate (on the off di-
agonal part) if it is in the case (1), and a non-trivial projection of M3(C) is
a generalized Bott projection if in the cases (1) or (2), and is generically
non-degenerate (on the off diagonal part) if in the case (3). We denote by
Pp(M3(C)) the space of all generalized Bott projections of M3(C). Set

Pp(M3(C))~ = Pg(M3(C)) U {0s5,13}.

Define Pp(M3(R)) and Pg(M3(R))™ similarly. In what follows, we consider only
the cases (1) or (2).

With suitable notations according to the computation above, we formulate
the following theorem:

Theorem 3.4. If p = (pi;) is a generalized Bott projection of M3(C), then p is

either (1) p1 =1®02, p2 =08 10, p3 =02 D1, or p1 + p2, p2 + p3, p1 + D3,
or (2)

px(z1) ®{0,1}, for z1 € C\ {0} with 0 < |z1] <

N =

1
{0,1} ® p+(23), for 0 < |z3] < 50 o

144/1—4]z,|2 _
—= 0 %2

pi(z2)~ @~ {0,1} = 0 {0,1} 0 (split)
0 1:!:\/174|Z2|2
2

for any 2o € C\ {0}, with 0 < |z2] < 3, where each p+(z;) for 1 < j < 3 are
defined as in Theorem 2.1.

We may define as well

Z2

p+(0)® 0= lim py(21) ®0=p1 =p4(0)” @7 0= lim py(22)” &7 0,
z1—0 29—0
p-(0)@0=lim p_(21) ®0=p2 = 0@ p4(0) =0® lim p,(23),
2:14)0 23%0
0®p-(0)=0® lim p_(23) =ps =p-(0)” &~ 0= lim p_(22)~ &0,
and
p+(0)@ 1= lim pi(z1)®1l=p1+p3=18p_(0) =16 lim p_(23),
21%0 2:34)0
p+(0) @7 1= lim py(22)” @ 1=p1+p2=16p4(0)=1® lim py(23),
22%0 23%0

p—(0)d1= Zlfgop,(zl) Gl=ps+ps=p_(0)"@~ 1= Zl;r_)nop,(zz) @~ 1.

Corollary 3.5. The space Pg(Ms(R)) consists of p1, p2, ps, p1 + P2, D2 + Ps,
p1 + p3, and py(t1) ® {0,1} for t1 € R with 0 < [t1] < %, {0,1} @ py(t3) for
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ts € R with 0 < |t3| < 5, and p+(t2)~ &~ {0,1} for tz € R with 0 < |t2] < 3,
where

p1 = lim pi(t1) ©0=p4(0) ©0 = lim pi(t2)~ @~ 0= p+(0)” @70,
p2=limp_(t1) ®0=p_(0) ®0=0® lim p,(t3) = 0 p+(0),
t1—0 t3—0

ps = lim p_(t2)” &7 0=p-(0)" &~ 0 =08 lim p_(t5) = 0 & p-(0),

to—0

and
p1+p3=limp (1) ©1=py(0)@1=10 lim p_(t3) = 1@ p_(0),
t1—0 t3—0
prtpe = limp,(2)” &7 1=p(0)7 @71 =16 lim p,(t3) =1 & p+(0),

potp3=limp_(t1)P1=p_(0)®1= lim p_(t2)~ &~ 1 =p_(0)~ &~ 1.
t1—0 to—0

Now let X,Y, and Z be topological spaces, K a space viewed as a subspace
of X and Y, L a space viewed as a subspace of Y and Z, and M a space viewed
as a subspace of Z and X. Then we denote by X Ug Y Up ZUy O a cyclic
K, L, M-jointed sum of X, Y, and Z (we call so), which is defined to be the
space obtained from attaching X and Y on K and attaching Y and Z on L and
attaching Z and X on M.

Theorem 3.6. There is a homeomorphism between the subspace Pg(Ms3(C))™ of
M3(C) and the following disjoint union:

(rank 0,3) {03} U {13}

(rank 1) [(B(O, 5) Ugsr BO, 2)) Uy ((B(O, 5) Ugsr BO, 5))

U (B0, 3) Uy 1 B0, 2Ly, O

2 2
1 1 1 1
(rank 2) [((B(0, 5) Uysr B(0, 5)) Upstps (B(0, 5) Ugsn B0, 5))
1 1
Upy +p2 (B(Oa 5) l—lésl B(Oa 5))'-';01-1-;03 O]a

with complex variables as
[({z1} Urgr {wni}) Uy =0=25 ({23} Uy g1 {ws})
|—|11)3:O:11)2 ({22} I—I%SI {wQ})l—I22:0221 0]7
and

({21} Uz gr {wr}) Uy —0=w, ({22} Upgr {w2})
Uzp=0=25 ({z3} Ugsr {ws})Uws=0=z O,
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respectively, where the first cyclic points-jointed sum [--- O] is obtained from
attaching cyclically 3 copies of B(0,271) Uy—1g1 B(0,271) at the zero point of
B(0,271) as its right component with the zero point of B(0,271) as its left com-
ponent, and the space corresponds to the space of all rank 1 generalized Bott
projections of M3(C), and the common zero points correspond to the projections
p1, P2, P3 respectively, and the variable z; for j = 1,3 corresponds to p4(z;), and
w; for j = 1,3 corresponds to p—_(w;), and z2 corresponds to p1(z2)~, and w
corresponds to p—(ws2)~, and the second cyclic points-jointed sum [--- O] is ob-
tained similarly, with slightly different identifications of variables as above, and
it corresponds to the space of all rank 2 generalized Bott projections of Ms(C),
and the common zero points correspond to the projections pa+ps, p1+p2, p1+p3
respectively.

Corollary 3.7. There is a homeomorphism between the subspace Pg(M3(R))™ of
M3(R) and the following disjoint union:

(rank 0,3) {05} U {13}

(rank 1) ([~ 3] Usso [~3 3D U (=3, 5] Uyso [~ 510
(=35] Usso [-303)Un O
(rank2) ([~ 3] Usso [~503) Upstpo (=50 5] Usso =3, 3]

11 11
Upi+p2 ([_57 5] L1 g0 [_Ea 5])|—|P1+P3 O}a

2

with real variables as the same as given above.

Theorem 3.8. There is a homeomorphism between Pg(Ms(C)) and the disjoint
union

[52 l—lpz 52 l—lps SQ'—Ipl O] U [‘92 |—|P2+P3 ‘92 l—I;D1+;Dz SQ'—'PH—Ps O],
which is homeomorphic to the disjoint union of the cyclic points-jointed sums of
3 copies of S? at the north and south poles n € S* (one) and s € S? (the next)
identified respectively as

[S% Up—s S? Upes S%Up—s O] U[S? Upes S? Upes S%Un—s O,

both path-connected components of which are homeomorphic.

Corollary 3.9. There is a homeomorphism between Pg(Ms(R)) and the disjoint
union

[Sl l—lpz Sl l—lps Sll—lpl O] U [Sl |—|P2+P3 Sl l—I;D1+;Dz Sll—lpl-i-Ps O],
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which is homeomorphic to the disjoint union of two cyclic points-jointed sums
of 3 copies of S* at +1 € St (one) and —1 € S* (the next) identified respectively
as

[Sl Uy1=—1 St Uy1=—1 51|_|+1:71 O] (] [Sl Uy1=—1 St Uy1=—1 52|_|+1:71 O],

both path-connected components of which are homeomorphic.

Corollary 3.10. The homotopy classes of Pg(M3(C))™ are given by
Pp(M;5(C))~/ ~={[03], [13], [p1] = [p2] = [p3], [P1 + p2] = [p2 + ps] = [p1 + ps3]}-
The same also holds for Pg(Ms3(R))™.

Proof. The homotopies among p1, p2, and p3 and among p; +ps, p2+p3, and p1 +
ps within Pg(M3(C)) and Pg(Ms(R)) are constructed explicitly and respectively
as in Theorems 2.1 and 3.3 above. ]

Corollary 3.11. There are bijections among the homotopy set Pg(Ms3(C))~/ ~,
the trace image tr(Pg(Ms3(C))~) = {0,1,2,3}, and the rank image
rk(Pp(M3(C))™).

The same also holds for Pg(Ms(R))™.

It is then deduced that

Corollary 3.12. There is a continuous path from a generically non-degenerate
projection of Ms3(C) to some generalized Bott projection of Ms(C) within
P(Ms(C)).
Namely, there is a continuous deformation from P(M3(C)) to Pg(M3(C)).
The same also holds for P(Ms3(R)).

Proof. Corollaries 3.9 and 3.10 hold for P(M3(C))~ and P(M3(R))™~ as well, by
using Linear Algebra. Indeed, such a deformation may be obtained by letting
the variables z; (1 < j < 3) going to 0 separately, within P(M5(C))™. |

4. The 4 X 4 Matrix Case

Solving the equation for 4 x 4 matrix projections we obtain

Lemma 4.1. If p = (pi;) is a projection of M4(C), then

G11 %221 231 241
221 Q22 %32 Z42
Z31 %32 Q33 %43
241 242 243 Q44
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with aj; € R for 1 < j <4, zj; € C for 1 <i < j <4, where
ady +|zo1|* + 231 + |z |* = a1,
|221]2 + a3y + |232|% + |242|% = ano,
|2311% + |232]% + a33 + |zas|® = ass,
|za1® + |2a2]® + |243) + @44 = aua,
and
(@11 + az2)Za1 + Z31232 + Za1242 = Za1, (@11 + a33)Z31 + Z21232 + Za1243 = 231,

(@11 + a44)Za1 + Z21242 + 231243 = Za1, (@22 + a33)Z32 + 221731 + Zaz243 = Z32,

(a22 + a44)Zaz + 221%a1 + 732243 = Zaz, (@33 + G44)Za3 + 231721 + 232%22 = Za3,

so that

- |Z21|2 - |Z31|2 - |Z41|2

=

1
a1 = a11(221, 231, 241) = 3 =+ \/

if 0 < |z21]? + |231 ]2 + |241|* < %7

1
a2 = a22(321, 2327342) = 5 \/ |Z21|2 - |Z32|2 - |Z42|2
if 0 < |221]? + | 232 + |242]? < 1,
1 1 2 2 2
a3z = a33(231,232az43 E 5 1 |Z31| - |Z32| - |Z43|
if 0 < |za1|? + | 2322 + |2a3)? < 1,
1 1 2 2 2
Q44 = a44(z41,242,z43 E 5 1 |Z41| - |Z42| - |Z43|

if 0 < |za1]® + [242]* + |2a3* < L.

Corollary 4.2. It follows from Lemma 4.1 the following:
(1) If all zj; =0 for j > i, thenaj; =0 or 1 for 1 < j <A4.
(2) If only one z;; # 0 with j > i and the other all z; zero for k > 1, then
these correspond to the 2 X 2 case or the split 2 X 2 case.

(3) There are also the cases by choosing two split or not, blocks of the split or
not, 2 X 2 cases.

(4) There is the rest of the other cases.

Remark 4.3. Further computation and determination in the case (4) above are
postponed, and would be given in the future. Note that the case (4) does happen,
as in the 3 x 3 case.
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We may say that a projection p € My(C) is degenerate (on the off diagonal
part) if it is in the case (1), and a non-trivial projection of My(C) is a (com-
binatorically) generalized Bott projection if in the cases (1), (2) or (3), and
otherwise, it is generically non-degenerate (on the off diagonal part) if in the
case (4). We denote by Pg(M4(C)) the space of all generalized Bott projections
of M4 ((C) Set

Pp(M4(C))~ = Pp(M4(C)) U {04,14}.

Define Pp(M4(R)) and Pp(M4(R))™ similarly.
With suitable notations,

Theorem 4.4. If p = (pi;) is a generalized Bott projection of M4(C), then p is
either (1) p1 =1®03, p2 = 061802, p3 = 020180, ps =038 1, or p; +p; for
1<i<j<4(4Co=06many), orp;+pj+pi forl1 <i<j<k<4(4Cs=4
many), or (2)

1

pi(le) @ {0’ 1} @ {07 1}; fOT 221 S C \ {0} U]Zth 0 < |Z21| S 5; or
1

{0.1} @ pa(22) © {0,1}, for 0 < |zs| < 5. or

1
{0,1} & {0,1} & ps(243), for 0 < |z43] < 50 or

1+ 174‘231‘2

2 0 231
pi(z31)~ @~ (9%{0,1}) = 0 {0,1} 0 ©{0,1} (split)
231 0 1;4‘231‘2

for any z51 € C\ {0}, with 0 < |z31] < %; .
w 0 %5
pe(ze) @~ (@70, 1) = {0, 1}e | 0 {01} 0 (split)
249 0 @

for any z4o € C\ {0}, with 0 < |z42| < %; .

144/1—4|241|2

2 (07 O) 741
pi(za1)~ @~ (2%{0,1}) = 0,00t {0,1}@{0,1}  (0,0)" (split)
241 (O, 0) 7@\/1;471‘2
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for any z41 € C\ {0}, with 0 < |z41| < %, or (3)

P+ (221) ® ps(za3)  for 0 < |zg1] < % and 0 < |z43] < %7 or
Pt (241)~ @ pa(z32) for 0 < |za| < % and 0 < |z32| < %, or
pe(231)” @7 pa(242)™  for 0 <|ezzi] < % and 0 < |z42| < %,
and in total there are

4

1
(D _1Ck) +2%Co + 5aCr =2 + 24+ 3 =43 cases,
k=0

where each p4(z;,:) for 1 <i < j <4 are defined as in Theorem 2.1.

We may define as well the respective values at respective zeros with respect to
non-zero parameters such as z; ;, as the respective limits as the standard diagonal
projections such as pj, p;+p;, and p;+p;j+pi withi < j <k, as in Theorem 3.3,
but omitted.

Theorem 4.5. There is a homeomorphism between the subspace Pg(My4(C))™ of
M4(C) and the following disjoint union:

(rank 0,4) {04} U {14}
(rank 1) ['—'plwwm ('—'?<j(527piapj))]l—|
(rank 2) Uy, yp;.i<i [(US<; (S, pis i) + {pr pi})U
{(S% p1.p2) ® (S?,p3,p4)} U{(S% p1,ps) ® (S°,p2,p3)}
U {(S%,p1,p3) ® (S, p2, pa) U
(rank 3) Up,+p;+pri<i<k [('—l?<j (Svaiapj) + {pk +pl}]7

where I_Iph...7p4(|_l?<j(52,p7;,pj)) means the {p1,--- ,pa}-jointed sum of 6 copies
of 52, each of which is pointed with p; and p; for some and any 1 <i < j <4 as
that p; and p; identified with the north and south poles of S? respectively, such
that
Y41

(527P1,p2) b2

(52, p1.p3) (S%,p2,p3) ps3

(52,p1,p4) (S%,p2,p4) (5% p3,psa) pa

(a matriz as a picture), where each p; in the picture is identified with the same
other p;, and the {p1,--- ,pa}-jointed sum corresponds to the space of all rank 1
generalized Bott projections.

And Uy, 4, i3 (U8 (S2,pis i) + {prs pi}) (shorten) means the {p; +p; |1 <
i < j < 4}-jointed sum of 2 x 6 copies of S?, each of which is pointed with p;
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and p; for some and any 1 < ¢ < j < 4 as well as p; + pi, and p; + pr. with some
pr (or pp) for k #£i and k # j such that

p1+p2 p1+p3 P1+pa
(52, p1,p2) + {ps3,pa} P2+ p3 P2+ pa
(5%,p1,p3) + {p2,pa} (5%, p2,p3) + {P1,pa} P3 + pa

(S%,p1,p1) + {p2,p3} (S%,p2,pa) + {p1.p3} (S%, p3,ps) + {p1,p2}

where we define

(527pz'7pj) +{pe.m} = {(52,]97: + PrsPj + Dk)s (5% pi +pi.pj + )},

and each p; + p; in the picture is identified with the same other p; + p;

In addition to the jointed sum above, each (5%, p;,p;) & (S?, pr,p1) means
the disjoint union of two copies of S?, each of which is pointed with distinct
{pispj} or {px,m} as well as p; + px, pi + pi, pj + Pk, and p; + pi, and in that
and this cases, each p; + p; is identified with the same other p; + p;, and the
{pi + pj|i < j}-jointed sum in total of this and that cases corresponds to the
space of all rank 2 generalized Bott projections.

And Up, p, 4y i<j<i[ (U< (S, i ps) +{pe+pi}] means the {pi+p;+pr|1 <
i < j <k < 4}-jointed sum of 6 copies of S?, each of which is pointed with p;
and p; for some and any 1 <1 < j <4 as well as p; + pr +p1 and p; + pi + 1
with {i,7} and {k,1} distinct in {1,---,4} such that

D2+ p3 +Dpa
(S%,p1,p2) +p3 +pa P1+p3+pa
(S%,p1,p3) + P2+ pa (5%, p2,p3) +p1+pa P1+p2+ P4
(5%, p1,pa) + p2 + p3 (52, p2,pa) +p1 +p3 (5%, p3,pa) + p1 + p2 Zizl Ds

where we define
(8%, pi,p;) +pr + P = (S, pi + pre + pupj + pi + 1),

and each p; 4+ p; +pi. in the picture is identified with the same other p; +pj + pr,
and the {p;+p;+pr|i < j < k}-jointed sum corresponds to the space of all rank
3 generalized Bott projections.

Corollary 4.6. There is a homeomorphism between the subspace Pg(My(R))™ of
My(R) and the following disjoint union:
(rank 0,4) {04} U {14}
(rank 1) [I—lply"'yP4(I—I?<j(Slvpi7pj))]l—l
(rank 2)  Up,1p;i<j [(U3<; (ST, i j) + {prs i} )U
{(S",p1,p2) @ (S, p3, pa) } U{(S", p1,pa) @ (5", pa,p3)}
UA{(S%,p1,p3) @ (S*, p2.pa) U
(rank 3)  Up,p, +pi.ici<k (U< (S*,pi,pi) + {pr + pi}];
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where each (S, p;,pj) means the S* pointed with p; and p; at the points £1 € S*
respectively, and the other pointed (S*,pi,p;)+{pk, 21}, (S*,pis ;)& (S, Py i),
and (S, pi, p;)+{pr+m) as well as their points-jointed sums are defined similarly
as in the theorem above.

Corollary 4.7. The homotopy classes of Pg(M4(C))™ are given by

Pp(My(C))~/ ~ = {[04], [1], [p1] = [p2] = [ps] = [pal,
[p1+p2] =[pi+p;] (1<i<j<A),
[p1+p2+ps]=[pi+pj+p] (1<i<j<k<4)}
The same also holds for Pg(M4(R))™.
Proof. The homotopies among p1, p2, p3, and ps and among p; +p; for 1 <i <
j < 4 and among p; + p; + p for 1 < i < j < k < 4 within Pp(M4(C)) and

Pg(M4(R)) are constructed explicitly and respectively as in Theorems 2.1, 3.3,
and 4.3 above. ]

Corollary 4.8. There are bijections among the homotopy set Pp(M4(C))™~/ ~,
the trace image tr(Pg(My(C))~) = {0,1,2,3,4}, and the rank image
rk(Pp(M4(C))™).

The same also holds for Pg(M4(R))™.

It is then deduced that

Corollary 4.9. There is a continuous path from a generically non-degenerate pro-

jection of M4(C) to some generalized Bott projection of M4(C) within P(M4(C)).
Namely, there is a continuous deformation from P(M4(C)) to Pp(M4(C)).
The same also holds for P(M4(R)).

Proof. Corollaries 4.6 and 4.7 hold for P(M4(C))~ and P(M4(R))™ as well, by
using Linear Algebra. ]

5. The General Matrix Case
Solving the equation for n x n matrix projections implies that

Lemma 5.1. If p = (pi;) is a projection of M,(C), then

@11 221 " Znl
221 Q22 *** Zp2

Znl Zn2 ' OGnn
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with a;; € R(1 < j<mn), zj; € C(1 <i<j<n), where

n n
At Y laal? =ann, [zl 4 a3, + Y |zkel” = ag,

k=2 k=3
-1 n n—1
2 2 2 2 2
E |zik|* + aj; + E lzi)* = au, -, E |2nk]” + @y, = ann,
k=1 k=1+1 k=1
and
n n—1
(a11 + ag2)Z21 + § ZhZk2 = 221, -, (@11 + Gpn)Zal + E Zk1Znk = Znl,
k=3 k=2
n
291Z31 + (a22 + a33)Z32 + E Zk2%k3 = 232, )
k=4
n—2
) E ZnkZn—1,k + (anfl,nfl + ann)zn,nfl = Zn,n—1,
k=1

so0 that each of the diagonal components aj; is solved as (for instance),

a11 = a11(z21, s 7Zn1) =

TS P e R H0<T el <,
3

1
2
T/ lmP =2 ER i Y, |aal? > 1

Apn = ann(znla te wzn,nfl) =
—1 . —1
b ISt P e R 0SS el <
. 1 —1 . —1
3Ei hot lznnl? = 3 €Rif ST0T znel® > 4

Corollary 5.2. It follows from Lemma 5.1 the following statements hold:
(1) If all z;; = 0 with i > j, then aj; =0 or 1 for 1 < j <mn.
(2) If only one zi; # 0 with i > j and the other all z = 0 for k > 1, then
these correspond to the 2 X 2 case or the split 2 X 2 case.
(3) Moreover, there are certainly the cases where there are distinct block-wise
many of the 2 X 2 cases or the split 2 X 2 cases, as shown in the 3 X 3 or
4 x 4 cases.

(4) There is the rest of the other cases.

Remark 5.3. Further computation and determination in the case (4) above are
postponed, unfortunately. Note that the case (4) does happen.

We may say that a projection p € M,,(C) is degenerate (on the off diagonal
part) if it is in the case (1), and a non-trivial projection of M,(C) is a (com-
binatorically) generalized Bott projection if in the cases (1), (2) or (3), and
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otherwise, is generically non-degenerate (on the off diagonal part) if in the
case (4). We denote by Pg(M,,(C)) the space of all generalized Bott projections
of M,(C). Set

Pp(Mn(C))™ = Pp(Mn(C)) U{0n, 15}

Define Pg(M,(R)) and Pg(M,(R))™~ similarly.
With suitable notations,

Theorem 5.4. If p = (pi;) is a generalized Bott projection of My(C), then
p is either (1) the standard, rank k, diagonal projections p;, + -+ + p;, for
1§i1<---<ik§n(n0k:#ik)! cases) for 1 <k <n, or (2)

1
pi(zimil) e~ (@n_Q{O’ 1}) for Zig,ir € C \ {0} with 0 < |Zi2,i1| < 9’

for 1 <y < iy < n (,Co x 2"72 cases), or (3) for zi,i,, 2.0, € C\ {0} with
0< |Zi27i1| < % and 0 < |Zi4,i3| < %;

pi(ziz,il) e~ pi('zi4,i3) e~ (@n_4{0a 1})7

for 1 < iy < is < n chosen first and for 1 < i3 < 14 < n chosen next with
the sets {i1,i2} and {is,i4} distinct (,C2 X ,_2Co x 2% cases), or in general,
for Ziyirs Zissigy s Ziggriana € C\ {0} with 0 < |ziy.4,] < %, cevyand 0 <
|212k712k—1| < %;

p:t(zimh) e~ p:t(zmﬂs) e~ - e~ pi(zlékﬂék—l) e~ (@n_Qk{Ov 1})a

for1 <y < iy < n chosen first and for 1 < i3 < iq4 < n chosen next with the sets
{i1,i2} and {i3,i4} distinct, and --- for 1 < igp_1 < iox < n chosen similarly,
inductively, and distinctly (,Co X n_2Cs X -+ X y_op120s x 2"72% cases), for
2 <2k <n—1 when n is odd and for 2 < 2k < n when n is odd, where each
p+(2j5) for 1 < i < j < n are defined as in Theorem 2.1, and &~ here by the
same symbol as before means both the usual diagonal sum @ as well as the split
diagonal sum @~ as in Theorem 3.3 and its naturally extended split diagonal
sum such that for instance,

p+(z0)~ @~ (@"72{0,1}) =

sE\/1 -zl 0.0 Za

(@"{0,1}) ® 0.0 @={0o,1}  (0---0) @ (@"{0,1}),

Zji 0.0 5F4/7— |24l

with l1+1la+13 = n—2 for somely > 0,12 > 0, I3 > 0, for any z;,;, € C\ {0} with
0 < |zl < % We may define as well the respective values at respective zeros
with respect to mon-zero parameters such as z;;, as the respective limits as the
standard diagonal projections such as py; + -+ -+ p;, with 1 < i3 < -+ <1 < n,
as in Theorem 3.3, but omitted.
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Theorem 5.5. There is a homeomorphism between the subspace Pg(M,,(C))™ of
M, (C) and the following disjoint union:
(rank 0,n) {0,}U{1,}U
(rank 1) [Upy -, (U7E7 (5%, pss pj)) ]
(rank 2)  [Upisp, i (UFS "2 (5% 06, 03) + {Bhy Pl o DU
(U<iumen 152, pispj) @ (5%, pr, p) DU
(rank 3) [I—lp'i+pj+pky7;<j<k
(52282, i) + by + iy | (0 < ) U (ky < ko) DU
(U< iyuken{(S% i, p5) @ (S% Py pt) + {Dkss -+ 2 Pho_a } 1)U
(L<) ks <ko)utks <ka) (5% 215 1) @ (5%, Diy s D)
@ (5% i, Pr) DU -+ LU

n
(rank k < 5) [l—lpi1+“‘+Pik7i1<“'<ik

(557 (5%, pi )
+{p+- o, [ E<jHU(l < <lp—1)PHU
(Uis <ia) iz <in) L (5%, Dir s in) ® (5%, pig» i)
APy Py [ i1, 02,83, 40} U (J1 < -+ < jik—2)}})
UL
(Uiy <in) e Ui(ine 1 <o) (5% Diy s Din) B+ @ (5%, Dy, Pine) D]
(rank k > g) Ll - - (omitted, see below) - - - U

(mnk n-— 1) [I—lpil +otpi, i< <ip—1 (|—|;L<Cj2 (527pivpj) +pj et p.jn72):|

where I_Iph...7pn(l_|;‘<cj?(52,pi,pj)) means the {p1,--- ,pn}-jointed sum of ,,Cy
many copies of S%, each of which is pointed with p; and p; for some and any
1 <4< j<n as that p; and p; identified with the north and south poles of 52
respectively, such that

p1
(SQaplaPQ) D2

(SQaplapn) T (SQ;pn—lapn) DPn

(a matriz as a picture), where each p; in the picture is identified with the same
other p;, and the {p1,--- ,pn}-jointed sum corresponds to the space of all rank
1 generalized Bott projections.
nc N -
And Up, i, i< (U752 7D (82, i)+ {Pkas -+ P, }) (shorten) means the
{pi+p; |1 <i<j<n}-jointed sum of ,Cs2- (n—2) copies of S?, each of which
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is pointed with p; and p; for some and any 1 < i < j <n as well as p; +pi, and
pj + pr, with some py, for ks # i and ks # j such that

Pp1+ P2 P1+ Pn
(S%,p1,p2) + {Dky» -+ > Dk} P2+ pn
- ) Pn-1+DPn
(Szvplvpn)—’_{pku"' 7pk7n72} (S2apnflvpn)+{pks 2;1

where we define

(S2,pi,0j) + {Prss -+ Phn_st = {(S%, pi + P, Dj + D)

and each p; + p; in the picture is identified with the same other p; + p;.

In addition to the jointed sum above, each (S%,p;,pj)® (S?, pr, 1) means the
disjoint union of two copies of S, each of which is pointed with distinct {p;, p;}
or {pr, i} as well as p; + pr, pi + p1, p; + pr, and p; + p;, so that

(‘927piapj) S2) (SQapkapl)
=(S%,pi + propi + i, 0j + iy 0j + p1) B (S, P + iy Dr + Pj P+ Dis DL D))

1<s<n-2}

In that and this cases, each p; + p; in the picture is identified with the same
other p; +pj, and the {p; +p; | i < j}-jointed sum in total of this and that cases
corresponds to the space of all rank 2 generalized Bott projections.

And

nC2:n—2C . .

Up;tpy i<k (077 ™ 272 ((S%,pis ps) + {Pky + Do | (i < 5) U (K1 < k2)}))]
(shorten) means the {p;+p;+pr|1 <i < j <k < n}-jointed sum of ,Co-r—2Cs
copies of S%, each of which is pointed with p; and p; for some and any 1 < i <
J < n as well as p; + pr, +pr, and p;+pr, +pr, with {i,j} and {k1,ka} distinct
in {1,---,n}, without such a picture, where

(Szvpiapj) =+ {plﬂ +pk2 | (7’ < ]) U (kl < kQ)}
E{(‘927pi +pk1 +pk27pj +pk1 +pk2) | (’L <J) U (kl < kQ)}

the set of ,—2C2 many elements, and each p; +p; + pr in the picture is identified
with the same other p; + p; + p.

This {pi+p;+pr |1 < j < k}-jointed sum together with the other two disjoint
UNIONS

(Ugi<iyuen {(S% pi0;) ® (S% P pt) + {Prys -+ 3 Pho_a } U
(l—l(i<j)l_l(k1<k2)l_l(k3<k4){(52apivpj) @ (Szvpkupkz) @ (Sz,ka,pk4)})

with such identifications of p;+p;+pi corresponds to the space of all rank 3 gen-
eralized Bott projections, where each (S?, pi,p;) & (S%, Dk, D1) + {Pk1» -+ + Pk 4}

is pointed with
pi Pk
! + +{pk15"' apkn—4}
Pj pi
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as respective additions, and each (S%,pi,pj) & (S%, DkysPis) B (52, Phys Phs) 18

pointed with
Di + Pk, + DPks
pj Pk, Pky -

If 2k < n, then the space of all rank k degenerate projections is written as
the {pi, + - +pi. |1 <i1 < -+ < i < n}-pointed disjoint union of the disjoint
unions of k types such as

(Szvpivpj) + {ph 4 +plk—1’ (7’ < J) U (ll << lkfl)a
(‘927pi15pi2) S2) (SQ)pisapM) + {pjla' o 7pjk72}7{i17i257;37i4} ( (.]1 <0 <K jk—2)7

(527pi1api2) S RRRN (S2api2k—1api2k)v (Zl < 7’2) u---u (iQkfl < iQk)'

If 2k > n, then the space of all rank k generalized Bott projections is written
as the {piy + - +pi, |1 < i1 < -+ < i < n}-pointed disjoint union of the
disjoint unions of less by less k — si types one by one diminishing from the
bottom type among the mazimum types k = 5 if n is even and k = "T_l ifn is
odd as above, with 1 < k — s, <k — 1 for some sx > 1, where sy increases with
respect to k.

And Upiy +4piy, _y in <o <in_1 (|—|7<C;2 (52’pi’pj) tpjpt+- T+ pjnfz) means the
{piy+ +pi,_ |1 <i1 <+ <ip_1 <k < n}-jointed sum of ,Cs copies of
S2, each of which is pointed with p; and p; for some and any 1 <i < j <n as
well as p; +pj, +---+Dpj,_, and p; +p;, + -+ Dpj,._, such that

P2+ + P
(8%, p1,p2) +p3+ -+

(S%,01,pn) + P24+ Pno1 - (82, Pn_1,Pn) + S0 ps S0 D

where each p;; + -+ + pi,_, in the picture is identified with the same other
Piy + -+ i, The{piy + - +pi, |1 <i1 < <ip_1 <k < n}-jointed
sum corresponds to the space of all rank n — 1 generalized Bott projections.

Corollary 5.6. There is a homeomorphism between the subspace Pg(M,(R))™ of
M, (R) and the same disjoint union of the points-disjoint unions of those types
as in the theorem above, where every S? at many places in the statement of the
theorem such as (S?,pi,p;) is replaced with S* respectively, such as (S*,p;, p;).
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Corollary 5.7. The homotopy classes of Pg(M,(C))™~ are given by

Pp(M,(C))~/ ~={[04],[14], [p1] = [p2] = --- = [pnl,
[p1 +p2] =[pi+p;] (1<i<j<n),
p1r+p2+ps]=1[pi+pj+p] (1<i<j<k<n),

n—1
[ZPS] = [pil + Diy +'-'+pin71] (1 <y <idg <o <ldpog < TL)}
s=1

The same also holds for Pg(M,(R))™.

Proof. The homotopies among p1, p2, -, pn and among p; + p; for 1 < i <
j < nandamong p; +p; +pr for 1 <¢ < j <k <n,and ---, and among
Diy + Din + -+ pi,_, for 1 <iy <ig < -+ <ip_1 <n within Pg(M,(C)) and
Pp (M, (R)) are constructed explicitly and respectively as in Theorems 2.1, 3.3,
4.3, and 5.3 above. ]

Corollary 5.8. There are bijections among the homotopy set Pg(M,(C))~/ ~,
the trace image tr(Pg(M,(C))~) = {0,1,2,---,n}, and the rank image
rk(Pp(My(C))™).

The same also holds for Pg(M,(R))"~.

It is then deduced that

Corollary 5.9. There is a continuous path from a generically non-degenerate
projection of M,(C) to some generalized Bott projection of M, (C) within
P(My(C)).
Namely, there is a continuous deformation from P(M,(C)) to Pg(M,(C)).
The same also holds for P(M,(R)).

Proof. Corollaries 5.6 and 5.7 hold for P(M,(C))~ and P(M,(R))™~ as well, by
using Linear Algebra. ]

Unitaries 5.10. Now let U, (C) denote the group of unitary matrices in M, (C).
Let SU,(C) be the normal subgroup of U, (C) with determinant 1.

It is known as [5, I. 4. (4.8), Page 36] (cf. [11]) that
Lemma 5.11. There are homeomorphisms as in the following:
Un(C)/Up—1(C) = 8>~ and SU,(C)/SU,_1(C) ~ §*"~!

forn > 2.
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Proof. Define the complex (n — 1)-dimensional sphere in C™ as
S"HC) ={(z) € C*[ Y_ |z =1}
j=1

Then there is a homeomorphism between S"~1(C) and S?"~! the real (2n — 1)-
dimensional sphere.

The groups U,(C) and SU,(C) act transitively on S"~1(C) by matrix
multiplication from the left. Indeed, for any z = (z;) € S" !(C), there
is an orthonormal basis {wi, - ,w,} for C" extending z, with w, = z.
Then W = (wi,...,w,) € U,(C) with each w; as a column vector, so that
We, = z, where e, is the standard n-th basis vector for C". Note also that
W' = (det Wwy,wa, -+ ,wy) € SU,(C) with det W € T the 1-torus, so that
We, = z.

Then the isotropy subgroups U, (C)., and SU,(C)., of U,(C) and SU,(C)
at the standard n-th basis vector e, in C" are isomorphic to U,_1(C) and
SUp—1(C) respectively. Indeed, if U = (u;5) € Un(C) and Ue, = ey, then
Ui, = 0 for 1 < i <n — 1. It follows from the (n,n) component for UU* = 1,,
that u,; =0for 1 < j<n-—1 Hence U =U'@ 1 with U’ € U,_1(C). The
same is applied for SU,,(C).

There are surjective maps from U, (C) and SU,(C) to S*~(C), defined as
U +— Ue,, both of which factors through to the quotient groups as

Un(C) and SU,(C) 5 SY(C)

l H

U,(C)/U,(C)e, and SU,(C)/SU,(C)., — S"1(C),

n

respectively, the arrow in the bottom line is a bijection at this moment. Note as
well that S?~1(C) is a Hausdorff space and that U,,(C) and SU,,(C) are compact
groups, and so are the quotient groups. It then follows that the arrow in the
bottom line is a homeomorphism, and hence the statement in this lemma holds.

[ ]

As just a comparison to the above case of projections,

Corollary 5.12. (see [5, I. 4. (4.8)], [11]) There are decomposition series of Uy (C)
and SU,(C) by subquotient spaces as

Up(C)/Up_1(C) = §%*=1  and SUL(C)/SU,_1(C) =~ §*~1
for 2 < k <n, with U;(C) =~ S and SU,(C) = {1} trivial. Namely, inductively,

Un(C) = 82" 1 x~U,_1(C)
~ SQn—l X"~ (SQn—ZS x ™~ Un_Q(C))
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M xS xYSY),  and
Y xT ST XTI,

where each space of the form B X~ F at the inductive steps means the fibered
space over B the base space with F the fiber space.

Acknowledgement. The author would like to thank the referees for some kind
comments for improvement of the paper.

References

[1] C. Abdioglu, M.T. Kosan, S. Sahinkaya, On modules for which all submodules
are projection invariant and the lifting condition, Southeast Asian Bull. Math. 34
(5) (2010) 807-818.

[2] J. Anderson and W. Paschke, The rotation algebra, Houston J. Math. 15 (1989)
1-26.

[3] M.F. Atiyah, K-Theory, Benjamin, 1967.
[4] B. Blackadar, K-Theory for Operator Algebras, 2nd Ed., Cambridge, 1998.

[5] T. Brocker and T.T. Dieck, Representations of Compact Lie Groups, Graduate
Texts in Math. 98, Springer, 1985.

[6] F.S. Cater and A.B. Thaheem, On certain equations of automorphisms of C*-
algebras, Southeast Asian Bull. Math. 27 (2) (2003) 193-207.

[7] C.Y. Deng, A note on the range of projection operators, Southeast Asian Bull.
Math. 34 (4) (2010) 651-656.

[8] B. Felsager, Geometry, Particles and Fields, Springer, 1998.

[9] E-M. Friedlander and D.R. Grayson, Handbook of K-Theory, Vols. 1 and 2,
Springer, 2005.

[10] N. Higson, On the K-theory proof of the index theorem, Contemp. Math. 148
(1993) 67-86.

[11] D. Husemoller, Fiber Bundles, Springer, 1975.

[12] J.M. Gracia-Bondia, J.C. Vdrilly, H. Figueroa, Elements of Noncommutative Ge-
ometry, Birkh&user, 2001.

[13] M. Karoubi, K-theory, An Introduction, Springer, 1978.

[14] K. Kawamoto, A. Imiya, K. Hirota, Randomized algorighms for visual shape
analysis, Southeast Asian Bull. Math. 29 (2) (2005) 361-376.

15] G. Landi, Deconstructing monopoles and instantons, Rev. Math. Phys. 12 (10
(15] ; g P ; y
(2000) 1367-1390.
[16] G. Landi, Projective modules of finite type and monopoles over S?, J. Geom.
Phys. 37 (1-2) (2001) 47-62.

[17] G. Landi, F. Lizzi, R.J. Szabo, From large N matrices to the noncommutative
torus, Comm. Math. Phys. 217 (1) (2001) 181-201.

[18] S. Lang, Algebra, Addion-Wesley, Reading, 1965.

[19] K.W. Li and J.L. Cao, Relatively projection and quasi-green correspondents,
Southeast Asian Bull. Math. 27 (3) (2003) 487-492.

[20] M. Mehdi Ebrahimi and M. Mahmoudi, Flatness of projection and separated
projection algebras, Southeast Asian Bull. Math. 26 (6) (2002) 923-934.



118
21]

22]
(23]

32]

33]
(34]

T. Sudo

J.A. Mignaco, C. Sigaud, A.R. da Silva, F.J. Vanhecke, The Connes-Lott program
on the two sphere, Rev. Math. Phys. 9 (1997) 689-718.

G.J. Murphy, C*-Algebras And Operator Theory, Academic Press, 1990.

A. Rahimi, Projection method for frame operator of frame of subspaces, Southeast
Asian Bull. Math. 33 (5) (2009) 899-911.

M. Rgrdam, F. Larsen, N.J. Laustsen, An Introduction to K-Theory for C*-
Algebras, LMSST 49, Cambridge, 2000.

E.H. Spanier, Algebraic Topology, Springer, 1966.

T. Sudo, K-theory of continuous fields of quantum tori, Nihonkai Math. J. 15
(2004) 141-152.

T. Sudo, K-theory for the group C*-algebras of nilpotent discrete groups, Cubo
A Math. J. 15 (3) (2013) 123-132.

T. Sudo, K-theory for the group C*-algebras of certain solvable discrete groups,
Hokkaido Math. J. 43 (2014) 209-260.

T. Sudo, The K-theory for the C*-algebras of nilpotent discrete groups by ex-
amples, Bulletin of the Faculty of Science, Univ. of the Ryukyus No. 104 (Sept.
2017), 1-40.

T. Suksumran, On the equality of rank and trace for an idempotent matrix: a
linear transformation approach, Southeast Asian Bull. Math. 44 (3) (2020) 433—
438.

J.L. Taylor, Banach algebras and topology, In: Algebra in Analysis, Academic
Press, 1975.

J.L. Taylor, Topological invariants of the maximal ideal space of a Banach algebra,
Advances in Math. 19 (1976) 149-206.

B.L. van der Waerden, Algebra, Vols. I, II, Springer, 1966, 1967.
N.E. Wegge-Olsen, K-Theory and C*-Algebras, Oxford Univ. Press, 1993.



