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Abstract. We introduce Rokhlin properties for certain discrete group actions on C*-
correspondences as well as on Hilbert bimodules and analyze them. It turns out that
the group actions on any C*- correspondence E with Rokhlin property induces group
actions on the associated C*-algebra O with Rokhlin property and the group actions
on any Hilbert bimodule with Rokhlin property induces group actions on the linking
algebra with Rokhlin property. Permanence properties of several notions such as the
nuclear dimension and the D-absorbing property with respect to the crossed product
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of Hilbert C*-modules with groups, where group actions have Rokhlin property, are
studied.
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1. Introduction

Kishimoto in [20] showed that the reduced crossed product of a simple C*-
algebra, with respect to an outer action of a discrete group, is simple. Herman
and Ocneanu in [10] defined the Rokhlin property of finite group actions on C*-
algebras in terms of projections and this notion is stronger than the outerness.
The modern definition of the Rokhlin property of finite group actions on C*-
algebras is due to Izumi (see [12]). Several classes including AF-algebras, Al-
algebras, AT-algebras are closed under finite group actions with the Rokhlin
property (cf. [24]). We begin Section 2 with Santiago’s definition for finite
group actions on not necessarily unital C*-algebras from [32] and list there some
classes that are preserved under crossed products by finite group actions with
this Rokhlin property.

In [29], from C*-correspondences Pimsner constructed C*-algebras which are
known as Cuntz-Pimsner algebras. The class of Cuntz-Pimsner algebras includes
Cuntz algebras, Cuntz-Krieger algebras and the crossed products by Z. For
every C*- correspondence (E, A, ¢), Katsura in [16] defined a C*-algebra Op.
The algebra Op is the same as the Cuntz-Pimsner algebra when ¢ is injective.
The algebras O also generalize the crossed product, as defined in [1], by Hilbert
bimodules and graph algebras (cf. [8]). The graph C*-algebras of topological
graphs can also be realized as Op for some C*-correspondence (E, A, ¢) (see [17]
for details).

In Subsection 3.1 we recall the definition compatible action, (7, a), of a lo-
cally compact group on a C*-correspondence. Hao and Ng in [9] proved that
each compatible action of a locally compact group G on a C*-correspondence
(E, A, ¢) induces an action of G on the associated C*-algebra Og. It is of inter-
est to determine at least the sufficient conditions under which for a compatible
action (1, a) of G, the permanence property with respect to the crossed prod-
uct is exhibited by several notions related to this C*-algebra, associated to the
Hilbert module. We define the Rokhlin property for finite group actions on C*-
correspondences in Subsection 3.2 and provide an answer of the above question
regarding sufficient conditions in Subsection 3.4 when group G is finite.

For any class of unital and separable C*-algebras €, Osaka and Phillips in
[24] introduced the notion of local C-algebra. Santiago in [32] extended this
notion by considering non-unital C*-algebras. The notion of closed under local
approximation (cf. [32, Definition 3]) is defined in terms of local C-algebra. If €
denotes certain class of C*-algebras such as purely infinite C*-algebras, separable
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D-absorbing C*-algebras etc. listed in Theorem 2.3, then C is closed under local
approximation and under crossed product with a finite group action with the
Rokhlin property. As an application of the observation made in Subsection 3.3
we show that if an action (7, «) of a finite group G on (FE, A, ¢) has the Rokhlin
property and Op belongs to one of the classes mentioned above, then Opx, ¢
belongs to the same class (see Corollary 3.9). At the end of Section 3, we
point out that the gauge action on the graph C*-algebra is saturated by [14,
Theorem 6.3], but the corresponding action on the C*-correspondence does not
have the Rokhlin property.

We introduce, in Section 4, the Rokhlin property for compatible finite group
actions on Hilbert bimodules and prove the following: If we realize a Hilbert
A-module E as a Hilbert X(E)-A bimodule, and if A belongs to a class €
in the previous paragraph and if a group action 7 of a finite group G on the
Hilbert .A-module E has the Rokhlin property as a certain compatible action on
the bimodule, then the linking algebra of the crossed product Hilbert A x,, G-
module F X, G belongs to the class €. To obtain this result we first prove
that any compatible action of a finite group G with the Rokhlin property on
a Hilbert bimodule induces an action of G with the Rokhlin property on the
linking algebra. We introduce the Rokhlin property for compatible Z-actions
on Hilbert bimodules and take a similar approach as in the previous section to
analyse such actions of Z.

2. Rokhlin Property for Finite Group Actions on C*-Algebras

In this section, first we recall the definition of the Rokhlin property for finite
group actions on a C*-algebra, from [32], which involves positive contractions.
The Rokhlin property for finite group actions on C*-algebras was studied by
several authors in [12, 23, 24, 28] and [32], and it was proved that many classes
of C*-algebras are preserved under thecrossed product when the action of the
group has the Rokhlin property.

Definition 2.1. [32] Let o : G — Aut(A) be an action of a finite group G on a C*-
algebra A. We say that « has the Rokhlin property if for any ¢ > 0 and every
finite subset S of A there exist orthogonal positive contractions (fg)geq C A
satisfying
(1) 1 yeq fo)a —all <€ foralla€ S,
(i) [lon(fy) = fagll < € for h,g € G,
(iii) [|[fg,all| <€ forge G anda € S.
The elements (fg)gec are called Rokhlin elements for a.

Remark 2.2. When A is unital, o has the Rokhlin property in the sense of
Izumi (see [12]). That is, we can take a partition of unity (e4)gec consisting of
projections in place of (fy)gec (see [32, Corollary 1]).
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The following notions are borrowed from [24] and [32]: Let C be a class of
C*-algebras. A local C-algebra is a C*-algebra A such that for every finite set
S C A and every € > 0, there exists a C*-algebra B in € and a x-homomorphism
m: B — A such that dist(a,n(B)) < € for all a € S. We say that C is closed
under local approzimation if every local C-algebra belongs to C.

We recall the following result from [32] (cf. [25, 26, 24, 28, 11, 19] and [13]).

Theorem 2.3. [32] The following classes are closed under local approzimation
and under crossed product with finite group actions with the Rokhlin property,
respectively:

(i) purely infinite C*-algebras,

) C*-algebras having stable rank one,

) C*-algebras with real rank zero,

(iv) C*-algebras of nuclear dimension at most n, where n € Z,

) separable D-absorbing C*-algebras where D is a strongly self-absorbing C* -
algebra,

(vi) simple C*-algebras,

(vii) simple C*-algebras that are stably isomorphic to direct limits of sequences
of C*-algebras, in a class &, where & is a class of finitely generated
semiprojective C*-algebras that is closed under taking tensor products by
matrix algebras over C,

(viii) separable AF-algebras,
(ix) separable simple C*-algebras that are stably isomorphic to Al-algebras,
(x) separable simple C*-algebras that are stably isomorphic to AT-algebras,
(xi) C*-algebras that are stably isomorphic to sequential direct limits of one-

dimensional noncommutative CW-complexes,
separable C*-algebras whose quotients are stably projectionless,
simple stably projectionless C*-algebras,

)
)
(xiv) separable C*-algebras with almost unperforated Cuntz semigroup,
) simple C*-algebras with strict comparison of positive elements,
)

separable C* -algebras whose closed two-sided ideals are nuclear and satisfy
the Universal Coefficient Theorem.

3. Rokhlin Property for Finite Group Actions on C*-Correspondences

In this section we define and explore the Rokhlin property for a compatible group
action on a C*-correspondence when the group is finite.

3.1. C*-Correspondence

Let E be a vector space which is a right module over a C*-algebra A and
satisfying a(za) = (ax)a = z(aa) for x € E,a € A,a € C. The module E is
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called an (right) inner-product A-module if there exists amap (-,-), : ExE — A
such that

(i) (z,z), > 0for x € E and (z,z), =0 only if z =0,
(ii) (x,ya), = (z,y),a for z,y € E and for a € A,
(ili) (z,y)y = (y, a), for ,y € E,
(iv) (z,py +vz), = wlz,y), +viz,z), for z,y,z € E and for p,v € C.

An (right) inner-product A-module E is called (right) Hilbert A-module or
(right) Hilbert C*-module over A if it is complete with respect to the norm

|| == ||(z, ), ||}/? for z € E.

If there is no ambiguity, we simply write (-,-) instead of (-,-),. The notion of
Hilbert C*-module was introduced independently by Paschke in [27] and Rieffel
in [31]. In [15], Kasparov used Hilbert C*-modules as a tool to study a bivariate
K-theory for C*-algebras. Below we define the notion of C*-correspondences
which will play an important role in this article.

Definition 3.1. Let A be a C*-algebra. A right Hilbert A-module E is called
a C*-correspondence over A if there exists a x-homomorphism ¢ : A — B*(E)

where BY(E) is the set of all adjointable operators on E, which gives a left action
of A on E as

ay := ¢(a)y for alla € A,y € E.

We use notation (E, A, @) for the C*-correspondence and denote by K(E) the
C*-algebra generated by maps {0y, : x,y € E} defined by

0z,(2) == a(y,z) for z,y,z € E.

We recall the following definition of a certain type of action of a locally
compact group on a C*-correspondence from [9]:

Definition 3.2. Let (G, «, A) be a C*-dynamical system of a locally compact group
G and let (E, A, ¢) be a C*-correspondence over A. An a-compatible action n of
G on FE is defined as a group homomorphism from G into the group of invertible
linear transformations on E such that

(1) ng(d(a)x) = agla)ng(x) forac A, z € E, g € G,
(ii) (ng(2),my(y)) = ag((z,y)) for z,y€ E, g€ G,

and g — ny(x) is continuous from G into E for each x € E. We denote
an «a-compatible action n by (n,a). In this case, we define a *-isomorphism
Adns : B*(E) — B*(E) for each s € G by

Adns(T)(z) :==ns(T(ns—1(x)) for T € BY(E), z € E. (1)
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Let G be a locally compact group and A be the modular function of G. Let
1 be an a-compatible action of G on the C*-correspondence (E, A, ¢). Then the
crossed product E x, G (cf. [15, 7] and [9]) is a Hilbert A X, G-module and is
defined as the completion of an inner-product C.(G, A)-module C.(G, E) where
the module action and the C.(G, A)-valued inner-product are given by

Lg(s) = /G [(Ba(g(t"s))dt, ()
Lm0 (5) = /G s (1), m(ts)). ), 3)

respectively for g € C.(G, A) and I,m € C.(G,E). For each s € G the *-
isomorphism Adn, defined by equation (1) satisfies Adns(0z,y) = Oy, (2)m.(»)
for z,y € E, and we obtain a C*-dynamical system (G, Adn,X(FE)). From
Definition 3.2(i) it follows that ¢ : A — M (X(E)) is equivariant, i.e.,

d(as(a)) = Adns(¢(a)) for all a € A, s € G.

Indeed, using Adns we get another #-isomorphism E : K(E %, G) = K(E) X 44y G
(cf. [15, Section 3.11] and [9, Section 2]) defined by

E01m)(s) == / 01(r, Adn (m(s—17)) D (s7'r)dr where I,m € C.(G,E), s € G.
G

From the fact that ¢ : A — M(X(FE)) is equivariant we get an equivariant *-
homomorphism x : A xq G = M(X(E) X aqy G) satisfying x(f ® a) = f ® ¢(a)
for f € C.(G), a € A. We identify K(E X, G) with X(E) X aqy, G and treat x
and =7 ! o x as same.

3.2. Rokhlin Property for Compatible Finite Group Actions
on C*-Correspondences

Definition 3.3. Let (G, «, A) be a C*-dynamical system of a finite group G on A
and let (E, A, ¢) be a C*-correspondence. Let (n,«) be an a-compatible action
of G on E. Then we say that n has the Rokhlin property if for each ¢ > 0,
and finite subsets S1 and So of E and A respectively, there exists (ag)gec C A
consisting of mutually orthogonal positive contractions such that

(1) | Xgeq dlagr —zll <€ || Xopeq rag =zl <€ | Xgeqaga —af <€ and
Y geg aag —al <€ forallx € Sy, a € S,

(ii) ||an(ag) — angll < € for h,g € G,
(ili) |lzag — @(ag)z| < € and ||aga —aay|| < € for allx € S1, a € So and g € G.

The following example is based on the construction of an action of Zs on
Co(X) where X is equipped with a homeomorphism of order 2 defined on it:
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Ezample 3.4. Let X = {X :n € N} and the topology on X be discrete. Define
amap ¢: X — X by

Pv(1/(2n—1)) :=1/(2n), ¥(1/(2n)) :==1/(2n—1) for all n € N.

Observe that v is a homeomorphism of order 2. Thus we obtain an automor-
phism « : Cp(X) — Co(X) such that

a(g)(x) == g(p~!(x)) for each z € X, g € Cy(X).

Indeed, a? = idc,(x) and this provides an action of Zy on Cyp(X') which we denote
by a. Let H be a Hilbert space and let Cy(X, H) be the space of continuous
H-valued functions on X vanishing at infinity. The space Co(X, H) becomes a
Hilbert Cy(X)-module where module action and inner product are defined as

follow:
frgx V(@) (f, [ (@) = (f (@), ['(2))

)= g(x
for all f,f" € CO(X H), g € Co(X). In fact, Co(X, H) becomes a C*- corre-
spondence over Cy(X) with the left action ¢ deﬁned by

¢(g)f —f-ngI‘ aHfGCO(XvH)a gEC()(X)~
Define 7 : Co(X, H) — Co(X, H) by
n(f)(z) == f(¥ Hz)) forall z € X, f € Co(X, H).

It follows that (n(f),n(f')) = a({f, f')) for all f, f’ € Co(X, H). Moreover, n? =
idc,(x,m) and hence we get an induced a-compatible Zy action on (Co(X, H),
Co(X), #), namely (n,«). The action (n,«) has the Rokhlin property in the
sense of Definition 3.3: Let agl ,ag) € Cy(X) be the characteristic functions of
the sets {1/(2k—1) : 1 < k < n} and {1/(2k) : 1 < k < n}, respectively for
each n € N. Note that these functions are continuous (because the given sets are
open), a(a%o)) =
is clear that aﬁf) and aﬁ} are orthogonal. If (e,)nen is an approximate unit for
a C*-algebra A and F is a Hilbert A-module, then (ze,),en converges to x for
each x € E. Hence (1, &) has the Rokhlin property, for Cy(X) is commutative.
For any subset S of a C*-algebra, we use symbol S* to denote the set {z*
x €S}

a(l) and ( ) ol ))neN is an approximate unit for Co(X). It

Ezample 3.5. Let [>(A) be the direct sum of a countable number of copies of
a C*-algebra A. The vector space [2(A) is known as the standard Hilbert C*-
module where the right A-module action and the A-valued inner-product is given
by

(a1,a2, ..., Gn,...)a = (a1a,a24a,...,apa,...),

oo

<(a17a27---;an;---)a(allaaév---a Ay - Za‘
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for all a,a,a,as,ay... € A. It is easy to note that (I2(A),A,¢) is a C*-
correspondence where the adjointable left action ¢ : A — B(I1?(A)) is defined
as

o(a)(ar,az,...,an,...) = (aai,aas,...,aa,,...) for all a,a1,aqs,... € A.
Let (G, a, A) be a finite group action. Define 7 : G — Aut 12(A) by

ne(ar, ag, ..., an,...) = (at(ar), ar(az), ..., ae(an),...)

where t € G and (a1, az,...,an,...) € [2(A). It is clear that 7 is an a-compatible
action of the group G on (I2(A), A, ¢).

Next we show that if o has the Rokhlin property, then n has the Rokhlin
property as an a-compatible action of the group G on the C*-correspondence
(2(A). A, 6). .

Let € > 0 and let S = {(a},ad,...,al,...) : j = 1,2,...,N} and Sy be
finite subsets of [2(A) and A respectively Then for each j, there exist positive
integers N7 such that ||, . v a? a2 < NGrETeaD - FiX Sy :={al :n <
N7 /1 < j < N} and let K = (max;N7) + 1. Assume that o has the Rokhlin
property for the finite set S = S7 U S* U Se U S3, i.e., we get Rokhlin elements
{fq : g € G} consist of mutually orthogonal positive contractions in A satisfying
the following:

(i) ||(deG fg)a—al| < 5% foralla € S,
(i) llan(fg) = fngll < 57 for h,g € G,
(iii) [|[fg,a]|l < 5% for g € G and a € S.

Now we check that the action (7, «) has the Rokhlin property w.r.t. S; and
So, with Rokhlin elements {aq : g € G} where a4 := f, for each g € G. Note
that

Zgb(ag)(a{,ag,...,af;,,...) —(d,ab,....al,...)
geG
= nga{—a{,ngag—ag,...,ngafl—afl,...
geG geG g€eG
< Z — + <e
I(a),a),....d,.. )a, — ¢lag)(al,a}, ... al,...)|
=[l(ajag — aga{,aéag — a4a3, ..., 05,00 — agay,,...)|
NI
. . €
< Z latfg — foat |l + 5
n=1

<Z—+ < e for all (al,az,...,a{”...)eSl and g € G.
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This verifies some conditions of the definition of the Rokhlin property for (7, «).
It is easy to check the other conditions of the definition of the Rokhlin property
also holds for (7, ).

In the above two examples the left actions in the C*-correspondences are
non- degenerate. When the left actions are non-degenerate, Definition 3.3 can
be simplified as stated in the following prop:

Proposition 3.6. Let (G, «, . A) be a C*-dynamical system of a finite group G on A
and let (E, A, ¢) be a C*-correspondence. Suppose that (1, a) is an a-compatible
action of G on E and ¢ is non-degenerate, that is, span{p(A)E} is dense in E
(see [16, Definition 1.4]). Then the action n has the Rokhlin property if and only
if for each € > 0, and finite subsets Iy and F» of E and A, respectively, there
exists (ag)geq C A consisting of mutually orthogonal positive contractions such
that
(1) [[Xgeq aga —al <e for alla € Fy
(ii) ||an(ag) — angll < € for h,g € G,
(ili) |lzag—dlag)z| < e and ||aga—aay|| <€ forallz € Fi, a € Fy and g € G.

Proof. Tt is enough to show the “only if” part. Let € > 0, and S7 and S5 be finite
subsets of F and A4, respectively. Without loss of generality we assume that S; =
{z}. Since ¢ is non-degenerate, there exist {a;}? ; C A and {z;}!; C E such
that ||z — >0 ¢(a;)zi|| <e. Set Fy = Sy U{x;}"; and F» = SoUS; U{a;}1,,
and € = &7, where M = maxy<i<n {1, [|2]|}. So there exists {ay}gec which
satisfy the conditions (i)—(iii) in the above statement. We have

1Y dlag)z —all <1 dlag)(@ =Y dlai)ai)ll +11 YD dlag)é(as)z: — x|

9ed e i=1 9eG i=1
n n

<|Gle+ 1> ¢ agai — ai)ail| + 1D ¢lai)a; — x|
i=1  geG i=1

<|Gle + nMe+e <e.

Thus we obtain the first estimate in Definition 3.3 (1). Similarly, we have

1> wag —all <[(@ = dlai)e:) Y agl + 11> dlai)z: Y ag — |
i=1

geG i geG geG
<IGle+ 1) dlai) Y (wiag — dlag)z:)|
i=1 geG

1Y dlar Y ag)e — 2]
=1 g

<IGle + 11 dlai) Y (wiag — $lag)zs)|

i=1 geG
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+||Z¢ Zazag—m sz"’”Z(bav z; — x|

§|G|€+n|G|M5—|— (nMe +¢) <e.

This computation gives the second estimate in Definition 3.3 (1).
Since || Y- cq aga” —a*|| < e for all a € Sz, we get

1D aag —all = I3 aga” —a’)"| <e <e

acG geG

3.3. Rokhlin Property for Induced Actions on Cuntz-Pimsner Algebras

For a C*-correspondence, Katsura in [16] introduced the following associated
C*-algebra:

Definition 3.7. Let A and B be C*-algebras, and (E,A,$) be a C*-
correspondence over A.

(i) A pair (7, V) is called covariant representation of (E, A,¢) on B if 7 :
A — B is a x-homomorphism and ¥ : E — B is a bounded linear map
satisfying

(a) ()" U(y) = 7((z,1)) for all v,y € E,
(b) w(a)¥(x )=\I!(¢( )x) for alla € A and x € E,
(¢) w(b) =y (¢(b)) for all b € Jr where

= ¢ (K(E)) N (kere) ™t
and Iy : X(E) — B is a *-homomorphism defined by
My (0,.) = W(@)U(y)" for 2,y € F.

The notation C* (7, V) denotes the C*-algebra generated by the images
of mappings ™ and ¥ in B.

(ii) A covariant representation (wy,¥y) of a C*-correspondence (E,.A, ) s
said to be universal if for any covariant representation (7w, V) of (E, A, ¢)
on B, there exists a natural surjection ¢ : C*(my,¥y) — C*(mw, ) such
that m = oy and ¥ =1 o Wy. We denote the C*-algebra C* (7TU, V)

In [9, Lemma 2.6] Hao and Ng proved that each action (1, a) of a locally
compact group G on (F, A, ¢) induces a C*-dynamical system (G,~, Og) such
that vs(7my(a)) = my(as(a)) and v5(Yy(x)) = Uy (ns(x)) for alla € A, x € E
and s € G. The theorem below shows that Definition 3.3 is the natural choice
for Rokhlin property.

Theorem 3.8. Let (n, ) be an action of a finite group G on a C*-correspondence
(E, A, ¢). Then, the following statements are equivalent:
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(i) The action (n,«) has the Rokhlin property.
(ii) The induced action v of G on O as mentioned above has the Rokhlin
property with Rokhlin elements from my (A).

Proof. Assume that the action (7,«) has the Rokhlin property. Let ¢ > 0
and let S = {b1,ba,...,b,} be any finite subset of Op. For each 1 < j < n
there exist finite sets {xéhglgzj C E and {a}”}lgmgm_j C A such that ||b; —

pj(‘I'U(xé‘)aWU(a;n))H < ﬁ where

n;
pi(Wy(ah), (@) =Y Nittjintiz. . Wik, ,
=1

is a finite linear combination of words w;;1uj:z2 ... uj ik, , With each u;;; be-
longing to the set

{\I'U(xé»),\I'U(xé)*,ﬂU(agn),wU(a;"‘)* 1<1<;,1<m<m;,1<j<n}

Let S1 = {al}1;, So = {af}m; and K; = 30, [Njalllwgiallllwizll - -
llwj ik, |l Set K :=3 (maxlgjgn MaxX1<i<n, kj,i) (maxi<;<n K;). Since (n,a)
has the Rokhlin property, there exists (a4)ge¢ C A consisting of mutually or-
thogonal positive contractions such that

(@) |2 geq Plagle —zl| < &, | Xgearag — 2l < %5 12 geq aga —all < %
and || 3 cqaay —al| < & for allz € Sy, a € S,

(b) ”ah(a’g) - (thH < % fOI' hag € Ga

(c) |lzag — ¢(ag)z|| < # and [laga — aay|| < & for all x € S1, a € Sz and
geaqG.

We show that - has the Rokhlin property with respect to the finite set S.
For each g € G, let f, := my(ay). For cach g € G, we have || f,|| <1, and f,’s
are mutually orthogonal positive contractions. Further

(a) For each 1 <j <mn,

1D fobi = bill

geG
<e <Y mulagh; — Y wulag)p;(Yu(zh), 7o (af")]|
geG geG
11D mulag)p; (Yo (@h), mu(al) — pi (Vo (zh), mu(a]")
geG

+ [lpj (Yo (@), mu(alt)) — bl <e.
(b) For h,g € G we have

[7a (v (ag)) = mu(ang)|| = llmv(an(ag)) = mu(ang)l| < e.
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(¢) For 1 <j <n we get

70 (ag)bs — bimu(ag)ll
=mu (ag)b; — 7 (ag)p; (Pu(2}), mu (af"))||
+ 7o (ag)p; (Vo (25), 7o (@) = pi (Vo (@), mo ()7 (ag) |
+ lpi (Yu (2h), 7y (a))mu (ag) — bjmu(ag)l| < e.
Thus v has the Rokhlin property with Rokhlin elements from the C*-algebra
7w (A).

Conversely, assume that the statement (b) of the theorem holds. Let S; and
Ss be finite subsets of E and A respectively. Fix ¢ > 0 and

S :={Vy(z), 7v({z,z)),mv(a), 7y (a”) : x € S1,a € Sa}.

Since v has the Rokhlin property with Rokhlin elements from the C*-algebra
7y (A), there exist mutually orthogonal positive contractions (my(fy))gec C
U

A)
(A) satisfying

(a) H(deG v (fg))a—all < € forall a € S,
(b) llen(mu (f)) — mu (fag)ll < € for h,g € G,
(¢) |lmu(fq),alll <€ for g€ G and a € S,

where € = min{e, ‘Gj%} It can be checked that (1, «) has the Rokhlin
property with Rokhlin elements (fg)gec- ]

3.4. Applications of Qur Characterization

Katsura obtained several results about the nuclearity of the C*-algebra Op
associated to a C*-correspondence E in [18]. We discuss permanence properties
of the nuclearity and several other notions for Og, with respect to the crossed
product E x,, G of a C*-correspondence E for some action (7, @) of a finite group
G with Rokhlin property. The nuclear dimension of O is estimated recently in
[5, Corollary 5.22].

Corollary 3.9. Assume (n,a) to be an action of a finite group G on a C*-
correspondence (E, A, ¢). If (n,a) has the Rokhlin property and if Op belongs
to any one of the classes, say C, listed in Theorem 2.3, then Ogx,c also belongs
to the same class C.

A directed graph € = (£°,EY,r, s) consists of a countable vertex set £°, and
a countable edge set £!, along with maps 7, s : £' — £° describing the range
and the source of edges. We also assume that the directed graph is always row
finite, i.e., for every vertex v € &, the set s~!(v) is a finite subset of & . Let A
denote the C*-algebra Cy(£°). A graph C*-algebra of the directed graph & (cf.
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[21]) is a universal C*-algebra generated by partial isometries {S. : e € £'} and
projections {P, : v € £°} such that

S*Se=Puey= Y SgSi* forallecé’.
s(f)=r(e)

Since the graph is row finite, the summation is finite. We use the symbol C*(£)
to denote the graph C*-algebra of a directed graph £. The vector space C.(E)
becomes an inner-product A-module with the following inner-product and mod-
ule action:

(fig)(v) == Z f(e)g(e) for each v € £%;

eer—1(v)

(fh)(e) == f(e)h(r(e)) for all e € E;

where f,g € C.(€') and h € A. Let E(E) denote the completion of the inner-
product module C,(£). Define ¢ : A — BE(E)) by

&(h)f(e) == h(s(e))f(e) for each e € EL; f € C.(EY);h € A.

Thus (E(£), A, ¢) is a C*-correspondence and the graph C*-algebra C*(€) of a
directed graph £ is always isomorphic to Opg) (cf. [16, Proposition 3.10]).

Definition 3.10. Let £ = (£°,&,7,5) be a directed graph and let ¢ from E to a
countable group G be a mapping. The skew-product graph is the graph £(c) =
(G x &Y G x &L s") where v'(g,e) := (gc(e),r(e)) and s'(g,¢e) := (g, s(e)) for
allg € G; ec EL.

For a given countable abelian group G and a function ¢ : £ 1 @, we can
define an action v¢ of G on C*(€) (cf. [21, Cor. 2.5]) by

Yy (Se) := (x, c(e))Se for each x € G, ecé&l

Let a be the trivial action of G on A and let ) be an action of G on E(&) defined
by

M (f)(e) == (x, c(e)) f(e) for each x € @,e c & fec.(EY.

From [9, Cor. 2.11], it follows that ¢ coincides with the action of G on Opg)
induced by the action (1, a), and we also get C*(E(c)) = C*(€) X~ G.

Proposition 3.11. Let & = (E°,EY,r, s) be a directed graph, G be a finite abelian
group and c : E¥ — G be a function. Let (n,a) be the action of G on the C*-
correspondence E(E) defined in the previous paragraph. Then (n,«) does not
have the Rokhlin property.
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Proof. Let (fs)sec be a subset of A consisting of orthogonal positive contrac-
tions. Let € > 0 be given. Since « is the trivial action of G on A, we have

lleg(fs) = fosll = [1fs = Fosll = [[fs + fos]l
max {[| fs[|, || fgs]|} for all s, 9 € G,

lall < 1Y fsa—all +11 ) foal < e+ D I fllllal.

seé sea seé

Y

A

Thus « does not have the Rokhlin property. It follows that the condition (2) in
Definition 3.3 is not satisfied, and hence the a-compatible action (n, &) does not
have the Rokhlin property. ]

Corollary 3.12. Let £ = (EY,EY,r,s) be a directed graph, G be a finite abelian
group and c : E1' — G be a function. Let (n,a) be the action of G on the C*-

correspondence E(E) as in Proposition 3.11. Then the induced action ¢ of G
on C*(&) does not have the Rokhlin property with Rokhlin elements from my (A).

4. Rokhlin Property for Group Actions on Hilbert Bimodules

Analogous to a right Hilbert A-module, a left Hilbert A-module is defined as
a left A-module with the positive definite form ,(-,-) : E x E — A which is,
conjugate-linear in the second variable, linear in the first variable and satifies

Alazx,y) = a (z,y) for x,y € E,a € A.

Definition 4.1. Let A and B be two C*-algebras. A left Hilbert B-module E is
called Hilbert B-A bimodule if it is also a right Hilbert A-module satisfying

AT,z =y, z), forxz,y,z € E.

On a Hilbert bimodule we consider actions of a locally compact group similar
to those introduced in Definition 3.2.

Definition 4.2. Let (G, «, A) and (G, 8,B) be C*-dynamical systems of a locally
compact group G and let E be a B-A Hilbert bimodule. A B-compatible action
(respectively an a-compatible action) n of G on E is defined as a group homo-
morphism from G into the group of invertible linear transformations on E such
that

(i) ng(bx) = By(b)ng(x) (respectively ny(xa) = ny(r)ay(a)),
i y)) = By (s, y)) (respectively (ng(x),ng(y))4 = ag((2,9)4))

—
-
=
Nas
5]
2
3
<)
—
5]
N
3
<)
—~
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forae A, be B, x,y € E, g € G; and g — ng(x) is continuous from G into
E for each x € E. The combination of these two compatibility conditions will be
simply called (B, «)-compatibility.

Consider a (8, a)-compatible action 7 of a locally compact group G on the
B-A Hilbert bimodule E. The crossed product bimodule E x,, G (cf. [15] and
[7]) is an B x 3 G-A x,, G Hilbert bimodule obtained by completion of C..(G, E)
where the module actions and the C*-valued inner products are given by

(1g)(s) = /G UE)an(g(t"s))dt,
(fm)(s) = /G FOme(m(ts))dt,
(1) e o (5) = / e (U(E), mts)) ),

G

wepellm)(s) = [ (st (m(e )
for all f € C.(G,B), g € C.(G,A) and I,m € C.(G, E).

If E is a (right) Hilbert A-module, then E is a X(FE)-A Hilbert bimodule
with respect to 9((E><x,y) = 0., for all z,y € E. Moreover, we can associate a
C*-algebra called the linking algebra, defined by

ep = (Kéf) ﬁ) CK(E @A) ()

(cf. [30, p. 50]), to each (right) Hilbert A-module E. Let (G, «, A) be a C*-
dynamical system and 7 be an a-compatible action of G on E. For each s € G,
let us define Adns(t) := nstn,—1 for t € X(E) where n?(z*) := ns(z)" for z € E.
Indeed, 7 is also an (Adn, a)-compatible action and we get the induced action 0
of G on £g (cf. [7, 22]) defined by

0 (t x> . <Adnst 775(3:))

\yra) " \niy") as(a)
for all s € G, t € X(F), a € A and z,y € E. We denote this C*-dynamical
system by (G, 0, £g).

4.1. Rokhlin Property for Induced Finite Group Actions on Linking Algebras

Analogous to Definition 3.3 the Rokhlin property for finite group actions on
Hilbert bimodules is defined as follows:

Definition 4.3. Let (G, «, A) and (G, 3, B) be C*-dynamical systems of a finite
group G and let E be a B-A Hilbert bimodule. Assumen to be a (8, «)-compatible
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action of G on E. We say that n has the Rokhlin property if for each € > 0, finite
subsets S1 and Sy of E, and finite subsets S3 and Sy of B and A respectively,
there are sets (ag)gec C A and (bg)gec C B consisting of mutually orthogonal
positive contractions such that

(1) 1> ,eqagu —ull <€ for all u € S3U Sy, [[3,cqbgv — vl < € for all
RS Sl U 53.
(ii) ||an(ag) — angll < € and ||Br(bg) — bngl| < € for h,g € G,
(il) [lzag —bgz| <€, [[thy — byt| < € and [laga — aaq4l| <€, [lagy™ — y*by| <€
forallz e S1,ye Sy, teS;,ae Sy and g € G.

Following theorem justifies the choice of this version of Rokhlin property for
group actions on a bimodule:

Theorem 4.4. Let E be a Hilbert A-module where A is C*-algebra. Suppose that
a: G — Aut(A) is an action of a finite group G and n is an a-compatible action
of G on E. Then the following statements are equivalent:

(i) n has the Rokhlin property as an (Adn, «)-compatible action.
(ii) The action 0 of G on £ induced by n has the Rokhlin property with Rokhlin

elements coming from the C*-subalgebra <:KE)E) j) of £E.

ti xf) S 1,2,...,n} be any finite
Y a

subset of £g. Consider S1 = {x1,2a,...,2,}, S2 = {y1,¥2,---,YUn}, S5 =
{t1,t2,...,tn} and Sy = {a},ah,...,al,}. Suppose n has the Rokhlin property
as an (Adn, o)-compatible action. So, there are sets (ag)gec C A and (by)geq C
K(E) consisting of mutually orthogonal positive contractions such that

Proof. Let € > 0 be given and S = {(

(@) [[Xgegagu —ul < g forall w € S5 U Sy, || 3, cqbgv —v|| < ¢ for all
v e S USs.

(b) [lan(ag) — ang|l < § and [|Adnn(bg) — bag|| < § for h, g € G,

(c) [[zag —bgw|| < g, [[thy —byt|| < § and |laga —aayl| < 7, [lagy™ —y™bgll < 1
forallz € S1,y € Sy, t€S3,a€ 54 and g € G.

We prove that the action 8 of G on £ induced by 1 has the Rokhlin property
by showing that for the above set S, the Rokhlin elements are (f;)sec where

b, 0 b, 0 T
fg = (g . For each g € G, [|f,ll = SUD||(z,a)||<1 <Og a ) (a)
g

0 a4
Further for g, h € G with g # h we get

b b
=% o) (5 o) =0

Then, it is easy to verify conditions (1)-(3) of Definition 2.1.

<
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Conversely, let € > 0 and let S, S5 be finite subsets of E. Let S3 and S4 be
finite subsets of X(FE) and A, respectively. Choose

t0\ [0z\ (0 0\ (00
{6 €3)-(20)-C0)resvenienncs)

Suppose 6 has the Rokhlin property with Rokhlin elements { <bg 0 > g€ }

0 a4
c (fK(E) 0
0 A
verify that 1 has the Rokhlin property as an (Adn, @)-compatible action with
the positive contractions (ag)gec C A and (by)geq C K(E) with respect to the
sets S1, Sa, S3 and S4 on noting that the steps and arguments of the first part
of this proof can be carried out in the reverse order also. ]

C L£g with respect to the set S and € > 0. Then it is easy to

To obtain new examples of C*-algebras for which the nuclear dimension is at
most n, choose a Hilbert A-module E where A has nuclear dimension at most n.
Because from the fact that A is a full hereditary C*-subalgebra of £5 it follows
that the nuclear dimension of C*-algebra £5 is at most n (see [33, Cor. 2.8]).

Corollary 4.5. Let (G,a,.A) be a C*-dynamical system where G is finite group
and n € NU{0}. Let E be a Hilbert A-module. Assume n to be an action of
G on E which has the Rokhlin property as an (Adn, &)-compatible action and A
belongs to any one of the classes, say C, listed in Theorem 2.3, then Lpx,c also
belongs to the same class C.

4.2. Rokhlin Property for Induced Actions of Z on Linking Algebras

Next we investigate the case where action is of the infinite discrete group Z over
a Hilbert bimodule E. If « is an action of of Z on a C*-algebra A, then a,, = af
for all n € N and so we use notation « for ;. Similarly for any action 7 of Z on
E, we write n for n1. We first recall the definition of the Rokhlin property for
the automorphisms on C*-algebras from [3].

Definition 4.6. Let A be a C*-algebra and o € Aut(A). We say that o has
the Rokhlin property if for any positive integer p, any finite set S C A, and
any € > 0, there are mutually orthogonal positive contractions eoy,...,€0p—1,
€1,0,---,€1,p such that

(i) H (Zi:o Z?;g‘” em») a— aH <eforalacs,

(i) ||ler,j,all| <€ for allr,j and a € S,
(i) |la(erj)a —erjt1al <€ forallae S, r=0,1andj=0,1,....,p—2+r,
(iv) ||a(eo,p—1 + e1,p)a — (eo0 + e1,0)al <€ for alla € S.

We call elements eg,...,€0,p—1,€1,0,---,€1,p the Rokhlin elements for o.
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Definition 4.7. Let (Z,«, A) and (Z,3,B) be C*-dynamical systems. Suppose
that E is a Hilbert B-A bimodule and n is a (8, )-compatible automorphism of
E. We say that n has the Rokhlin property if for any € > 0, any positive integer
p, any finite subsets S1 and Se of E, and any finite subsets Ss and Sy of B and A
respectively, there are sets consisting of mutually orthogonal positive contractions

{ao,05---,00p-1,01,0,---,a1pr C A and {boo,...,b0p—1,b1,0,...,01p} C B
such that

(.) bz jbz’ = O and a77ja1 o= O Zf (7/ j) # (-/’j/)

(i) HZT 020 o v H <6 r= OZP 1+Tar,ju_'UzH < € forallv e

51U53, UE;S’Q USs.

(ili) |lzar;—br x| <€, llar;y*—y*br ;|| <€, ||bbrj—by;bl| <€, ||lar;a—aa, ;|| <
€ for all x € S1,y € So,b € S3,a € Sy and for all r,j.

(iv) [|B(brj)v — brjriv|| < €, [aar;)u — arjrrul] < € for all v € S1 U Ss,
ueS3USy;,r=0,1and j=0,...,p—2+r.

(v) 118(bo,p—1+b1,p)v—(bo,0+b1,0)v[| <€, [[alaop—1+a1p)u—(ao0+aro)ull <e
forallve S1USs, uwe S5US,.

Notion similar to Definition 4.7 was introduced in [5, Definition 3.1]. The
following observation is a justification for the choice of the above definition of
Rokhlin property for actions of Z on a bimodule:

Theorem 4.8. Suppose (Z,a, A) is a C*-dynamical system. Assume E to be a
Hilbert A-module and n to be an automorphism on E. The following statements
are equivalent:

(i) n has the Rokhlin property as an (Adn,a)-compatible automorphism.

(ii) The automorphism 0 in Aut(Lg) induced by n has the Rokhlin property

with Rokhlin elements coming from the C*-subalgebra <:KE)E) 2‘) of Lg.

Proof. Let ¢ > 0 be given and S = {(ti ?) :i:1,2,...,n} be any fi-
7 1

nite subset of £r. Consider S1 = {x1,2z2,...,2,}, S2 = {y1,¥2,---,Un},

Sz = {t1,t2,...,t,} and Sy = {a1,aq2,...,a,}. Suppose n has the Rokhlin

property.  So, there are sets {aopo,..., @op-1,41,0,---,01p} C A and

{b0,0s---,b0p—1,b1,0,...,b1p} C K(E) consisting of mutually orthogonal pos-

itive contractions such that

( ) bijbirjr = 0 and a; jair ;o = 0 if (i, ) # (i’ ')

HZT 020 by v —UH < S 0 e 1+Tam-u—uH < ¢ forallw e
SlUS3, UESQ US4.

(©) llzar; = brjell < §, llary™ =y brjll < g5 [[00r; = brjbll < g llarja =
aar ;|| < § forall z € 51,y€ Sa2,b € S3,a € Sy and for all r, j.

(d) ||Adn(b m) —brjr1v]| < 5, [lalarj)u—arjriul| < g forall v € Sy U Ss,
ueS3US;;r=0,1and j=0,....,p—247r.
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(e) [[Adn(bop-1 + b1p)v — (boo + bro)vl| < %, llalaop—1 + a1 p)u — (ao,0 +
aro)ul < § for allve S;USs, ue S5US,y.

We verify that the action § of G on £g induced by 1 has the Rokhlin
property as an (Adn, a)-compatible automorphism by showing that for the

above defined set .S, the Rokhlin elements are eg 9, ..., €0,p—1,€1,0,- -, €1,p Where
€ij = (bgj aq ) For each (i, 7),
)
leijll = sup (bi’j 0 ) (w) H <1
Il I\ 0 dig/) \a

For (i,7) # (¢, ") we have

o bi’j O bi’,j’ O _ bi,jbi’,j’ 0 o
_<O )( . >_( 0 )=

Then, it is easy to verify conditions (1)-(4) of Definition 4.6.

Conversely, let S; U Sy, S3 and Sy be finite subsets of F, X(E) and A,
respectively. Let

t 0 0z 00 00
{6 €3)-(20) () resvenienncs)

Suppose 6 has the Rokhlin property with Rokhlin elements b%’o aO ,
0,0

b071 0 b07p_1 0 b170 0 b171 0 bl,p 0
0 ao,1 R 0 ap,p—1 ’ 0 ai.o ’ 0 1,1 e 0 a1,p
)

OE A C L with respect to the set S and
any € > 0. Then it is easy to check that n has the Rokhlin property as
an (Adn, a)-compatible action with the positive contractions {ag o, ..., aop—1,
aio,-.. 01y C A and {boo,...,b0p-1, b1,0,--.,b1p} C K(E) with respect to
the sets S; U S2, S3 and Sy on observing that the steps and arguments of the
first part of this proof can be carried out in the reverse order also. [ ]

coming from the C*-algebra

We recall the definition of D-absorbing (cf. [11]).

Definition 4.9. A separable, unital C*-algebra D %2 C is strongly self-absorbing
if there exists an isomorphism ¢ : D — D ® D such that ¢ and idp ® 1p are
approzimately unitarily equivalent x-homomorphisms. If D is a strongly self-
absorbing C*-algebra, we say that a C*-algebra A is D-absorbing if A= AQD.

In the following we observe a permanence property of the D-absorbing prop-
erty with respect to the crossed product E x,, Z of a bimodule £ for an action
n which is (Adn, a)-compatible and has Rokhlin property:
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Corollary 4.10. Assume (Z,«, A) to be a C*-dynamical system. Let n be an a-
compatible automorphism on a Hilbert A-module E and let D be a strongly self-
absorbing C*-algebra. If n € Aut(E) has the Rokhlin property as an (Adn, «)-
compatible action and if A is separable and D-absorbing, then Lpx,z is D-

absorbing.
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