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1. Introduction

Left invariant measures or Haar measures on locally compact groups play a very
important role in measure theory, harmonic analysis, representation theory, ge-
ometry, mathematical physics, etc. (see, for example, [6, 11, 17] and references
therein). On the other hand, in nonassociative algebra, in noncommutative ge-
ometry, field theory, topological algebra there frequently appear binary systems
which are nonassociative generalizations of groups and related with quasigroups,
quasi-groups, Moufang quasigroups, IP-quasigroups, etc. (see [8, 29, 30, 31] and
references therein). An arbitrary IP-quasigroup Y is a quasigroup with a restric-
tion: for each x € Y there exist elements x1 and x5 in Y such that for each y in
Y the identities are satisfied z1(xy) = y and (yz)z2 = y, where z1 and xo are
also denoted by 'z and 27! and called left and right inverses of x respectively.



366 S.V. Ludkowski

It was investigated and proved in the 20th century that a nontrivial geometry
exists if and only if there exists a corresponding quasigroup.

A very important role in mathematics and quantum field theory is played
by octonions and generalized Cayley-Dickson algebras [1, 2, 9]. A multiplicative
law of their canonical bases is nonassociative and leads to a more general no-
tion of a metagroup instead of a group [27]. They are used not only in algebra
and geometry, but also in noncommutative analysis and PDEs, particle physics,
mathematical physics (see [2, 9, 12]-[16, 18]-[26] and references therein). The
preposition ”meta” is used to emphasize that such an algebraic object has prop-
erties milder than a group. By their axiomatic metagroups are quasigroups with
weak relations. They were used in [27] for investigations of automorphisms and
derivations of nonassociative algebras.

In this article more general binary systems such as core quasigroups are
studied (see Definition 2.1). They are also more general than IP-quasigroups,
because in core quasigroups G left and right inverses ~'z and ! of nonunit
elements x in G may not exist.

This article is devoted to left invariant measures (see Definition 3.18) on lo-
cally compact core quasigroups. Necessary preliminary results about core quasi-
groups are given in Section 2. Specific algebraic and topological features of core
quasigroups are studied in Formulas (1)-(35) and Formulas (42)-(44). A quotient
of a core quasigroup by its core is investigated in Formulas (36)-(41). A uniform
continuity of maps on topological core quasigroups is studied in Theorem 2.14
and Corollary 2.15.

Left invariant functionals and measures are investigated in Section 3. These
properties are more complicated than for groups and IP-quasigroups, because of
the nonassociativity of core quasigroups and absence of left and right inverses in
general. The main results can be found in Theorems 3.15, 3.16, 3.19, 3.20. For
their proofs estimates of nonnegative functions with compact supports in core
quasigroups are investigated in Lemmas 3.2, 3.4, 3.6. Functionals on a space of
nonnegative functions with compact supports in a core quasigroup are studied
in Lemmas 3.7, 3.8, 3.10, 3.13 (estimates (132)-(147)) and Theorem 3.9. In
Theorem 3.11 approximations of nonnegative functions with compact supports
in the core quasigroup are described.

In an appendix abundant families of core quasigroups are provided with the
help of a direct product and smashing products (see Remark 4.3 and Definition
4.5). For this purpose Theorems 4.1 and 4.4 are proved.

All main results of this paper are obtained for the first time. They can
be used in harmonic analysis on nonassociative algebras and metagroups and
quasigroups, representation theory, geometry, mathematical physics, quantum
field theory, particle physics, PDEs, etc.

2. Core Quasigroups

To avoid misunderstandings we give necessary definitions. For short it will be
written core quasigroup instead of nonassociative core quasigroup.
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Definition 2.1. Let G be a set with a multiplication (that is a single-valued binary
operation) G X G > (a,b) — ab € G defined on G satisfying the conditions:
(i) for each a and b in G there is a unique x € G with ax = b and
(ii) a unique y € G exists satisfying ya = b, which are denoted by x = a\ b =
Divi(a,b) and y = b/a = Div,(a,b) correspondingly,
(iii) there exists a neutral (i.e. unit) element e = e € G: eg = ge = g for
each g € G.
We consider subsets in G:
) Com(G):={ac€G: Vbe G, ab=ba};
) Ni(G):={a€eG: ¥Ybe G, VceG, (ab)e = a(bc)};
(vi) Npo(G) :={a € G: Yo e G, Ve e G, (ba)c="0b(ac)};
i) No(G):={aeG: YbeG, Vee G, (be)a=b(ca)};
) N(G) := N;(G) N Np,(G) N N.(G); Z(G) := Com(G) N N(G).
Then N(G) is called a nucleus of G and Z(Q) is called the center of G.
We call G a core quasigroup if a set G possesses a multiplication and
satisfies Conditions (i)-(i11) above and
(ix) (ab)c = t(a,b,c)a(bc) and (ab)c = a(be)p(a,b,c) for each a, b and ¢ in G,
where t(a,b,c) =tg(a,b,c) € N(G) and p(a,b,c) = pg(a,b,c) € N(G).
Then G will be called a central core quasigroup if in addition to Condition
(iz) above it satisfies the condition:
(x) ab=tz(a,b)ba for each a and b in G, where tz2(a,b) € Z(G).

There, for given a, b, ¢ in G, the elements tg(a,b,¢), pa(a,b,c) and ta(a,b)
are unique such that tg : G x G x G — N(G), pc : G xGxG — N(G),
to: G x G = Z(G) are mappings.

Let T be a topology on G such that the multiplication G X G > (a,b) — ab € G
and the mappings Divi(a,b) and Div,(a,b) are jointly continuous relative to T.
Then (G, T) is called a topological core quasigroup. Henceforth, it will be assumed
that T is a Ty NT5.5 topology, unless something else is specified.

A minimal closed subgroup No(G) in the topological core quasigroup G con-
taining t(a,b,c) and p(a,b,c) for each a, b and ¢ in G will be called a core of
G.

Elements of the core quasigroup G will be denoted by small letters, subsets of
G will be denoted by capital letters. If A and B are subsets in G, then A — B
means the difference of them A—B = {a € A: a ¢ B}. Henceforward, maps and
functions on core quasigroups are supposed to be single-valued, unless something
else is specified.

Lemma 2.2. If G is a core quasigroup, then for each a, b and c in G the following
identities are fulfilled:

b\e =t(e/b,b,b\ e)(e/b); (1)

b\e = (e/b)p(e/b,b,b\ e); (2)
(a\ e)b = t(e/a,a,a\ e)[t(e/a,a,a\ b)]  (a\b); (3)
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(a\d) = (a\e)bp(a,a\ e,b); (4)
(be) \a = (c\ (b\ a))[p(b,c, (be) \ a)] ™ (5)
(a\b)e = (a\ (be))[p(a,a\ b, )] (6)
(ab) \ e = (b\e)(a\ e)[t(a,b,b\ e)] " t(ab,b\ e, a )\ ¢); (7)

b(e/a) = (b/a)p(b/a,a,a\ e)[p(e/a,a,a\ €)™ (8)

(b/a) = [t(b,e/a,a)] " b(e/a); (9)
a/(be) = t(a/(be),b,c)((a/c)/b); (10)

c(b/a) = t(c,b/a,a)(ch)/a; (11)
e/(ab) = [p(e/b,e/a,ab)] *ple/a,a,b)(e/b)(e/a). (12)

Proof. Note that N(G) is a subgroup in G due to Conditions (v)-(viii) in Defi-
nition 2.1 (see also [8]). Then Conditions (i)-(iii) in Definition 2.1 imply that

b(b\a) =a, b\ (ba)=gq; (13)
(a/b)b = a, (ab)/b=a (1

=~
~—

for each @ and b in any quasigroup G (see also [8, 31]). Using Condition (ix) in
Definition 2.1 and Identities (13) and (14) we deduce that e/b = (e/b)(b(b\e)) =
[t(e/b,b,b\ €)] (b \ e) which leads to (1).

Let ¢ = a \ b. Then from Identities (1) and (13) it follows that (a \ e)b =
He/a,a,0\ e)(e/a) ac) = te/a,a,a\ )[t(e/a,a,a \ B)] ! ((e/a)a)(a \ b) which
taking into account (14) provides (3).

On the other hand, b\ e = ((e/b)b)(b\ €) = (e/b)(b(b\ €))p(e/b,b,b\ €) that
gives (2).

Now let d = b/a. Then Identities (2) and (14) imply that b(e/a) = (da)(a \
e)[p(e/a,a,a\ €)=t = (b/a)p(b/a,a,a\ €)[p(e/a,a,a\ e)]~* which demonstrates
(8)

.Next we infer from (ix) in Definition 2.1 and (13) that b(c((be) \ a))
(be)(be) \ @)lp(bc, (be) \ @] = alp(b,c, (be) \ @), hence e((be) \ a)
(b\ a)[p(b,c, (be) \ a)]~! that implies (5).

Symmetrically it is deduced that (a/(bc))b)c = t(a/(bc), b, ¢)a, consequently,
(a/(be))b = t(a/(bc),b,c)(a/c). From the latter identity it follows (10).

Evidently, formulas a((a\b)c) = (a(a\b))c[p(a,a\b,c)]"! = be[p(a,a\b,c)]~*
and (c(b/a))a = t(c,b/a,a)chb imply (6) and (11) correspondingly.

From (ix) in Definition 2.1 we infer that (ab)((b\ e)(a\ €)) = [t(ab,b\ e,a\
e)]"'t(a,b,b\ ), since by (13) (a(b(b\€)))(a\e) = e. This together with (i) and
(ii) in Definition 2.1 implies (7).

Analogously from (ix) in Definition 2.1 we deduce that ((e/b)(e/a))(ab) =
[p(e/a,a,b)]"p(e/b,e/a,ab), since by (14) (e/b)(((e/a)a)b) = e. Finally apply-
ing (i) and (ii) in Definition 2.1 we get Identity (12). ]

Lemma 2.3. Assume that G is a core quasigroup. Then for every a, a1, as, as
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in G and z1, 22, 23 in Z(G), b € N(G):

(alv az, (1,3);

= p(a’laa@aaﬂ);

t(z1a1, 2002, z303) =
p(z101, 2202, 2303)
t(a,a\ e,a)a = ap(a,a\ e, a);
t(a,e/a,a)a = ap(a,e/a,a);

(15)
(16)
(17)
(18)
pla,a\ e,a)t(e/a,a,a\ e; (19)
(20)
(21)
(22)
(23)

€)
t(ay,aq,a3b) = t(ay,a9,as);
p(bai, az,a3) = pla,az,a3);
t(bai,as,az) = bt (al,ag,ag)b L
p(ai,az,azb) = b~ (al,ag,ag)b.

Proof. Let the elements a, a1, az, az belong to G, the elements z1, 22, z3 be in
Z(G). Since we have (aya2)as = t(a1, a2, a3)ai(azaz) with t(ay,as,a3) € N(G)
for every aq, ag, ag in G, it follows that

t(a1, az,a3) = ((araz)as)/(a1(azas)). (24)
In addition, for each ¢ € Z(G), a and b in G, we have
b/(ga) =q~'b/aand b/g=q\b=1bg"", (25)

because Z(G) is the commutative group satisfying Conditions (iv) and (viii) in
Definition 2.1. From (24) and (25) we infer that

t(z1a1, 2202, 23a3) = (((21a1)(2202))(23a3))/((21a1)((2202)(2303)))
= ((212223)((a1a2)a3))/((z12223)(a1(aza3)))
= ((a1az)as)/(a1(azas3)).

Thus ¢(z1a1, 22a2, z3a3) = t(a1, as,as).
Symmetrically we get

plai, az,a3) = (a1(aza3)) \ ((a1az)as) (26)

and p(z1a1, 2202, 23a3) = ((2101)((2202)(2303))) \ (((z101)(2202))(23a3)) =
((z12223)(a1(a2a3))) \ ((212223)((a1a2)as)) = (ai(aza3)) \ ((a1a2)as) that pro-
vides (16).

From Formulas (24) and (1) it follows that ¢t(a,a\ e,a) = ((a(a\€))a)/(a((a\
e)a)) = a/lat(e/a,a,a\ e)] and consequently,

t(a,a\ e,a)at(e/a,a,a\ e) = a. (27)

Then from Formulas (26), (13) and Condition (ix) in Definition 2.1 we deduce

that p(a, a\e,a) = (a((a\e)a)) \ ((a(a\e))a) = {[t(a,a\e, a)]"'a}\ a, which im-
plies (17). Identities (17) and (27) lead to (19). Next using (26) and (ix) in Defi-

nition 2.1 we infer that p(a,e/a,a) = [a((e/a)a)]\ [(a(e/a))a] = a\ [t(a,e/a,a)al]
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that implies (18). From (ix) in Definition 2.1 we get that ((aiaz)as)db

(ar1az2)(agb) = (t(a1,az,asb)ai(azas))b, from which together with (14) and (24
Identity (20) follows, because b € N(G). Then b((ar1az2)as) = ((bai)az)as
b(a1(azas)p(bai,az,as)) and (13) and (26) imply Identity (21). Symmetri-
cally we deduce b((ar1az2)as) = t(bai,aq,as))b(ai(azas)) and ((ara2)as)b =
(a1(aza3))bp(ay, as, asb) which together with (24) and (26) imply Identities (22)
and (23). [

~—

Lemma 2.4. If (G, 7) is a topological quasigroup, then the functions t(ay,as,as)
and p(ai,az,as) are jointly continuous in ai, as, as in G.

Proof. This follows immediately from Formulas (24), (26) and Definition 2.1. m

Lemma 2.5. Assume that (G,7) is a topological quasigroup and U is an open
subsets in G. Then for each b € G the sets Ub and bU are open in G.

Proof. Take any ¢ € Ub and consider the equation

xb = c. (28)
Then from Condition (ii) in Definition 2.1 it follows that

x =¢/b. (29)

Thus = = ¥p(c), where 1,(c) = ¢/b is a continuous bijective function in the
variable ¢ due to Identity (9) and Lemma 2.4. On the other hand, the right shift

mapping
Ryu = ub (30)

from G into G is continuous and bijective in u (see Definition 1). Moreover,
Pp(Rpu) = uw and Ry (1p(c)) = ¢ for each fixed b € G and all v € G and ¢ € G by
Identities (14). Thus Ry and v, are open mappings, consequently, Ub is open in
G.

Similarly for the equation
by=-c (31)
the unique solution is
y=>b\c (32)

by Condition (i) in Definition 2.1.
Therefore, y = 6y(c), where 05(c) = b\ ¢ is a continuous bijective function
in ¢ according to Lemma 2.4 and Formula (4). Next we consider the left shift

mapping
Lyu =bu (33)
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for each fixed b € G and any v € G. This mapping L; is continuous, since the
multiplication on G is continuous. Then Ly(0(c)) = ¢ and 0,(Lyu) = u for every
fixed b € G and all u € G and ¢ € G by Identities (13). Therefore 6, and L; are
open mappings. Thus the subset bU is open in G. ]

Lemma 2.6. Let (G, 7) be a topological quasigroup.

(i) Let also U and V' be subsets in G such that either U or V is open. Then
UV is open in G.
(ii) If A and B are compact subsets in G, then AB is compact.

(iii) For each open neighborhood U of e in G there exists an open neighborhood
V of e such that

(a) V C U, where
(b) V =V UInv(V)UInv.(V), where Inv(a) = Div(a,e), Inv.(a)=
Div,(a,e) for each a € G,
(c) DQ={zx=ab: a€ D, be Q},
(d) Iny(D)={x=a\e: a€ D},
(e) Inv.(D)={x=e/a: a € D}
for any subsets D and Q in G.

Proof. (i). In view of Lemma 2.5 the subsets Ub and aV are open in G for
each a € U and b € V, consequently, UV = {x : 2 =uv, u € U, v € V} =
Upey Ub = Uuep @V is open in G.

(ii). Let A and B be compact subsets of G. Then the subset AB = {c: ¢=
ab, a € A, b € B} is a continuous image of a compact subset A x B in G x G,
where G xG is supplied with the product (i.e. Tychonoff) topology, consequently,
AB is a compact subset in G (see Theorem 3.1.10 and the Tychonoff Theorem
3.2.4 in [10]).

(iii). The mappings Inv; and Inv, are homeomorphisms of G onto itself as
a topological space, since they are bijective, continuous and

Inv(Inv. (b)) = b and Inv,.(Inv (b)) =b (34)

for each b in G by (a), (b). Therefore for each open neighborhood U of e there
exists an open neighborhood of e of the form

V.=U, (35)

where U := U N Inv(U) N Inv, (U).

From (c) we infer that Inv,.(Inv;(U)) = U and Inv(Inv,.(U)) = U, hence
Inv(V) CUN Inv(U) N Invi(Inv(U)) € U N Invy(U) and Inv.(V) C UN
Inv, (U), consequently, V U Inv (V) U Inv. (V) CU. |

Definition 2.7. A subquasigroup H of a quasigroup G is called normal if it
satisfies



372 S.V. Ludkowski

(i) *H = Hx and
(ii) (2y)H = x(yH) and (xH)y = 2(Hy) and H(zy) = (Hx)y

for each z and y in G.
A family of cosets {bH : b € G} will be denoted by G/ - /H.

Theorem 2.8. If G is a T1 topological core quasigroup, then its core Ny is a
normal subgroup and its quotient G/ - /Ny is a Ty N T5.5 topological group.

Proof. Let 7 be a T} topology on G relative to which G is a topological quasi-
group. Then each point x in G is closed, since G is the T topological space
(see Section 1.5 in [10]). From the joint continuity of the multiplication and the
mappings Div; and Div, it follows that the nucleus N = N(G) is closed in G.
Therefore the subgroup Ny is the closure of a subgroup Ny o(G) in N generated
by elements t(a, b, ¢) and p(a, b, ¢) for all a, b and ¢ in G (see Definition 2.1). Ac-
cording to Conditions (v)-(viii) in Definition 2.1 one gets that N and hence Ny
are subgroups in G satisfying Condition (ii) in Definition 2.7, because Ny C N
(see also [8, 31]).

Let a and b belong to N and « € G. Then z(z \ (ab)) = ab and z((z \ a)b) =
(z(x \ a))b = ab, consequently,

2\ (ab) = (2 \ a)b (36)

for each a and b in N(G) and every x € G.
Similarly it is deduced

(ab)/x = a(b/x) (37)

for each @ and b in N(G), z € G.

Therefore from (ix) in Definition 2.1, (13) and (36) it follows that ((x \
@)2)(@ \ b)a) = (2 \ a)(z((z \ b)x)p(z \ a,z, (z \ b)x) = (@ \ (ab))alp(z,a \
b,x)]"p(x \ a,z, (z\ b)x), since (x \ a)(bx) = (( \a)b)x = (x\ (ab))x. Thus

(@\ (ab))z = ((z \ @)z)((z \ b)a)[p(z \ a, 2, (x\ b)z)] " plz,z \ b,)  (38)

for each @ and b in N(G), z € G.
From Identities (5) and (6) it follows that

2\ ((u\ v)y) = ((uz) \ (v9)p(u, z, (ux) \ (vy))[p(u,w\v,2)] 7" (39)

for each u, v,  and y in G, since z \ ((u\ v)y) =\ (v \ (vy))[p(u,u\ v,y)]~ .

In particular for u = a(bc) and v = (ab)c with any a, b and ¢ in G we
infer using (ix) in Definition 2.1 that uz = (a(b(cz)))p(b, ¢, z)p(a,be, ) and
ve = (ab)(cx)p(ab, ¢, x). Hence from (39) and (26) it follows that

z\ (p(a,b,c)x) = [p(b, c,z)p(a, be, x)] " p(a, b, cx)p(u, =, (uz) \ (vr)), (40)
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since = \ (p(a,b,c)x) = |
p(u, , (uz) \ (vx))[p(u,u \ v
plu,u\v,z) =e.

Notice that (i), (ii) and (ix) in Definition 2.1 imply « \ (tu) = p, where
t =t(a,b,c), p=pla,b,c), u = a(bc) for any a, b and ¢ in G. Let z € G. Then
there exists € G such that z = ux, that is x = u\ 2. Therefore we deduce that

2\ (tz) = o\ (p2)lp(u, v\ (tu), 2)[p(u, =, (uz) \ (tuz))] ™, (41)

since t € N(GQ), p € N(G), (u\ (tu))z = (u\ (tuz))[p(u,u \ (tu),z)]~! by (6).
From the equality (5) by taking ¢ =z, b =u, a = tuz we infer z\ (u\ (tuzx)) =
[(uz) \ (tuz))]p(u,z, (uz) \ (tuz)). Thus from Identities (38), (40) and (41) it
follows that the group Ny = No,o(G) generated by {p(a,b,c), t(a,b,c) : a €
G, b € G, ¢ € G} satisfies Condition (i) in Definition 2.7. From the joint
continuity of the multiplication and the mappings Div; and Diwv, it follows that
the closure Ny of Ny also satisfies (i) in Definition 2.7. Thus Ny is a closed
normal subgroup in G. In view of Theorem 1.1 in Ch. IV, Section 1 in [8] a
quotient quasigroup G/ - /Ny exists consisting of all cosets aNy, where a € G.

Then from Conditions (ix) in Definition 2.1, (i) and (ii) in Definition 2.7 it
follows that for each a, b, ¢ in G the following identities are valid:

(a(b(cz)))p(b, ¢, x)p(a, be, x)] \ [(ab)(cz)p(ab, c, )]
,2)]71, because u \ v = p(a,b,c) € N(G) and

(alNo)(bNo) = (ab)No,
((alNo)(bNo))(cNo) = (alNo)((bNo)(cNo)),
eN() = N()

because p(a, b, ¢) € Ny and t(a,b,c) € Ny for all a, b and ¢ in G.

In view of Lemmas 2.2 and 2.3 (aNp) \ e = e/(alNp) and consequently, for
each aNy € G/ - /Ny a unique inverse (aNp)~! exists. Thus the quotient G/ - /Ny
of G by Ny is a group. Since the topology 7 on G is 71 and Ny is closed in G,
the quotient topology 7, on G/ - /Ny is also T;. By virtue of Theorem 8.4 in [17]
this implies that 7, is a T4 N T35 topology on G/ - /Np. ]

Proposition 2.9. Assume that G is a T1 topological core quasigroup and functions
t and p on G are defined by Formulas (ix) in Definition 2.1. Then for each
compact subset S in G and each open neighborhood V' of e there exists an open
neighborhood U of e in G such that

(i) t((ura)vr, (uzb)ve, (usc)vs) € (Vi(a, b, c)) N (t(a,b,c)V) and
(ii) p((u1a)v1, (u2b)vz, (usc)vs) € (Vp(a,b,c)) N (p(a,b,c)V)
for every a, b, c in S and u;, vj in U for each j € {1,2,3}.

Proof. Take arbitrary fixed elements f, g and h in S. From the joint continuity
of the maps t(a, b, ¢) and p(a, b, ¢) in the variables a, b and ¢ in G it follows that
there exists an open neighborhood Uy 4, of e in G and an open neighborhood
Wegn of (fig,h) € S x5 xSin G xG x G such that (i) and (ii) are valid for
each u;, v; in Usgp, 5 € {1,2,3}, and (a,b,c) € Wi 4p (see Lemmas 2.4 and
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2.6). Notice that S x S x S is compact in the Tychonoff product G x G x G of
G as the topological space (see Section 2.3 and Theorem 3.2.4 in [10]). Hence
an open covering {Wyg,pn: f €S, g€ S, he S}of SxS xS has a finite
subcovering {Wy, ¢, n, : @ =1,...,n}, where n is a natural number, n > 1. That
is SxSxSCUil; Wy, gihs- Then (N Uy, g:.n; =: U is an open neighborhood
of e in G. Therefore, Properties (i) and (ii) are satisfied for every a, b, ¢ in S
and uj, v; in U for each j € {1,2,3}. [

We remind the following definition.

Definition 2.10. Let G be a topological quasigroup. For a subset U in G it is put:

(i) Lug ={(z,y) eGxG: z\yeU} and
(i) Rug:={(z,y) e GXxG: y/xeU}.

The family of all subsets Ly,c (or Ru,c) with U being an open neighborhood
of e will be denoted by Lg (or Ra correspondingly).

Proposition 2.11. Let G be a Ty topological locally compact core quasigroup.
Then the family L (or Rea) induces a uniform structure on G. A topology T
on G provided by Lg (or R respectively) is TyNT3 5 and equivalent to the initial
topology T on G.

Proof. Let (G,7) be a topological quasigroup and let B. denote a base of its
open neighborhoods at e. In view of Lemma 2.5 C;(U) := {zU : = € G} is an
open covering of G for each U € B.. We put C? = {C,(U) : U € B.} and C;
to be a family of all coverings for each of which there exists a refinement of the
type CP.

Below it is verified, that the family C; satisfies Conditions (UC1)-(UC4) of
Section 8.1 in [10]. If A € C;, £ is a covering of G and A refines £, then there
exists U € B, such that C;(U) refines A and hence C;(U) refines €. Thus (UC1)
is satisfied.

Let A; and A belong to C;. Then there are Uy and Us in B, such that C;(U;)
refines A; for each j € {1,2}. We put U = Uy N Uy, consequently, U € B, and
hence C;(U) refines both C;(U;) and C;(Us). Therefore C;(U) refines A; and As.
Thus (UC2) also is satisfied.

Condition (UC3) means that for each A € C; there exists £ € C; such that €
is a star refinement of A. In order to prove it, it evidently is sufficient to prove
that for each U € B, there exists U; € B, such that

St(zUy,C(Ur)) C 22U for each x € G, (42)

where St(M, A) denotes the star of a set M with respect to A (see its definition
in [10, Section 5.1]).

Note that a map f(z1,22,23) = (z1/x2)zs is the composition of jointly
continuous maps G X G 3 (21, x2) — 1/22 € G and Gx G 3 (y,x3) — yas € G,
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hence it is jointly continuous from G x G x G into G and f(e, e, e) = e, because
G is the topological quasigroup (see Definition 2.1). The quasigroup G is locally
compact. Notice that for each open neighborhood @ of e in G there exists
an open neighborhood Q2 of e such that its closure clg(Q2) is compact and
cla(Q2) C Q1 by the corresponding Theorem 3.3.2 in [10] for topological spaces.
Hence for each open neighborhood W of e in G there exists an open neighborhood
Uy of e in G with the compact closure clgUy such that clgUp is contained in W
(see Lemma 2.6).

Therefore for each U € B, there exists Vi € B, such that f(V1,V1,V1) C U
and clg(V1) is compact. If for an arbitrary fixed element x € G and some
21 € G the intersection V3 N x1V; # () is non void, then there are hy and
hi in V; such that 1 = (xhg)/h1. On the other hand, z1h € z1V; for each
h € Vi1 and for each y € x1V; there exists h € Vi with y = x1h, consequently,
z1h = ((xho)/h1)h € ((xV1)/V1)V1.

Using Identities (8), (9) and Condition (ix) in Definition 2.1 we get that

a1h = (z(ho(e/h1))p(z, ho, e/h1) (43)

p(e/h1,hi,h1 \ €)[p((zho)/h1, h1,h1 \ €)]71)h. We choose open neighborhoods
V and W of e in G such that V2 ¢ W and W? C V; by Lemma 2.6. In view of
the inclusion (ii) of Proposition 2.9 and Formula (43) there exists Uy € B, such
that U; C V and

p((ula)Uh (qu)vg, (U3C)U3) € (Vp(a, b, C)) N (p(a, b, C)V) (44)

for every a, b, ¢ in clg(V1) and u;, v; in U; for each j € {1,2,3}. This implies
(42) and hence (UC3), since p(a,b,c) = e if either a = e or b=e or ¢ = e.

It remains to prove that C; also satisfies the condition (UC4). That is for
each z # y in G there exists A € C; such that {z,y} NV # {x,y} for each
V € A. Tt is sufficient to find an open neighborhood U of e in G such that
xz/UNy/U = ), because this implies zoU N{z,y} # {z,y} for each 2y € G. The
quasigroup G is T1. By virtue of Lemmas 2.5 and 2.6 and the joint continuity of
the multiplication and Div, in G there is U; € B, such that y ¢ (zU;)/Uz, that
is U1 NyU; = 0 by (14). In view of Proposition 2.9 there exists U € B, such
that (e/U)p(e/U,U,U\ €)[p(a/U,U,U\ €)]~! C U for each a € {x,y}, since the
two-point set {z,y} is compact in G, for each W € B, there exists Wy € B,
such that e/WW; C W. From (8) it follows that /U Ny/U = @. Therefore
{z,y} NV # {x,y} for every V € C;(U).

By virtue of Theorem 8.1.1 in [10] the uniformity C; induces a T; topology
71 on GG. Note that the family C; consists of open coverings of G and that for
each z € G and each open neighborhood V of x in the initial topology 7 there
exists U € B, such that 2U C V. Therefore from the latter inclusion and (42)
it follows that the topology 7 induced by C; coincides with the initial topology
7 on G. In view of Corollary 8.1.13 in [10] (G, ) is a Tychonoff space, that
is (G,7) is a completely regular space, Ty N T35. Finally note that CP = Lg.
Symmetrically the case C0 = R¢ is proved. ]
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Lemma 2.12. Suppose that (G,7) is a Ty topological quasigroup, S is a compact
subset in G, q is a fived element in G, V is an open neighborhood of the unit
element e. Then there are elements by, ...,by, in G and an open neighborhood U
of e such that U C V and {b1 \ (qU),...,b \ (qU)} is an open covering of S.

Proof. The multiplication is continuous on G, hence the left shift mapping
Ly(z) = bx is continuous on G in the variable z. On the other hand, the
mapping Inwv; is continuous on G.

In view of (i), (ii) in Definition 2.1, Lemmas 2.5 and 2.6 and the compactness
of S for each open neighborhood U of e in G with U C V there are by, ..., by, in
G such that {b1 \ (¢U),....bm \ (¢U)} is an open covering of S. |

Corollary 2.13. Let G be a Ty topological quasigroup. Then for each openvneigh—
borhood W of e in G there exists an open neighborhood U of e such that U C W
and

(i) (Vz Yy ((zr € @)&(y € A&(x\y € l))) = (y € 2W) and
(i) (Va Yy ((r € G)&(y € O)&(y/xz € U))) = (y € Wz).

Proof. This follows from Lemmas 2.6 and 2.12, (i), (ii) in Definition 2.1. |

Theorem 2.14. Let G and H be T topological core quasigroups (see Definition
2.1) and let f : G — H be a continuous map so that for each open neighborhood
V' of a unit element ey in H a compact subset Ky in G exists such that f(G —
Ky) C V. Then f is uniformly (Lq,Ly) continuous and uniformly (Ra, Ru)
continuous (see also Definition 2.10).

Proof. Since the multiplication in H is continuous, for each open neighborhood
Y of ey there exists an open neighborhood X of ey such that X2 Cc Y. In
view of Lemma 2.6 there exists an open neighborhood V; of ey in H such that
V2 C V, where A2 = AA for a subset A in H. By the conditions of this theorem
there exists a compact subset Ky, in G such that f(G — Ky,) C V4.

For a subset A of the quasigroup G, let

P(A) = (Po(A) U{e})(Fo(A) U {e}), (45)

where Py(A) = AUInv (A)UInv,(A), hence A C Py(A) and Py(A)U{e} C P(A).
We have S; = P(Ky,) is a compact subset in G, since the mappings Inv; and
Inv, are continuous on G and the multiplication is jointly continuous on G x G
(see Theorems 3.1.10, 8.3.13-8.3.15 in [10]), hence Ry = P(f(S1)) is compact in
H.

By virtue of Proposition 2.9 there exists an open neighborhood V5’ of ey in
H such that

[tu ((Vaa)Va, (Vab)Va, (Vac) Va) Vol U [Vat u ((Vaa) Va, (V2b)Va, (Vac) Va))]
C (Vstg(a,b,c)) N (tu(a,b,c)Vs),
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[P ((Vaa)Va, (V2b)Va, (Vac)Va) V2] U [Vapr ((Vaa) Va, (Vab) Va, (Vac) V2)]
C (Vapu(a,b,c)) N (pa(a, b, c)Vs) (46)

for every a, b, ¢ in Ry, where ‘732 cwv, Vo= ‘72/, and V3 is an open neighborhood
of e in H. For V5 there exists a compact subset Ky, in G such that f(G—Ky,) C
V5 by the conditions of this theorem. If A and B are compact subsets in G, then
their union A U B is also compact. Therefore it is possible to choose Ky, such
that Ky, C Ky, since Vo CVy and (G—A)—-B=G—-(AUB)CG—A. We
take So = P(Ky,) by Formula (45), consequently, S1 C Ss, since Ky, C Ky,.
From the continuity of the map f and Lemmas 2.5, 2.6 it follows that for each
x € G open neighborhoods W, ; and W, of e in G exist such that f(fol) C

(f(2)V2) and f(W7 @) C (Vaf(2)), consequently,
F@W?) C (f(x)V2) and f(Wz) C (Vaf(x)) (47)

for an open neighborhood W, = W, ; N W, , of e in G. The compactness of Sy
implies that the coverings {aW, : = € So} and {Wyy : y € S} of Sy have finite
subcoverings {z; W, : xj € Sa, j =1,...,n}and {Wy,y; : v; € So, 1 =1,...,m}.
Hence

I

W = (n] W, N ﬁ Wy, (48)
j=1 i=1

is an open neighborhood of e in G. Therefore according to Proposition 2.9 there
exists an open neighborhood U’ of the unit element e in G such that

[ta(Ua)U, (UL)U, (Uc)U)UU [Uta(Ua)U, (Ub)U, (Uc)U)]
C [Wstg(a,b,0)] N ta(a,b, c)Ws],
[pc((Ua)U, (Ub)U, (Ue)U)U]U [Upc((Ua)U, (Ub)U, (Uc)U)]
C [Wspa(a,b,c)] N [pa(a,b, c)Ws] (49)

for every a, b, ¢ in Sy, where U= U’, and where Wy and W3 are open neigh-
borhoods of e in G such that W§ C Wy and W@ C W.

Now let « and y in G be such that z\ y € U. Then Formula (13) implies that
y € zU. (50)

There are several options. Consider at first the case © € Ky,. From Formulas
(48)-(50) and Corollary (2.13) it follows that there exists j € {1,...,n} such
that x € x;W,, and y € x; Wi Therefore, Formulas (46) and (47) imply that
f@)\ fly) eV.

From z \ y € U and Identities (13) it follows that y = zu for a unique u € U.
Hence

= [t(y,e/u,w)] " y(e/u) (51)
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according to Identities (9), (14).

If y € Ky,, then similarly from Formulas (48)- (51) and Corollary (2.13) it
follows that there exists k € {1,...,n} such that y € z;W,, and = € kag?k,
since t(a,b,e) = t(a,e,b) = t(e,a,b) = e for each a and b in G. Therefore,
f(x)\ f(y) € V by Formulas (46) and (47), since Sz = P(Ky,) (see Formula
(45)).

It remains the case x € G — Ky, and y € G — Ky,. Therefore f(z) € V2 and
fly) € Va. According to the choice of R; we have ey € R;. From Condition
(46), Identity (13) and the inclusion V2 C V, it follows that f(z) \ f(y) € V.
Taking into account the inclusion Ky, C Ky, we get that f is uniformly (La, Lg)
continuous.

The uniform (R, Ry ) continuity is proved analogously using the finite sub-
covering {W,,y; : y; € S2, i =1,...,m} and Corollary 2.13. ]

Corollary 2.15. Let G be a Ty topological locally compact core quasigroup and
let f € Co(G) and let H = (C,+) be the complez field C considered as an addi-
tive group. Then f is uniformly (La,Ly) continuous and uniformly (Ra, Ry)
continuous.

3. Left Invariant Measures
Notation 3.1. For a completely regular topological space X by Cy(X) is denoted
the Banach space of all continuous bounded functions f from X into the complex
field C supplied with the norm
[fllx = sup |f(z)] < oo. (52)
zeX
We put

Co(X):={feCy(X): Ve>0,3SCX, Sis compact,

VeeX -8, |f(z)| <€}, (53)
Coo(X) == {feCpy(X): IS C X, S is compact,

Vee X — S, f(x) =0}, (54)
Cio(X) = {f € Coo(X): Va€ X, f(x) >0}, (55)

Let G be a quasigroup. For a function f : G — C and an element b € G let
Lyf(z) = vf(z) = f(bx) and Ry f(x) = fo(x) = f(xb) for each z € G. Consider
a support Sy :=clg{x € G: f(x) # 0} of f € Cy(G), where clg(A) denotes the
closure of a subset A in G.

Lemma 3.2. Let (G, 7) be a Ty topological locally compact core quasigroup. Let
also f and ¢ belong to CJO(G) and ¢ be not identically zero (see Notation
3.1, Formulas (52)-(55)). Then there exist a natural number m > 0, elements
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b1,...,b., in G and positive constants cy, ..., cp, such that

Ve G, f(z Em: Ly, d(x (56)

Proof. Since f € C(;f o(G), the support Sy is compact. The function ¢ is not
null, hence there exists ¢ € G such that ¢(q) > 0. From Lemma 2.5 and from
the continuity of the function ¢ it follows that there exists an open neighbor-
hood ¢V of ¢ such that ¢(z) > ¢(q)/2 for reach x € ¢V, where V is an open
neighborhood of the unit element e. By virtue of Lemma 2.12 there exists an
open neighborhood U of e and elements by, ..., by, in G such that U C V and for
each x € Sy there exists j € {1,...,m} such that z € b; \ (¢U).
Therefore,

@) < 1f16(2/6(0) 3 o(bje

for each « € G according to (13), so it is sufficient to take ¢; > || f||a(2/¢(q))
for each j = 1,...,m. This implies Inequality (56). ]

Corollary 3.3. Let the conditions of Lemma 3.2 be satisfied and let

(f:9) ::inf{ch 2 3 {b1, b} C G, I {c1y oy em} C (0, 00),
j=1

Veed, f(z Z i Lo, ¢l }
Then (f : ¢) <2m| flla/¢(q) in the notation of Lemma 3.2.

Lemma 3.4. Assume that the conditions of Lemma 3.2 are fulfilled. Then for
each b € G

bf:9) = (f: 0", (58)
(f :60) = (f*: 0), (59)

where fb(z) = f(b\ x) for each x € G; particularly,
(f'¢)_(f'¢) (60)
(f:49) = (f : ¢) for each v € N(G), (61)
(af : ¢) = (f @) for each a > 0, (62)
(fr+f2):0) < (fr:0) + (fa: @) for every fi and fa in Ciy(G). (63)

If f(x) < fi(x) for each x € G, then
(f:0)<(fr:9). (64)
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Proof. Let ¢y, ..., ¢ in (0,00) and by, ..., by, in G be such that
Z iLy, o (65)

for each x € G. From Formulas (13) and (65) by changing of a variable y = bx
it follows that

Mg

f(y) < cjLp;o(b\ y) (66)

1

<.
Il

for each y € G. From (66) it follows (58). Similarly from the inequality
i o (Lol (67)
for each z € G we infer that
fb\y) < i Ly (65)

for each y € G. Thus (68) implies Equality (59).

In particular, if v € N(G), then bj(v\y) = (b;7 1)y and b;(vy) = (bjy)y for
each y and b; in G by Condition (viil) and Formulas (3), (4) and (15). Hence
(66) transforms into to

Z Lbj'y 1¢

and (67) into

Z LbJ’Y¢

with v € N(G) instead of b. This implies Equalities (60), (61).

Properties (62) and (63) evidently follow from Formula (57).

For proving Property (64) note that if f(z) < f1(z) for each z € G, then from
fi(x) <3700, ¢jLp¢(x) for each x € G it follows that f(z) < 3770, ¢;Lp; d(x)
for each x € G, consequently, (f : ¢) < (f1: ¢). [

Notation 3.5. Let ¢, fo and f belong to CSCO(G) and ¢ and fy be not null, where
G is a Ty topological locally compact core quasigroup. We consider a functional

Jo.10(f) =
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Assume that there exists a compact subgroup Ny = No(G) in N(G) such that
t(a,b,c) € Ny and p(a,b,c) € Ny (70)

for every a, b and ¢ in G.

Then we denote by T(G, Ny) the family of all non null functions h in Cgf o(G)
such that

h(ya) = h(a) (71)

for each a € G and v € Ny.
Evidently, for h € C(;f o(@), Condition (71) is equivalent to

h(ay) = h(a) (72)

for each a € G and v € Ny, since aNy = Nyga for each a € G according to
Theorem 2.8.

Lemma 3.6. Let G be a Ty topological locally compact core quasigroup satisfying
Condition (70), f and ¢ be in C({O(G) and w € Y(G, No) (see Condition (71)),
¢ be non null. Then

(f:0) < (f:w)(w: ) (73)

Proof. If b is a fixed element in G and there are elements b1, ...,b,, in G and
positive constants ¢y, ..., ¢, such that

(@) <Y ejo(biz) (74)
=1
for each = € G, then
(@) < eid(bjzy) (75)
i=1

for each z € G and v € Ny, since Ny C N(G) and pw(ay) = pw(x) for each
x € G and v € Ny by (72) equivalent to (71).

By the conditions of this lemma Ny is a compact group. Therefore there
exists a Haar measure A on the Borel o-algebra B(Ny) of Ny and with values in
the unit segment [0, 1] such that A(Ng) = 1, A(sA) = A(A4) and A\(As) = A\(A) for
each s € Ny and A € B(Np) (see Theorems 15.5, 15.9 and 15.13 and Subsection
15.8 in [17]). In view of this, Conditions (54) and (55) and Corollary 2.15 the
function

oMN(@) = [ dya)A(dy) (76)

No
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on G is nonzero and belongs to CSCO(G), since NySy is a compact subset in G by
Lemma 2.6, where Sy is a compact support of ¢. From Formula (76) it follows
that

o (Bz) = oM (2) (77)

for each 8 € Ny and x € G, since the measure X is left and right invariant
ABA) = M(A) = A(AP) for each 8 € Ny and each Borel subset A in Ny. Hence
oM € T (G, Ny), since S, Ny is compact, and since Conditions (71) and (72) are
equivalent, where Sy is the support of ¢ (see Subsection 3.2). From (76), (77),
(71), (72) and the Fubini theorem it follows that

oM (z) = | o(@B)AEB), (78)
@) = [ ([ stamrana)
No No
- / ([ oapras)re) = [ sap)rEs)),
No No No
because [ ¢(z75)A = [, #(xB)A(dB) for each v € No(G).

Integrating both bldeb of Inequahty (75) and utilizing Formulas (76), (78) we
infer that

<Y e (b)) (79)
j=1

for each € G. On the other hand,

/N chb¢ Ty)A ZC b, )N () ZC b, oM ()

0]1

hence for each « € G there exists v € Ny such that

m

chuﬁm Z b, 0 ()

Thus vice versa from w € T(G, Ng) and (79) it follows (75) and hence (74),
consequently,

(w : o) = (bw : 9). (80)

Let ay,...,a, in G and positive constants qi, ..., ¢, be such that

< Z%’ﬁﬁm (ajz) (81)
j=1
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for each x € G (see Lemma 3.2). From Formulas (77), (81) and Conditions (70),
(71), (72) we deduce that

) <D a0 ((a; (b \ €)ylplas, b\ e, y)] " p(b,b\ €,9))
j=1
=Y a;¢M(dyy) (82)
j=1
for each y € G, where d; = a;(b\ e) for each j. Therefore (yw : ) < (w : pN)
for each b € G. Notice that
LoLoew(r) = w(z) (83)

for each ¢ and x in G by Lemmas 2.2, 2.3 and Condition (71). Therefore we
analogously get (w : ¢[M) < (.w : ¢!V for each ¢ € G. Thus

(w : M) = (w: M) (84)

for each b € G.
From (80)-(84), it follows that

(bw : @) = (w: @) (85)

for each b € G.
If c1,...icny 1y ooy by in (0,00) and aq, .., ag, g1,...,gn in G are such that

k
z) < ZhjLajw(x), (86)
z) < ZciLgicb(x) (87)

for each z € G (see Lemma 3.2). Then from (71), (80), (85)-(87) and Lemma 2.2
we infer that

k k n
Zh ch = Zh/] Zcz¢ gla‘j (88)
j=1 Jj=1 i=1
Apparently (88) implies (73). |

Lemma 3.7. Let G be a Ty topological locally compact core quasigroup, and let
o, fo be nonzero functions belonging to C{{O(G). Then for all functions f, f1 in
C’({O(G) and o > 0

Jo.fo(af) = ady 1, (f), (89)
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Jo.fo (f + J1) < Jo.50(f) + Jo, 50 (f1)- (90)
If f(z) < fi(x) for each x € G, then
Jo. 10 (f) < Jo.50(f1)- (91)

Moreover, if G satisfies Condition (70) and fo € T(G, Ny) (see Condition
(71)), then

Jo. () < (f : fo)- (92)

Proof. Properties (89) and (90) follow immediately from (62) and (63). Property
(91) follows from Property (64).

Applying Inequality (73) and Formula (69) we infer Inequality (92), since
Jo.fo(fo) = 1. .

Lemma 3.8. Assume that G is a Ty topological locally compact core quasigroup,
and suppose that functions ¢, fo and f belong to CSCO(G) and that ¢ and fy are
not null. Then mappings Jg 1, (v f) and Jy 5, (fp) are continuous in the variable
bin G.

Proof. For each x, by and by in G we have 4, f(x) — 5, f(x) = f(bix) — f(b2x).
In view of Corollary 2.15 for each € > 0 there exists an open of the form (a) in
Lemma 2.6 neighborhood U of e in G with a compact closure clg(U) for which

|f(brz) — f(box)| <€ (93)

for each z, by and by in G such that (boz) \ (bix) € U.

On the other hand, the support Sy of f is compact, consequently, bSy = Ly Sy
is compact for each b € G. Let by be fixed. For each z € G with byz € Sy
there exists an open neighborhood W, of e in G of the form (a) in Lemma 2.6
such that (boz) \ (b1z) € U for each box € (b1W,)x N by (xW,) according to
Lemmas 2.2, 2.4, 2.5, Proposition 2.9 and Formula (47). For an open covering
{(01tWa)z N by (zWy) : bz € S¢, @ € G} of Sy there exists a finite subcovering
{(b1Wy, )xzjNby(x;Wy,) : bizy € Sy, x5 € G, j=1,...,m} (see also Lemma 2.5),
since the subset S is compact.

We take Wy = U N ﬂ;n:l W, and choose an open neighborhood W of e in
G of the form (a) in Lemma 2.6 with compact closure c¢lg (W) contained in Wy
(see Theorem 3.3.2 in [10] and Formula (47)), because G is locally compact.

In view of Proposition 2.9 and Lemma 2.6 there exists an open neighborhood
V' of e in G with V = V' and compact closure clg(V) such that

t(Va)V, (VOV, VeV )VIU [VEH(Va)V, (VB)V, (V) V)]
C [t(a,b,c)W1] N [Wit(a,b, )],
[p(Va)V, (VO)V, (Ve)V)VIU [Vp((Va)V, (VO)V, (Ve)V)
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C [p(a,b,c)W1] N [Wip(a, b, c)] (94)

for each a, b and ¢ in S, where W2 C W, W is an open neighborhood of e in
G, S=P(51), S1 =S2Uclg(U), where by € G is as above, S, ={y e G: y=
(hu)z, u € cg(U), = € G, bix € Sy} (see Formula (45)), since S is compact,
t(a,b,c) = e and p(a,b,c) = e if e € {a,b,c}. For bz ¢ Sy and baz ¢ Sy
certainly f(bi1z) — f(bax) = 0. So remain two cases either byx € Sy or box € Sy
which are similar to each other up to a notation. From Formulas (14) it follows
that bz € (b1V)z is equivalent to b € b1 V. Hence Lemma 2.2 and Inclusion
(94) provide that (baz) \ (b1z) € U for each by € b1V and bix € Sy.

Let w € CJO(G) be a function such that w(y) = 1 for each y €
(cla(U)Sf)cla(U). Using (93), we deduce that |f(biz) — f(boz)| < ew(x) for
each z, by and by in G such that by € b;V and with b1z € Sy.

Therefore for each € > 0 there exists an open neighborhood V of e in G such
that [(p, f : &) — (b f : &) < €(w : @) for each by € b1V, consequently,

o, f0 (0 f) = T, 50 (02 )| < €T, 5, (w) (95)

according to Formula (69), since (fy : ¢) > 0. Thus the mapping Jy 5, (v f) is
continuous in the parameter b € G, since 0 < Jy, 5, (w) < 0o (see Lemmas 3.2,
3.7 and Corollary 3.3).

The case Jg f,(fp) is proved symmetrically. ]

Theorem 3.9. Assume that G is a Th topological locally compact core quasigroup
satisfying Condition (70), ¢, f and f1 are nonzero functions belonging to CJO(G)
and fo € Y(G, Ny) (see (71)). Then the following inequalities are true:

(fo: /)™ < Jop(f) < (F + fo), (96)
(fr: fo) " (fo: /)7 < o (f) < (F: fo)(fo: fu)- (97)
Proof. The right inequality in (96) follows from the inequality (92).
Formulas (80) and (85) imply that
(bfo = ) = (fo: ) and (oS - 9) = (F : 91V) (98)

for each b € G.
Let ¢1,..., ¢k, h1,..., hp in (0,00) and a1, .., ag, g1, ..., gn in G be such that

k
folz) < chfp‘] (a;z) and (99)
j=1

() < zn:hmm (9ix) (100)
=1
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for each x € G (see Lemma 3.2). Then from Identity (ix) in Definition 2.1,
Inequalities (99), (100) and Conditions (71), (72) we deduce that

n

¢; Y hio™ ((giaj)x[p(gi, aj, 2)] )

1 b=

-

fo(z) <

J

hid™ ((gia;)x). (101)

[
] =
M I

Cj

1

<.
I
—

(3

Suppose that there are y1,...,yx € G and ¢1, ..., qx € (0, 00) such that

k
f@) £ 3 aid(yia) (102)

for each z € G. Taking the integral | No f(zy)A(dv) and similarly for the right
side (see Formulas (76) and (78)), we get from Inequality (102) that

k
@) <> g (yir)

i=1

for each = € G (see Lemma 3.2). Hence

(f o) < (£ 1 9). (103)
Utilizing Formulas (73), (98), (101) and (103) we infer that
(fo: d) < (fo: HEN 6N < (fo: F)(f : 9) (104)

for each fy € T(G, No) and nonzero functions f and ¢ in C{{O(G).

Using (69) and (104) we infer that
(fo: Nf:0) _ (fo:9)
: ), = > =1,

(fo f) ¢7f0(f) (f()¢) - (f()¢)
consequently, Jy f,(f) > (fo : f)~!. Thus the left inequality in (96) is also
proved.

From Inequalities (96) for Jy r,(f) and Jy r,(f1) and Formula (69) it follows
(97). [

Lemma 3.10. Let G be a T3 topological locally compact core quasigroup satisfying
Condition (70), let fo € YT(G,Ny) (see Condition (71)) and let fi,...,fm be
nonzero functions belonging to CS:O(G), let also 0 < 6 < 00, 0 < 81 < o0.
Then there exists an open neighborhood V' of e in G such that for each nonzero
function ¢ in C’({O(G) with a support S¢ contained in V and 0 < q; < 61 for
each j =1,...,m the following inequality is satisfied:

> 4o g0 (i) < o O aifi) + 6. (105)
j=1 j=1
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Proof. The quasigroup G is locally compact. Let Sy, .. 7. = U;."‘ZO Sy, be a
common compact support of these functions, where Sy, denotes a closed support
of f; (see also Subsection 3.1). We choose any function g¢; in C’JO(G) such
that g1 : G — [0,1] and ¢1(Sy,,... r.cla(Y1)) = {1}, where Y’y is an open
neighborhood of e in G with ¥; = Y7, and a compact closure clg(Y1) (see
Lemma 2.6). Consider arbitrary fixed positive numbers 0 < § < 0o, 0 < 41 < 00
and 0 < e < M such that €61 ) 7"  (f; © fo) +e(1+¢€)(g1: fo) < 9, where
M = §ymmaxj=1, m || fjllc. By virtue of Corollary 2.15 the functions fo, ..., fm
are uniformly (Lg, Lg) continuous, where H = (C,+). Therefore there exists
an open neighborhood W’ of e with W = W’ and with compact closure clg (W)
in G and W C Y7, since G is locally compact, such that

£i(s) = fi(x)] < €[4Mma1] ™" (106)

for each s\ 2 € W. Next we take a function g € C(G) such that g : G — [0, 1]
and g(Sy,,... f.cla(W)) = {1} and g(z) < g1(z) for each € G, because W C Y;.
Hence (g : fo) < (g1 : fo) by Inequality (64).

Let S = P((St,,....f USg)cla(W)) (see Formula (45)). Since cla(V), Sto,....fm
and S, are compact, S is a compact subset in G. For each open neighborhood
Y of e in G there exists an open neighborhood X of e in G such that X2 C Y,
since the multiplication in G is continuous. In view of Proposition 2.9 and
Corollary 2.15 there exist open neighborhoods U’}, of e in G such that Uj, = U’}
and such that

t(Ura)Ug, (Ukb)Uy, (UkC)Uk)Uk] U [Ukt((Uka)Uk, (Urb) Uy, (UkC)Uk)]

C t(a, b, C)kal] N [kalt(a’ bv C)]v
[P((Uxa)Us, (Urb) Uk, (Ukc)Ux)Us] U [Urp((Uka) Uk, (Uxb) Uk, (Urc)Uk )]
C [p(a,b, &)Wi_1] N [Wi—1p(a, b, c)] (107)

for every a, b, ¢ in S and k € {1,2} with Uy = W and an open neighborhood
Wy—1 of e in G of the form (a) in Lemma 2.6 such that W2 | C Uy_1 and

l9(s) — g(@)| < [AM]™" (108)

for each s and = in G such that s\ « € Uy, where ¢t = {g.
Take any 0 < ¢; < 4; for each j =1,...,m and put

U =eg+ qufj, (109)
hi(x) = q;f;(x)[P ()]~ (110)

for each z € Sy, 4, and h;(z) =0 for eachx € G—Sy,,.. s, where Sy, =
UjL, Sy, Therefore the function ¥ belongs to Cf ((G) and 327", hj(x) <1 for
each z € G.

From Inequalities (106) and (108) it follows that
[T (s) - ¥(a)] < 2M]7} (111)
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for each s and z in G such that s \ x € U;. Moreover, ||[¥|g < M +¢ < 2M.

Let s and « belong to Sy, ... f,.cla(W) and s\ « € U;. The latter inclusion is
equivalent to x € sU; and also to s € x/U;. Then from (106), (110) and (111)
we deduce that

|hj(s) = hj(z)] < e/m. (112)

Next we consider the following case: s\ x € Uy and = ¢ Sy, p.cla(W).
Suppose that s € Sy, .. Then Condition (107), Lemmas 2.2, 2.3 imply that
z € Sy, f.cla(W) contradicting the assumption z ¢ Sy, 1. cla(W). Hence
s & Sf,...t.. and consequently, hj(s) = 0 and hj(z) = 0. Thus Inequality (112)
is true in this case as well.

In the case s\ € Uy and s ¢ Sy, y,.clg(W) Condition (107), Lemmas 2.2,
2.3 imply that ¢ Sy, .- Therefore the inequality (112) is fulfilled in this
case too. Thus the estimate (112) is satisfied for each s and z in G such that
s\ z e U.

Next we choose any fixed function ¢ € Cy((G) such that ¢ is not identically
zero on G and ¢(y) = 0 for each y € G — U’y. By virtue of Lemma 3.2 there are
m €N, ¢; >0 and b; € G for each j € {1,...,m} such that

) <Y c;ob) (113)
j=1

for every z € G and

—e—|—Zc]_ (T: ¢) Si (114)

Then Formulas (107), (112), (113) and Lemma 2.2 imply that for each z € G

m

Z (bjz)[hi(b; \ €) + €¢/m)]

for each [. Hence for each x € G we get
qfi(z) = Z [ha(b; \ €) + €/m]¢(bjz)

and consequently, (q;f; : ¢) < Z;"‘:l cjlhi(bj \ e) + €/m]. From > ;" hy <1 we
deduce that 7" (qifi = ¢) < (1+€) 372, ¢;. Together with Inequalities (114)
this leads to the following estimate:

m

S(aifi: 9 <L+ 6).

Jj=1
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Dividing both of sides by (fo : ¢) we get the inequality

quon (fi) < (L+€)Jp, 5, (V). (115)

j=1

Then from (89), (90), (109) and (115) we infer that

E:%%ﬁﬂ <%ﬁ§j%b+f§j%@hbruu+aah(»am>

Jj=1 = Jj=1

Therefore from Inequalities (96), (116), (64) and for € as above it follows that

m

qu‘]¢7fo(fj) < oo aifi) ey (fic fo)+e(l+e)(g: fo)

j=1 j=1 j=1

Jore(O_aifi) +6
=1

IN

This implies the estimate (105) with V = Uy'. |

Theorem 3.11. Let G be a Ty topological locally compact core quasigroup, 0 < €
and f in C({O(G) be a nonzero function, Sy = clg{x € G : f(x) # 0}. Let also
V' be an open neighborhood of e in G and let

[f(x) = fly)l <e (117)

for each x and y in G with 2 \y € V, where V.= V'. Let g € Cf,(G) be a
nonzero function such that g(z) = 0 for each x € G — V'. Then for each § > €
and each open neighborhood W,' of e in G with W, = We/ and a compact closure
clag(W,) contained in 'V there is an open neighborhood U’ of e in G such that
U = U’ and for each nonzero function ¢ in CS:O(G) with a support Sy contained

in U’ there are positive constants ci, ...,¢, and elements by, ..., by, in Syclg(We)
such that for each v € G and v € N(G):

flyz) — g(bj \ yx)| <6, (118)

n

. E—
2T e\ a)
where‘ an expression J§ , (g(v\ x)) means that a functional Jy. 1, is taken in the
v variable.

Proof. The continuous functions f and g are with compact supports, hence they
are uniformly (Lg, Ly) continuous and uniformly (Rg, Ryg) continuous on G
by Corollary 2.15, where H = (C,+). For each y € G the right translation
operator R, is the homeomorphism of G as the topological space onto itself (see
also Section 2). Therefore the function v(y) := (f(z) : g(z\y)) is continuous on
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the quasigroup G and consequently, uniformly continuous on the compact subset
Sy, hence sup,cg, v(y) < oo, where (f(z) : g(z \y)) = (f : 2) is calculated in
the x variable with z(z) = g(z \ y) for a fixed parameter y. We take any fixed ¢
such that € < § < co. Evidently there exists 0 < 1 such that

7 sup v(y) < d —e. (119)
yeSy

Therefore take any fixed open neighborhood W, of e in G such that W, = We/
and clg(We) is compact and clg(W.) C V (see Lemma 2.6). By virtue of
Corollary 2.15 the functions g and h are uniformly (Lg,Ly) continuous and
uniformly (Rg,Ry) continuous. Hence there exists an open neighborhood W’
of e in G such that W7 = W,  and clg(Wy) is compact and clg(Wy) € W." and
for each z and y in G with z \ y € Wq:

lg(z) —g(y)| <n. (120)

Therefore, a subset Syclg(W1) is compact in G (see Theorems 3.1.10, 8.3.13-
8.3.15 in [10], Lemma 2.6). Then we take compact subsets S1 = Syclg(W1) and
S = P(Syclg(Wh)) in G (see Formula (45)). In view of Lemma 2.6 they contain
open subsets SyW; and P(S§Wi) respectively, since Wi is open in G. Recall
that the topological spaces S; and S are normal, since they are compact and
T1 N T35 (see Theorem 3.1.9 in [10]). Using Proposition 2.9 we take an open

neighborhood W' of e in G with Wy = Wg such that

[t(Waa)Wa, (Wab)Wa, (Wac)Wa)Wa] U [Wat((Waa)Wa, (Wab)Wa, (Wac)Ws)]
C [t(a,b,c)Ws] N [Wst(a,b, c)],

[P(Waa)Wa, (Wab)Wa, (Wac)Wa)Wa] U [Wap((Waa)Wa, (W2b)Wa, (Wac)W2)]
C [p(a,b, c)W3] N [Wap(a, b, c)] (121)

for every a, b, ¢ in S, where W3 is an open neighborhood of e in G such that
W2 c Wy.

In view of the Dieudonné theorem 3.1 in [17] there exists a partition of unity
on S;. Together with Theorem 3.3.2 in [10] and Lemma 2.5 this implies that
there are functions ¢, ..., g, in C(;fo (G) and elements wy, ..., w, in S such that

S| C U _, w;Ws and

Z g;(x) = 1 for each z € Sy, (122)
g;(y) = 0 for each y € G — (w; Wa). (123)

The conditions of this theorem imply that for each 2 and y in G with y\xz € V
the following inequalities are satisfied:

[f(z) —elg(y\ =) < f(y)g(y \ z) < [f(2) +€lgly \ 2), (124)
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since for y \ z € V Inequality (117) is fulfilled; for u = y \ ¢ V the function g
is nil, g(u) = 0.

Certainly y € w;W5; if and only if there exists b € W> such that y = w;b.
Then (y \ z) \ (w; \ ) € Wy if and only if there exists ¢ € W; such that
w;\z = ((w;b)\z)c. For w;j\z =v € V this gives ¢ = ((w;b)\ (w;v))\v. In view
of (5), (13), (viii) and (ix) in Definition 2.1 ((w;b) \ (w;v)) \ v = p(w;, b, (w;b) \
(wjv))((b\ v) \ v).

Therefore, from Conditions (120)-(123) it follows that for each z and y in G
and j=1,...n

W) fWlgy\z) —nl < ¢;(v)f(y)g(w; \ =)

< ;W) fWlgly \ ) +nl. (125)
Summing by j in (125), using (124) we infer that for each x and y in G:
[f(x) — elg(y \ =) —nf(y)
Z wj \ ) < [f(x) + gy \ z) +nf(y). (126)

Next we take any ¢ and fp in CJ o(G) such that (b and fo are not identi-
cally zero. From Inequalities (126) after dividing by J ) fo( (y \ )) and using
Lemma 3.7 it follows that for each = in G:

o) — o Jes(f) g i1 9w\ 2)g; (y)f(y)
[f(z) =€ —n T D) < JY T G\ ) )
g nJenlf)
< [f(@) + e +n~ (9D (127)

where Jf;’fo (9(y \ u)) = Jy. 1, (#) means that the functional J" 5.1, 1s taken in the
y variable in G, where z(y) = g(y \ u) for each y € G and a fixed parameter u
in G.

Notice that the function g(y \ z) is jointly continuous in (z,y) € G x G. On
the other hand, in view of Lemmas 2.2, 2.4, 2.6 {u=y\z: z€ Sy, uc Sy} is
a compact subset in G, since Inv;(Sf), Sy, S§Sy and t(Sy, Invi(Sy), S¢Sy) are
compact subsets in G. By virtue of Lemma 3.8 a mapping ¢(x) := J§ ; (9(y\x))
is continuous in the variable z € Sf, 9 : Sy — (0,00). Hence

0 <Ko= inf v(x) < sup v(x) = Ky < . (128)
z f

€Sy

Apparently in Formula (119) the parameter n > 0 can be taken sufficiently
small, because Inequalities (119) and (128) are independent. Then from (127)
and (128) we deduce that for each S > € there exist g; and w; (see above) such
that nJy. 5, (f) < (8 — €)min(1, Ky), consequently,

i1 9(wi \2)g;(y) f(y)
g 1 (g(v\ 2))

fla)— B < J;gfo( ) <f@+s  (129)
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for each z € G.

In view of Lemmas 3.7 and 3.10 for each § > d; > 3 > € there exists an open
neighborhood U of e in G of the form (a) in Lemma 2.6 such that U C W5 and

S 9@\ DWW N Jeplal) o
( J$ 1, (g(v\ 2)) ) ; T2 (9(0\ x))g( i\ )]
oY (130)

y
|J¢>,fo

for each x € Sy. We put ¢; = Jy 4,(g;f) and b; = w; for each j =1,...,n. Thus
the estimates (129) and (130) and Formula (60) imply the assertion (118) of this
theorem. |

Definition 3.12. Let W be an open neighborhood of e in a locally compact quasi-
group G and a nonzero function ¢y € CJ:O (G) be such that ¢w(x) =0 for each
x€G—W. A family {¢w} of these functions will be directed by:
(i) ow, = ow, if and only if Wo C W1 and dw,(z) = 0 implies dw, (z) = 0.
(ii) If dow, = dw, and ow, and dw, are different functions, then it will be
written ¢w, < dw,-

Lemma 3.13. Let G be a Ty topological locally compact core quasigroup satisfying
Condition (70) and let a family of nonzero functions {¢u} in CJO(G) be directed
by Condition (i) in Definition 3.12. In addition choose fo € Y(G, Np) (see (71))
and f € CJO(G). Then the limit exists:

Hm Jou.fo (f) == T (f)- (131)

Proof. Let the net of functions {¢y} in Cf(G) be directed as in Condition
(i) in Definition 3.12. Tt suffices to prove that the net {Jy, s, (f) : ¢v} is
fundamental (i.e. Cauchy) in R. We take any fixed open neighborhood Uy’ of
e in G with Uy = U'ol and a compact closure clg(Up). Let A = Syi 4 cla(Uo),
where Sy, = clg{zr € G: f(x)+ fo(z) # 0}. Therefore, a subset S = P(A) is
compact (see Formula (45) and Lemma 2.6), since Sy, s, is compact.

We choose any function z € CJO(G) such that z|4 = 1. Let 0 < e < 1 and
& = €(16[1 + (2 : fo)][L + (f : fo)])~*. From Corollary 2.15 it follows that there
exists an open neighborhood W’ of e in G such that with W = W":

[f(@) = fy)] < &/2, (132)
lfo(x) = foly)l < &1/2 (133)

for each z and y in G with z\ y € W.
In view of Proposition 2.9 there exists an open neighborhood Uy of e in G
~ !
with Uy = Uy such that

[t((UQCL)UQ, (UQb)UQ, (UQC)UQ)UQ] U [Ugt((UQG)UQ, (UQb)UQ, (UQC)UQ)]
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C [t(a,b,c)B1] N [Bit(a, b, c)],
[p((U2a)Us, (U2b)Us, (Uzc)Uz)Us] U [Uap((Uza)Us, (U2b)Usz, (U2c)U2)]
C [p(a,b,¢)Bi] N [Bip(a, b, c)] (134)

for every a, b, ¢ in S, where B; is an open neighborhood of e in G such that
B% C Uy, Uy = U/ NW' (see Lemma 2.6). Next we take a nonzero function
g€ CS:O(G) such that g(x) = 0 for each z € G — Uy'.

By virtue of Theorem 3.11 for any fixed 0 < § < & and each open neighbor-
hood W,' of e in G with W, = W,  and a compact closure clg(We) contained in
U’ there is an open neighborhood U’3,f of e in G with Uz 5 = U’3,f such that
for each nonzero function ¢ in C({O(G) with a support S, contained in U's ¢
there are positive constants ci, ..., ¢, and elements b1, ..., b, in Syclg(We) such
that for each z € G and v € N(G):

n

"L Tty V< -

Taking Us s C Uy’ we get f(z) = 0 and g(b;\z) = 0 for each x € G — A according
to the choice of b; in the proof of Theorem 3.11, consequently,

flyz) — g(bj \ yx)| < dz(yx) (136)

— ]
J

<77 {0\ @)

n

for each z € G and v € N(G). From the latter estimate and Lemma 3.7 we infer
that

196,50 (F) = Koo (f59)| < 0J5.5,(2) < 6(2 : fo), (137)
where Ko, (f39) = J3 1, 51 77 amman 9(05 \ ©))-
From Estimate (137) and the right Inequality (96) it follows that

sup Koy 5y (f39) < (140)(f 2 fo) + (2 fo) < oc. (138)

du

Applying the proof above to fj instead of f we get an open neighborhood U’s ¢,
of e with Us s, = Ulgyfo and Us y, C Us’ such that for each nonzero function
¢ in C(;f o(G) with support S, contained in U’s s, there are positive constants
di, ..., dm and elements vy, ..., vy, in Sy, clg(We) such that

m

| fo(y2) ; szo oy f \ @)l < () (139)

for each = € G and v € N(G). Consequently, we see:

11— Ko 5, (fo; 9)] < 6(z: fo), (140)



394 S.V. Ludkowski

x m d; . o
where Ko 7, (fo;9) = J§ 5, (3251 Wﬂ(%‘ \ @), since Js 5, (fo) = 1
Moreover,

sup Koy 1, (fo; 9) < (1+0) +6(2: fo) < oo (141)

du

Then U’'s =U's s NU’3 4, is an open neighborhood of e in G. From (137), (140)
and (141) we deduce that

Ky 1,(f;9)
K 1,(fo59)

where d; = 0(z : fo) < &(z : fo) < 1/16. In view of Lemmas 3.7 and 3.10,
Formulas (135) and (136) there exists an open neighborhood U’ of e with Uy =
U’y and Uy contained in U’z such that for each nonzero ¢ in CJO(G) with
Sy C U’y there are the following inequalities:

| Jo,50 (f) — | < 8y + [14 0+ 62)62(1 — 65) 7, (142)

bj\z
[Ks.50(f39) chJ¢ fo figg S\Lx)))l < 4, (143)
1Ky, 10(fo; 9) Zd T igjv\\x)w))ﬂ <6 (144)

holding for every v € N(G). On the other hand, Formulas (69), (76), (78), (85)
and (62) imply that

- g(b; \ z) B g(b; \ x) . oz
T G N o)) = /NO(@(v\w) o) | PEIMD)
(9(b; \ ) : $())

(
= ) (145)
(g (v \e) : ¢(v))
Then from Proposition 2.9 and Formulas (59), (61) it follows that for each b € G
and eacb 0 < 3 < § there exists an open neighborhood U’s;, of e in G with
Us,p = U’sp such that for each nonzero ¢y € C({O(G) with Sy, CU C U's,

(g0\2) : du(z) _ (9(@):¢u(@) | _ o (146)

(N (w\e):du(v) (9P (v\e):du(v))
since Sy, C U and t(a,b,e) = t(a,e,b) = t(e,a,b) = e and p(a, b, e) = p(a,e,b) =
p(e,a,b) = e for each a and b in G. Therefore we take U's = ﬂ?:l U'sp, N
Miey U's ., NU'y and ¢ = ¢y with Y = U’5. We put ¢ = Z?:l
> opeq di. From (142)-(146) and (96) it follows that

cj and d =

2 < Ky, where Ki = 3[L+ (f: fo)](1+8)(1—8)~" < 4[1+ (f: fo)l.

Then we deduce from Formulas (142)-(146) for each ¢y with an open neighbor-
hood U of e in G such that U C U's:

ou,so(F) = 2 < 8(L = 0) 4[4+ (£ : fo)l + 82+ [L+ 8 + dalda(l = 02) 7",
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consequently,

|']¢V17f0 (f) - J¢V27f0 (f)|
< 83(1—8) M1+ (f: fo)] + 202 +2[L + 6 + d2)d2(1 — 62) ™' <€ (147)

for each open neighborhoods V; and V5 of e in G such that V7 C U’s and
Vo € U’s. Thus the net {Js,. 5, (f) : ¢u} is fundamental, whenever the net
{¢v} is directed as described in Condition (i) in Definition 3.12. ]

Remark 3.14. Suppose that G is a T} topological locally compact core quasi-
group such that Condition (70) is fulfilled and choose fy € T(G, No) (see (71)),
functions f and g belong to C;(G) and let g be nonzero. Then in view of
Lemma 3.13 the following functional exists

Jo(F) = J5(F)/ T5(9)- (148)
As a consequence of Lemma 3.13 and Formulas (69) and (148) we get that
the functional J,(f) is independent of fo. (149)
Then Formula (97) and Lemma 3.13, Property (149) imply that
(9: fo)H(fo: /)™H < Jg(f) < (f: fo)(fo:g) (150)

for each fy € T(G, Ng) and every nonzero function f € CSCO(G).

Theorem 3.15. Let G be a Ty topological locally compact core quasigroup fulfilling
Condition (70) and the functional J = J, be defined by Formula (148). Then J
possesses the following properties:

J(£) 2 0 for cach [ € CgolO): (151)
and if a function f € C’({O(G) is nonzero, then J(f) > 0;
Jarfi+ .+ anfn) =1 J(f1) + ... + anJ(frn) (152)
for each f1,..., fn in C({O(G) and ay > 0,...,a, > 0;
J(f)=J(f) (153)
for each b € G and f € Cf((G).

Proof. Property (151) follows from Formula (150). On the other hand, Lem-
mas 3.7, 3.10, 3.13 imply Equality (152).
Then Formulas (76), (78), (85), (148) and Lemma 3.13 imply

J(of ™)y = J (W) (154)
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for each b € G and f in CJO(G).

As a topological space G is locally compact. According to the measure theory
on locally compact spaces (see Chapter 3, Section 11 in [17]) a functional .J
on C({ o(G) satisfying Conditions (151) and (152) induces a regular o-additive
measure p on the Borel o-algebra B(G) of G such that

w(U) = sup{p(X): X is compact, X C U} (155)
for each open subset U in G and
pw(A) = inf{u(V): Visopen, ACV C G} (156)
for each A € B(G) and
10 = [ s (157)
for each f € C(}f o(G) and the functional J has an extension J such that
0= [ s (158)
for each nonnegative p-measurable function f on G, where J (f)y =
inf{J(h) : h > f, hislower semicontinuous }, J(h) = sup{J(p) : p €
)

C30(G), p < h} (see Theorems 11.22, 11.23, 11.36 and Corollary 11.37 in [17]).
On the other hand, for each v € N(G) Formulas (60) and (61) give

(vf:ou) = (f:y0v) = (f: dv)- (159)
From Lemma 3.13, Formulas (148) and (159) we deduce that
() =J(f) (160)

for each v € Ny(G).
By virtue of the Fubini theorem 13.8 in [17], (71), (72), and Formulas (154)-
(157) and (160) above we infer that

T6) = [ T Dran) = /G /N of () My )u(dz)
= TNy = () = /N TG F)Mdy) = J(F),

since A\(Np) = 1 and Ny C N(G). Thus the last assertion of this theorem is also
proved. ]

Theorem 3.16. If G is a Ty topological locally compact core quasigroup fulfilling
Condition (70), then there exists a regular o-additive measure p on a Borel
o-algebra B(G) of G, v : B(G) — [0, 00] such that
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(i) p(U) > 0 for each open subset in G;
(ii) u(A) < oo for each compact subset A in G;
(i) u(bB) = u(B) for each B € B(G) and b € G.

Such p can be chosen corresponding to a functional J satisfying Conditions
(151)-(153).

Proof. This is an immediate consequence of (151)-(153), (155)-(158). In partic-

ular p(A) = J(xa) for the characteristic function x4 of a Borel subset A in G,
where ya(z) =1 for each z € A, xa(y) =0 for each y € G — A. |

Remark 3.17. Each function f in Cp(G) can be represented as f = fT —
[, where fT(x) = max(0, f(z)), fT and f~ belong to Cj(G). Therefore, a
functional J satisfying Conditions (151) and (152) can be extended to a linear
functional on C o(G) such that J(f) = J(f*) — J(f~). Hence Property (153)
extends onto Cj o(G).

Definition 3.18. A linear functional J on Cyo(G) possessing Property (153) is
called left invariant.

A measure p on the Borel o-algebra B(G) of a topological core quasigroup G
such that p satisfies Condition (iii) in Theorem 3.16 is called left invariant.

Theorem 3.19. Let G be a Ty topological locally compact core quasigroup ful-
filling Condition (70) and let p be a measure possessing Properties (i)-(iii) in
Theorem 8.16. Then u(G) < oo if and only if G is compact.

Proof. If G is compact, then by (ii) in Theorem 3.16 u(G) < .

Vice versa suppose that (G) < oo and consider the variant that G is not
compact and take an open neighborhood U’ of e in G with U = U’ such that
U = NoU and its closure clg(U) is compact, hence 0 < u(U) < oo (see also
Condition (70)). By virtue of Theorem 2.8 there exists an open neighborhood
V' of e in G with V' = V' such that V = NoV and [clg(V)]?> € U’. In view of
Lemma 2.5 a subset zU is open in G for each x € G.

At first we take some fixed v71 € G. Then we construct a sequence
{z; : j € N} by induction. Let z1,...,x, be constructed such that if
n > 2, then z;V NaV = 0 for each 1 < j < k < n. By Theo-
rem 3.1.10 in [10] and Lemmas 2.4, 2.6 there exists y € G — J;_, U;, where
Uj == z;Up(a;U, V,V)p(V,V,V)[p(x;U,V,V)]~1, since G is not compact and
Uj is open by Lemma 2.6 and clg(U;) is compact. Put 2,41 = y with this
y. Suppose that there is z € z;V Ny V for some 1 < j < n. There-
fore there would be v and v in V' for which z = z;v = z,41u, consequently,
(xjv)/u = (Tny1u)/u = Ty by Condition (ii) in Definition 2.1 and Formula
(14). Therefore by Formulas (8), (21) and Condition (ix) in Definition 2.1
Tnst = 25(0(e/w)p(z,v, e /u)pleu uu\ €)lp(z;(v(e/u)), u,u\ €)] " contra-
dicting the choice of 41, since [clg(V)]?> € U’. Thus z;V NaxV = 0 for
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each 1 < j < k < n+ 1. This would mean by (iii) in Theorem 3.16 that
w(@) > Z?:1 p(z; V) = nu(V) for each n, contradicting 0 < pu(G) < oco. [

Theorem 3.20. Assume that G is a Ty topological locally compact core quasigroup
satisfying Condition (70) and let the functionals J and H on C({O(G) satisfy
Conditions (151)-(153).

Then a positive constant k exists such that

H(f)=rJ(f) for each f € C({O(G). (161)

Proof. By virtue of Theorem 3.16 there exist two measures py and ps corre-
sponding to J and H. We consider a subalgebra C(G) := 0=1(B(G/ - /Np)) in
B(G), where 6 : G — G/ - /Ny is the quotient homomorphism, B(G) denotes the
Borel o-algebra on G. Put v;(A) = p;(071(A)) for each j and A € B(G/ - /Np).

From Theorems 2.8 and 3.16 it follows that the measure v; on the group
G/ - /Ny is such that v;(V)) > 0 for each nonempty open subset V' in G/ - /Ny,
vj(A) < oo for each compact subset A in G/ - /Ny, v;(cB) = v;(B) for each
c€ G/ /Ny and B € B(G/-/Ny), j € {1,2}. By virtue of Theorem 15.6 in [17]
there are positive constants p; such that v; = p;n, where 1 is a left invariant
Haar measure on G/ - /Ny. Thus J(fN) = p, H(f)/py for each f € C({O(G).

We consider 0y (b, f) = J(,f)/J(f) and no(b, f) = H(of)/H(fW) for each
b € G and a nonzero function f in CJ:O (G). According to Property (153) we get
the identities n;(b, f) = n;(e, f) =1 for each j € {1,2}. This implies that for
each nonzero function f € CJO(G) and b € G:

Jwf)/H(uf) = p1/p2. (162)

The measures p; and pg possess Properties (i)-(iii) in Theorem 3.16. In view of
the Lebesgue-Radon-Nikodym theorem (see [17, Theorem (12.17)] or [5]) there
exists a j; measurable nonnegative function h(x) such that [, g(z)ps(dz) =
Jo 9(@)h(z)p1 (dx) for each g € CJO(G). Therefore from Formulas (158) and
(162) it follows that h(x) is a positive constant. Thus (161) is proved. n

4. Appendix. Products of Core Quasigroups

The main subject of this paper are measures on core quasigroups. Nevertheless,
in this section it is shortly demonstrated that there are abundant families of core
quasigroups besides those which appear in areas described in the introduction.

Theorem 4.1. Let (G, 7;) be a family of topological Ty core quasigroups (see
Definition 2.1), where j € J, J is a set. Then their direct product G = Hje] G;
relative to the Tychonoff product topology T is a topological Ty core quasigroup
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and

Z2(G) =[] 2(G)) and N(G) =] N(G)). (163)

jeJ jeJ

Proof. The direct product of topological quasigroups is a topological quasigroup
(see [8, 10]). Thus conditions (i)-(iii) in Definition 2.1 are satisfied.
Each element a € G is written as a = {a; : Vj € J, a; € G;}. From (iv)-(vii)
in Definition 2.1 we infer that
Com(G) .= {a€ G:Ybe G, ab=ba}
={aecG: a={a;:Vje Jaj€Gj};VbeG,
b={b;:Vje Jb;eG;};VjeJ, ajbj =bja;}
= [ com(G)), (164)
jeJ
N(G) :={aeG: Vbe G, VceqG, (ab)e =a(be)}
={a€eG: a={a;:Vje Ja; €G};
Vbe G,b={b;:Vje Jb;€G,};
Vee G, c={c¢;:Vje JcjeGjl
Vj € J, (abj)e; = a;(bjc;)}

= [ ™(G)) (165)
jeJ
and similarly
Nu(G) = T Nn(Gy), (166)
jeJ
Ne(G) = [ N:(Gy). (167)
Jje€J

Therefore (165)-(167) and (viii) in Definition 2.1 imply that

N(@G) =[] N@G)). (168)
jeJ
Thus
Z(G) == Com(G)NN(G) =[] 2(G)). (169)
jeJ

Let a, b and ¢ be in G. Then (ab)c = {(a;bj)c; : Vj € J, a; € G;j,b; €
Gj,Cj € Gj} = {tgj(aj,bj,cj)aj(bjcj) : Vjed a; € Gj,bj S Gj,Cj S Gj}
= tg(a,b, c)a(be) and analogously (ab)c = a(bc)pg(a, b, ¢), where

tg(a,b, C) = {t(;j(aj,bj,cj) : Vj S J, a; S Gj,bj S Gj,Cj S Gj}, (170)
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pa(a,b,c) = {pg,(a;,bj,c;) : VjeJ, aj € Gj,bj € Gj,c; € Gy}, (171)

Therefore, Formulas (169)-(171) imply that Conditions (ix) in Definition 2.1
also are satisfied. Thus G is a topological core quasigroup. By virtue of The-
orem 2.3.11 in [10] a product of T} spaces is a T} space, hence G is the T}
topological core quasigroup. ]

Corollary 4.2.

(i) Let conditions of Theorem 4.1 be satisfied and for each j € J a core quasi-
group G; satisfies Condition (70). Then the product core quasigroup G
satisfies Condition (70).

(ii) Moreover, if G; is compact for all j € Jy and locally compact for each
j € J\ Jo, where Jo C J and J\ Jy is a finite set, then G is locally
compact.

Proof. Using Formulas (170) and (171) it is sufficient to take No(G) =
[;c5 No(Gj), since the direct product of compact groups No(G;) is a com-
pact group No(G) (see the Tychonoff theorem 3.2.4 in [10] or [17]). The last
assertion (2) follows from the known fact that G as a topological space is locally
compact under the imposed above conditions (see Theorem 3.3.13 in [10]). =

Remark 4.3. Let A and B be two core quasigroups and let N be a group such
that No(A) < N, No(B) — N, N — N(A) and N — N(B) and let N be
normal in A and in B (see also Sections 2.1, 2.7 and 3.5).

Using direct products it is always possible to extend either A or B to get such
a case. In particular, either A or B may be a group. On A x B an equivalence
relation Z is considered such that (v, b)=(v,~vb) for every v in A, b in B and ~
in N.

Let ¢ : A — A(B) be a single-valued mapping, where A(B) denotes a family
of all bijective surjective single-valued mappings of B onto B subjected to the
conditions given below. If @ € A and b € B, then it will be written shortly
b* instead of ¢(a)b, where ¢(a) : B — B. Let also 7 : Ax Ax B — N,
kg : AxBxB— N and & : ((Ax B)/E) x ((Ax B)/E) = N be single-valued
mappings written shortly as 7, k and & correspondingly such that

(1) (bu)v = bvun(vvua b)v 7=, b =b;

(i) n(v,u, (v1b)y2) = n(v,u,b); if v € {v,u,b} then n(v,u,b) = e;

(iii) (eb)* = c"b k(u,c,b);

(iv) k(u, (y16)y2, (v3b)v4) = K(u,c,b) and if v € {u, ¢,b) then k(u,c,b) = e;

(v) &(((vw)ys (v20)73), (v4v)75, (v6b)¥7)) = &((u, €), (v, b)) and £((e, €), (v, b))
= e and &((u,c), (e,e)) = e for every w and v in A, b, ¢ in B, 7, V1,...,77
in N, where e denotes the neutral element in N and in A and B. We put
(a1,b1)(az,b2) = (araz,b165*&((a1,b1), (az,b2))) for each a1, az in A, by
and by in B.
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The Cartesian product A x B supplied with such a binary operation in Re-
mark 4.3 will be denoted by A®*""™* B.

Theorem 4.4. Let the conditions of Remark 4.3 be fulfilled. Then the Carte-
sian product A X B supplied with a binary operation in Remark 4.3 is a core
quasigroup.

Proof. From the conditions of Remark 4.3 it follows that the binary operation
in Remark 4.3 is single-valued. The group N is normal in the quasigroups A
and B by Conditions of embeddings in Remark 4.4. Hence for each a € A and
B € N there exists (af8)/a € N and a\ (Ba) € N, since aN = Na for each a € A.
Similarly it is for B. Thus there are single-valued mappings 74,4(8) = (af)/a,
Ta.a(B) = a\ (Ba), rpp(B) = (b8)/b, Tpp(B) = b\ (Bb), 740 : N — N,
Taa : N = N, gy : N = N, gy : N — N for eacha € A and b € B.
Evidently 74,4(74,6(8)) = B and 74 4(ra,4(8)) = S for each a € A and 5 € N,
and similarly for B.

Let I; = ((a1,b1)(az,b2))(as, bs) and Iy = (a1, b1)((az, b2)(as, bs)), where aq,
az, as belong to A, by, ba, bs belong to B. Then we infer that I1y = ((a1a2)as,

(015" )€((a1, br), (a2, b2))b3" **€((a1az2,b1b3), (a3, b3))) and I = (ai(azas),

b1(b3'b3'**)B) with 8 = n(a1, az,bs)k(ar, ba, b3*)[E((az,b2), (as, b3))]* {((ar, br),

(az2as, bab3?)). Hence I = (a,ba) and I = (a,bB), where

a = aifazas) and b = b (5'63'"?), «a = TFpp(palar,az,a3))

pB(blabglvbglag) 7V1B,bg'1{12 (5((a1ab1)a (aQabQ))) 5((a1a27b1b(2“)7 ((Lg,b3))).
Therefore

L = IQp with P=DPa R ks B((a‘lv bl)v (a27 b2)7 ((Lg, bB))v
Iy = tly with t = tA ®Pmrt B((a‘lv bl)v (a2a b2)7 ((Lg, bB)); (172)
p=pB"aand t=ra4(rps(p)) (173)

Apparently tA @k B((al, bl), (ag, bg), (ag, bg)) € N and Py ®% ok B((al, bl),
(a2,b2), (as, b3)) € N foreach a; € A, b; € B, j € {1,2,3}, since a and 8 belong
to the group N.

If v € N and either (vy,e) or (e,7) belongs to {(a1,b1), (az,b2), (as,b3)},
then from the conditions of Section 4.3 and Formulas (172) and (173) it fol-
lows that pygenne g((a1,01), (az,b2), (a3, b3)) = e and t, gomnre g((a1,b1),
(az,b2), (as,b3)) = e, consequently, (N, e) U (e, N) C N(AR*"™* B).

Apparently (iii) in Definition 2.1 follows from (v) and multiplication (binary
operation) in Remark 4.3.

Next we consider the following equation

(a1,b1)(a,b) = (e, e), (174)

where a € A, b € B.
From (ii) in Definition 2.1 for core quasigroups A and B, (v) and multiplica-
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tion (binary operation) in Remark 4.3 we deduce that
a; = e/a, (175)

consequently, b1b(¢/“¢((e/a, by), (a,b)) = e and hence
by = ¢/[b/e((e/a,e/bY), (a,0))). (176)

Thus a; € A and by € B given by (175) and (176) provide a unique solution of
(174).
Similarly from the following equation

(avb)(aQ;bQ) = (6,6), (177)
where a € A, b € B we infer that
az=al\e, (178)

consequently, bb3¢((a,b), (a\ e,b2)) = e and hence b3 = b\ [¢((a,b), (a\ e,b2))]7?
by Conditions (i), (ii) in Definition 2.1 and the conditions on ¢, 74 and &, in
Remark 4.3 for core A and B. On the other hand, (b3)*/* = ban(e/a, a,by),
consequently, by Lemmas 2.2, 2.3 and the conditions of Section 4.3

bo = (b\ [€((a,b), (a \ e, (b\ )/*N] ")) /n(e/a,a, (b\ e)/).  (179)

Thus Formulas (178) and (179) provide a unique solution of (177).
Next we put (a1, b1) = (e,e)/(a,b) and (az,b2) = (a,b) \ (e,e) and

(a,0) \ (¢,d) = ((a,b) \ (e, €))(c, d)p((a,b), (a,b) \ (e, €), (¢, d));  (180)
(c,d)/(a,b) = [t((c,d), (e, )/ (a,b), (a,0)] " (¢, d)((e,e)/(a,b))  (181)

and eq = (e, ¢), where G = AQ®*""* B. .

Definition 4.5. The core quasigroup A®¢’"’H’EB provided by Theorem 4.4 we
call a smashed product of core quasigroups A and B with smashing factors ¢, 7,
K and &.

Corollary 4.6. Suppose that the conditions of Remark 4.3 are fulfilled and A
and B are topological Ty core quasigroups and smashing factors ¢, n, Kk, € are
jointly continuous by their variables. Suppose also that A®¢’"’H’E B is supplied
with a topology induced from the Tychonoff product topology on A x B. Then
A®¢’77"{’€ B is a topological T\ core quasigroup.

Corollary 4.7. If the conditions of Corollary 4.6 are satisfied and quasigroups A
and B are locally compact, then A®¢’n’ﬁ”§ B is locally compact. Moreover, if A
and B satisfy Condition (70) and ranges of n, k, & are contained in No(A)No(B),
then A®®™""™* B satisfies Condition (70).
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Proof. Corollaries 4.6 and 4.7 follow immediately from Theorems 2.3.11, 3.2.4,
3.3.13 in [10] and Theorems 2.8, 3.4 and Corollary 2.6, since No(A)No(B) C N C
N(A)NN(B) and because No(A)Ny(B) is a compact subgroup in A ®%""* B.

(]

Remark 4.8. From Theorems 4.1, 4.4 and Corollaries 4.2, 4.6, 4.7 it follows that
taking nontrivial ¢, n, K and £ and starting even from groups with nontrivial
N(Gj) or N(A) and G;/- /N(Gj) or A/ - /N(A) it is possible to construct new
core quasigroups with nontrivial No(G) and ranges t¢(G, G, G) and pe (G, G, G)
of t¢ and pg may be infinite and nondiscrete. With suitable smashing factors
¢, n, k and £ and with nontrivial core quasigroups or groups A and B it is easy
to get examples of core quasigroups in which e/a # a \ e for an infinite family
of elements a in 4 Q%" B.

It is worth to mention that under rather general conditions an existence
of a nontrivial nonnegative left invariant measure on the Borel o-algebra of a
topological unital quasigroup implies that it is either locally compact or dense in
some locally compact unital quasigroup [28]. In the latter article also examples
of quasigroups are discussed.

Conclusion 4.9. The results of this article can be used for further studies of
measures on homogeneous spaces and noncommutative manifolds related with
quasigroups. Other applications of left invariant measures on quasigroups belong
to mathematical coding theory and technics such as assessing of web structural
logic and semantic analysis [4, 3, 32]. This is natural, because codings and paral-
lel architectures are frequently based on binary systems and measures. Another
very important applications are in representation theory of quasigroups and
harmonic analysis on quasigroups, mathematical physics, quantum field theory,
quantum gravity, gauge theory, etc. [6, 7, 11, 16, 23, 25].
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