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Abstract. Using the concept of weakly compatible mappings between set-valued map-
pings and single valued mappings due to Ciri¢ and Ume [5], we prove some results
on common fixed points for hybrid pairs of family of mappings satisfying a general-
ized contraction type condition on a complete metrically convex metric spaces which
generalize relevant results in [2, 6, 5, 23, 17]. As an application of our main result,
we also prove a common fixed point theorem in Banach spaces besides furnishing an
illustrative example.
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1. Introduction

In 1972, Assad and Kirk [2] initiated the study of nonself multi-valued mappings
and also proved fixed point theorems for such mappings. After this result, sev-
eral fixed point theorems for such mappings were proved which include relevant
results in [1, 6, 5, 14, 19].

On the other hand there exists fixed point theorems for hybrid pairs of self
mappings which are presented in [9, 16]. Combining these two ideas, Ahmad and
Imdad [4, 3], Imdad and Khan [13, 12, 11, 10], Khan and Imdad [18] and Khan
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[17] have recently proved results on fixed and coincidence points of generalized
hybrid contractions for compatible mappings, pointwise R-weakly commuting
mappings as well as weakly compatible mappings.

The purpose of this paper is to extend and generalize the fixed point the-
orem due to Ciri¢ and Ume [5] proved for nonself multi-valued mappings to
family of hybrid pairs of weakly compatible mappings which is either partially
or completely generalizes the results in [2, 6, 5, 23, 17]. Here for the sake of
completeness, we state the main theorem of Cirié and Ume [5] which runs as
follows:

Theorem 1.1. Let (X, d) be a complete metrically convex metric space and K
be a nonempty closed subset of X. Let S, T be mappings of K into CB(X) such
that

H(Sz,Ty) <a d(x,y) + fmax {D(z,Sz), D(y, Ty)}

+ymax {D(z,Sz) + D(y,Ty), D(x,Ty) + D(y, Sz)} L

for all x,y € X where a, B, > 0 are such that o + 28 + 3v + ay < 1.
If Sx C K and Tz C K for each x € §K (The boundary of K ), then there
ezists a point u € K such that u € Su,u € Tu and Su = Twu.

Notice that D(z, Sx) = inf{ d(z,y) : y € Sx}.

2. Preliminaries

Let (X, d) be a metric space. We denote

(i) CB(X) = {A: A is nonempty closed and bounded subset of X},
(ii) for nonempty subsets A, B of X,z € X, d(x,A) = inf{d(x,a) : a € A}
and H(A, B) = max[{sup d(a,B) :a € A}, {sup d(A,b) :b e B}].
It is well known (cf. Kuratowski [20]) that CB(X) is a metric space with the
distance function H which is known as Hausdorff-Pompeiu metric on X.

Definition 2.1. [22, Definition] Two self mappings F and T of a metric space
(X, d) are T-weak compatible iff the following limits exist and satisfy:

(i) limy,—oo d(TFxyp, FTx,) < limy, oo d(FT2y,, Fx,), and

(i) limy—oo d(TFxy, Txy) < limy, oo d(FT2y, Fx,,).

whenever {x,} is a sequence in X such that Tz, — t,Fx, — t for some
te X.

Definition 2.2. [22, Definition] Mappings F': X — CB(X) and T : X — X are
T-weak compatible if TFx € CB(X) for all x € X and the following limits exist
and satisfy:
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(i) limy,—oo H(TFxp, FTxy,) < lim, o H(FT2y, Fx,), and
(i) limy,—oo H(TFxyp, Txy) < lim, oo H(FTxy, Fx,),

whenever {x,} is a sequence in X such that Tx, -t € A and Fz, — A €
CB(X).

Motivated by the definition of weak compatability in [22, 7] adopted the same
to nonself setting.

Definition 2.3. [7, Definition] Let K be a nonempty subset of a metric space
(X,d). Mappings F : K — CB(X) and T : K — X are said to be weakly
compatible on K if for any sequences {xzn} and {y,} in K such that Tz, €
K, F(x,) N K # ¢, the following limits exist and satisfy:

(i) limsup,,_,o d(Tyn, FTx,) < limsup,, . H(FTx,, Fx,), and
(i) limsup,, . d(Tyn, Txy) < limsup,,_, . H(FTx,, Fx,),
whenever y, € F(x,) N K and lim,_,c d(yn, Tzy,) = 0.

Notice that if F/: X — X and T': X — X are self mappings of X and lim
sup is replaced by lim, then this definition reduces to [22, Definition 2.2].

Definition 2.4. [13, Definition] Let K be a nonempty subset of a metric space
(X,d), T: K — X and F : K — CB(X). The pair (F,T) is said to be quasi-
coincidentally commuting if for all coincidence points ‘a’ of (F,T), TFx C FTx
whenever Fx C K and Tx € K for all z € K.

Definition 2.5. [13, Definition] A mapping T : K — X is said to be coincidentally
idempotent w.r.t mapping F : K — CB(X), if T is idempotent at the coincidence
points of the pair (F,T).

Definition 2.6. [18, Definition] A mapping T : K — X is said to be occasionally
coincidentally idempotent w.r.t mapping F' : K — CB(X), if there exists a point
z € K such that T is idempotent at the coincidence points of the pair (F,T).

Definition 2.7. [2, Definition] A metric space (X,d) is said to be metrically
convex if for any x,y € X with x # y there exists a point z € X, x # z # y such
that

d(z,2) +d(z,y) = d(x,y).

Lemma 2.8. [2, Lemma 2.8] Let K be a nonempty closed subset of a metrically
convez metric space (X,d). Ifx € K andy ¢ K then there exists a point z € K
(the boundary of K ) such that

d(z,2) +d(z,y) = d(x,y).
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Lemma 2.9. [6, Lemma 2.9] Let A, B € CB(X) and a € A. Then for any positive
number q < 1 there exists b = b(a) in B such that q d(a,b) < H(A, B).

3. Main Results

Theorem 3.1. Let (X,d) be a complete metrically convex metric space and K be
a nonempty closed subset of X. Let {F,}32, : K - CB(X) and S,T: K — X
satisfying the conditions:

(i) 6K C SKNTK,Fy(K)NK C SK, F;(K)NK C TK,
(ii) Tz € 0K = Fi(x) C K,Sz € 0K = Fj(z) C K, and

H(Fi(x), Fj(y))

<a d(Twz,Sy) + Bmax{d(Tz, Fi(z)),d(Sy, F;(y))}
+ymax{d(T'z, Fi(x)) + d(Sy, F;(y)), d(Tz, Fj(y))
+d(Sy, Fi(x))}

(2)

where i =2n—1,j =2n, (n € N),i # j for all x,y € X with x # y, where
a,B,7v>0, ¢ <1 suchthat o+ 2B+ 3y +ay <q<1,
(ili) (Fi(x),T) and (F;(y),S) are weakly compatible pairs,
(iv) T and S are continuous on K.
Then there exists a point z € K such that z = Tz = Sz € F;(z) N F;(2).

Proof. Firstly, we proceed to construct two sequences {x,} and {y,} in the
following way. Let z € §K. Then due to 6K C TK there exists a point
2o € K such that © = Txg. From Tz € 6K = F;(z) C K, one concludes that
Fi(xo) C FA(K)NK C SK. Let 1 € K be such that y; = Sx1 € Fi(z9) C K.
Since y1 € Fi(zp), there exists a point yo € Fy(x1) such that

q d(y1,y2) < H(Fi(zo), F2(21)).

Suppose y2 € K. Then yo € Fo(K)NK C TK, which implies that there exists
a point z2 € K such that yo = Tze. Otherwise, if yo ¢ K, then there exists a
point p € K such that

d(leap) + d(pa y2) = d(lea y2)
Since p € 0K C TK, there exists a point xo € K such that p = Tz9 and so
d(Sz1,Txs) + d(Tx2,y2) = d(S71,Y2).

Let y3 € F3(x2) be such that g d(ys,ys3) < H(Fs(x1), F5(x2)).
Thus, repeating the foregoing arguments, one obtains two sequences {z, }
and {y,} such that

(a) yan € Fop(zan—1), for all n € N, yopt1 € Fony1(zay,) for all n € Ny =
N U {0},
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(b) yon € K = yo,, = Txay, OF Yo, ¢ K = Txay, € IK, and
d(Szan—1,Tw2n) + d(Tx2n, Y2n) = d(ST2n-1, Y2n)
(¢) Yant+1 € K = yant1 = Swant1 or Yont1 ¢ K = Swopi1 € 0K, and
d(Tw2n, Stany1) + d(ST2nt1, Y2nt1) = d(TT2n, Y2nt1)

(d) g dyan—1,y2n) < H(Fon—1(x2n—2), Fon(r2n—1)) and q d(yon,yon+1) <
H(Fopn(x2n—1), Font1(x2n)).

We denote

P, = {Txo; € {Txan} : Twos = y2i },
Py = {Txg; € {Txon} : Txoi # y2i}s
Qo = {Sw2i41 € {ST2nt1} : ST2it1 = Y2it1},
Q1 = {Sw2i41 € {Sxany1} - STaip1 # Y2ir1}-

One can note that (T'za,, Stan+1) € P X Q1 and (Szap—1,T22,) € Q1 X Pi.
Now we distinguish the following three cases:
Case 1. If (T'xapn, Sxont1) € Ps X Qo, then

q d(Tw2,, STont1)

q d(y2n, Y2n+1) < H(Fon+1(@2n), Fon(2n-1))

ad(Txop, Stan—1) + Bmax{d(Txaon, Font1(x2n)), d(STon—1, Fon(2n-1))}
+ v max{d(Txan, Font1(22n)) + d(Sx2n—1, Fon(T2n-1)),

d(TZon, Fon(Tan-1)) + d(Sz2n—1, Font1(z2n))}

@ d(y2n—1,Y2n) + B max{d(yan, Y2n+1), d(Y2n—1, Y2n)}

+v max{d(yzn, Yon+1) + d(Y2n—1,Y2n), d(Y2n—1, Y2n+1) }

a d(Yan—1,Yon) + B max{d(yan—1, Y2n), d(Y2n, Y2n+1)}

+7 {d(y2n—1,Y2n) + d(Y2n, y2n+1)},

IN

IN

IN

q d(Txan, STont1)
< (a+7) d(y2n—1,y2n) + B max{d(y2n—1,Y2n), A(Y2n, Yon+1)} (3)
+v d(Y2n, Y2n+1)-

If we suppose that d(y2n—1,y2n) < d(Yon, Y2n+1) then we obtain
q d(Txan, Stont1) < (a+ B+ 27) d(y2n, Y2n+1)

which is a contradiction. Therefore from (3) we obtain

q d(Txapn, Stant1) < (a+ B+7) d(Y2n, Yan—1) + 7 d(Y2n, Y2n+1)
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which in turn yields

a+ B4y

d(Txap, Ston <(
(Txo 2n+1) P

> d(S:EQn,l,T{EQn). (4)

Similarly if (Szan—1,Tx2,) € Qo X Ps, then

a+ B4y

d(SxQn—laT'xQn) S (
qa—7

) d(Sxan_1, TTon_2). (5)

Case 2. If (T'xap, Sxont1) € Po X Q1 then
d(Txan, Stant1) + d(STont1, Yont1) = A(Txon, Yon+1),

which in turn yields d(Txan, Sxon+1) < d(TZon,Yan+1) = d(Yan, Yon+1), and
hence

q d(Txon, St2nt1) < q d(Y2n, Yan+1) < H(Fony1(22n), Fon(22n-1))-
Now, proceeding as in Case 1, we have

a+ B+

d(Txap, Ston <<
(T 2n+1) P

) d(Swon—1,TT2m,).

If (Sxon—1,Tx2,) € Q1 X P, then as earlier, we also obtain

a+ B+

d(SxQn—laTx2n,) S <
q—7

) d(5$2n—1, szn—z)-

Case 3. If (T'zay, Stont1) € P1 X Qo then Sxo,_1 = yo,—1. As in Case 1, we
get

q d(Tw2p, ST2n41)

q d(Txon,Y2n+1) < ¢ {d(Tx2n,y2n) + d(Y2n, Y2n+1)}

q d(Tz2n,y2n) + q d(y2n, Y2n+1)

q d(Tw2n,Y2n) + H(Font1(22n), Fon(T20-1))

qd(T w2, Y2n) + ad(T 2, Ston—1) + B max{d(Tr2n, Y2n+1), d(Y2n—1,Y2n) }
+ymax{d(Txan, Yan+1) +d(Y2n—1, Y2n ), A(TZ2n, Y2r) + d(ST2n_1, SToni1)}.

IA N CIA

Since o < ¢ and d(T'wap, Yon) + d(Tx2pn, STon—1) = d(ST2n—1,Y2,) We obtain
q d(Tx2n,y2n) + o d(T22n, STon—1) < q d(ST2n—_1,Y2n)-
Also, by the triangle inequality, we obtain

d(TxQna y2n) + d(Sxanlv Sw2n+1)
(Txon, Yon) + d(Stan—1,Tx2n) + d(Tx2n, STant1)

<d
< d(Szon—1,Yon) + d(TZ2n, STant1).
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Therefore

q d(Tx2n, STony1)
< q d(Sxanla y2n) + B max{d(TxZn; y2n+1); d(anflv y?n)}
+v {d(Szan-1,Y2n) + d(TT2n, Yon+1)}

If d(Txon, Y2n+1) > d(Y2n—1, y2n) then we obtain

q+
9T ) i(Swan 1, yam).
< q—ﬁ—7> (Sz2n—1,Y2n)

N

d(Txon, STopi1)

Otherwise, if d(Txon,y2n+1) < d(Yan—1,Y2n) then
+ B+
d(Txon, Stopy1) < <q b 7) d(STon—1,Yan)
+
S <q qﬁry 7) d SxQn—laan)-

Now, proceeding as earlier, we also obtain

a+ B+

d(SxQn—laan) S (
q—7

) d(szn—l, szn—z)-

Therefore combining above inequalities, we have

d(Txon, Stopy1) < kd(Sron—1,TTon—2),

where k = (‘”—7) (M) .

q—B— q—
Thus in all the cases, we have

d(Txon, Stont1) < kmax {d(Szan—1,T2on), d(TT2n—2, STon—1)}, (6)
whereas
d(Stan+1, Trant2) < kmax {d(Szan—1,T2n), d(Txon, STant1)} (7)

Now on the lines of Assad and Kirk [3], it can be shown by induction that
for n > 1, we have

d(T:EQn, Sx2n+1) S k™6 and d(S:EgnJrl,T:EgnJrg) § knJr%(S,

whereas

§ = k7 max {d(Txo, Sx1),d(Sx1,Tx2)}.

Thus the sequence {Txg,Sx1,Tx2,S%3,...,5%2m—1,TTon, STant1,...} 18
Cauchy and converges to some point z. It follows that {Tx2,} — z as n — o
that is yo, — 2z as n — oo. For each y2, denoted by Y5, one of the sub-
sets {Fop(x2n—1)} which contains yo, and also ysn+1 denoted by Ya,y1 one
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of the subsets {Fap41(z2,)} which contains yon,41. Then H(Yan,Yont1) <
(%)d(ngn_l,Txgn) (See (4)), or

H(Yant1,Yont2) < k max{d(Sz2n—1,T22,), d(TT2n, Sx2n11)} (by (7)) (8)

Since the sequence is Cauchy, it follows that {Y,,} is Cauchy in the complete
metric space (CB(X), H). Thus lim,,_,c Y, =Y for some Y € CB(X). Now we
have

D(z,Y) <d(z,yn) + HY,,Y) =0 as n— o

and hence z € Y. By the construction of the sequence there exists at least one
subsequence {Txay, } or {Sx2y,+1} which is contained in P, or Q. respectively.
Consequently the subsequence {Sza,,+1} which is contained in @, for each
k € N, converges to z. Since Sxant1 = Yan+1, {99%an, +1} and {Fap, (Sxon, 1)}
are well defined. Set

Ly = d(Sz2n, 11, Fon(S2n, 1)) and Ry, = H(Fan(T2n,-1), Fon(ST2n, 1))
Therefore
Rk S H(Yan ) YVan-i—l) + H(F2n+1 (x2n,k)7 FQn(Sxan—l))
< H(Yan,, Yon, 1) +ad(Twon, , SST2m, 1)+ ma’X{d(sznk s Foni1(22n,)),
d(SSxan, —1, Fon(Sx2n, —1))} +v max{d(Tx2n,, Font1(T2n,))

+d(55$2nk—17 FQn(Sxan—l))v
d(Txan,, Fon(Stan,—1)) + d(Font1(xan, ), SSTon, —1)}

< H(Yon,, Yon, 1) + @ d(y2n, , SSx2n, 1) + B max{d(yan,, Y2n,+1);
d(SSxan, —1, Fon(Sx2n, —1))} + v max{d(yzn,, Y2n,+1)
+d(SSTon,—1, Fon(STan,—1)),
d(Yan,,, Fon (STan,—1)) + d(Y2n, +1, SSTan,—1)}

< H(Yan,, Yon,+1) + & [d(F2n(STan,—1), SSxon,—1) + Ri]
+8 [d(SSzan, -1, Fon (STan, —1)) + Ri]
+v [d(Sxan,+1,SSTan,—1) + Ril.

Hence

Ry, <H (Yan,,, Yon,+1) + (o + B) [d(SSxan,—1, Fon(Sxan,—1)) + Ri)

9
+ v [d(SxanJrhSSiEanil) +Rk] ( )

Since Y,, — Y, Szap,+1 — 2z and as S is continuous, it follows that the
real sequence { Ry} is bounded. Thus limsup,,_, . Ri exists. Since Fy, and S
are weakly compatible and Sxap,, 11 = Yone+1 € K, yon,+1 € Fon(K) N K and
lim,, 00 d(STan, +1, Y2n, ) = 0. Using Definition 2.3, one gets

lim sup Ly < lim sup Ry, (10)
n—oo n—oo
lim sup d(SSwzan,+1,5%2n,—1) < lim sup Rj. (11)

n—oo n—oo
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Denoting limsup,,_,., Rk as R and taking the upper limit in (8), by (9) and
(10), we get R < (o + 8+ v)R. Hence R = 0. Then from (11), d(Sz,z) = 0.
Thus Sz = z. Similarly, using the foregoing arguments, we obtain Tz = 2. In
order to show that z € Fy, (%), consider

q d(y2n,+1, Fon(2))

H(Fant1(72n,), Fon(2))

a d(Txan,,S2) +  max{d(Txan,, Font1(T2n,)), d(Sz, Fon(2))}
+v max{d(Txan,, Fant1(T2n, ) + d(Sz, Fon(2)), d(Tx2n,, Fon(2))
+d(Sz, Font1(xon,))}

B d(z, Fon(2)) + 7 d(z, F2n(2)),

implying thereby z € Fy,(2).
Next consider

q d(Fon41(2), 2)

H(Fant1(2), Fan(2))

a d(Tz,8z)+ 8 max{d(Tz, Fant1(2)),d(Sz, Fan(2))}

+ymax{d(Tz, Fant1(2)) + d(Sz, Fon(2)),d(Tz, Fon(2)) + d(Sz, Font1(2))}
B d(z, Fany1(2)) +7 d(2, Fant1(2)),

implying thereby z € Fy,41(2). Thus we obtained z = Tz = Sz € Fi(2) N

F;(z), which shows that z is a common coincidence point of {F, }, S and T. This
completes the proof. [ ]

IA

IN N

IN

Remark 3.2. Setting F; = F; = F for all (i and j), S=T =Ig and f=0=1
in Theorem 3.1, we deduce a theorem due to Assad and Kirk [3].

Remark 3.3. By setting F; = F for all ¢, F; = G for all j and S =T = Ix in
Theorem 3.1, we deduce a theorem due to Ciri¢ and Ume [7].

Remark 8.4. By setting F; = F for all i, I; = G forall j and S =T = Ig in
Theorem 3.1, we deduce a partially generalized form of a result due to Ciri¢ and
Ume [6].

Remark 3.5. By setting F; = F; = F for all (i and j) and S =T = Ig in
Theorem 3.1, we deduce a theorem due to Rhoades [23].

Theorem 3.6. Let (X, d) be a complete metrically convex metric space and K be
a nonempty closed subset of X. Let F : K — CB(X) satisfying the contraction
condition:

H(Fz, Fy) < ad(z,y) + Bmax{d(z, Fz),d(y, Fy)} + ~ {d(z,Fy)+d(y, Fz)}
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for all z,y € X where «, 8,y > 0 such that (ig—fz)(%ﬁ”) < 1.
If Fx C K for each x € JK, then there exists z € K such that z € Fz.

Proof. From the condition of Rhoades [23], one can write

(1+oz+'y) (a—i—ﬁ—i—’y)
1-8—~ L=y
atft+y+a®+aBtaytaytBy+y?
l—y=B+py—7+7"
a+t28+3v+ay+a®+af+ay+By+9P - B2y
L+9(B+7) —B—2v
a+28+3y+ay+ala+B+7)+B+v)y—8—2y
1+v(B8+7v)—B—2y
Rhoades condition implies that a+28+3v+ay+ala+ B+7) < 1. Thus, we

can say that Theorem 3.1 is a generalization of the theorem of Rhoades. Notice
that condition (2) for § =0 and v = 0 reduces to a < 1. |

Remark 3.7. Theorem 3.1 is a generalization and extension of Theorem 2.1 due
to Ciri¢ and Ume [7] and generalization of theorem due to Assad and Kirk [3],
Assad [4], Khan [21], Itoh [14] and Rhoades [23]. The present technique of proof
gives a simplication of the corresponding proofs given by Ciri¢ and Ume [7], Ttoh
[14], Khan [21] and Rhoades [23].

In the next theorem we utilize the closedness of TK and SK (or F;(K) and
F;(K)) to relax the continuity requirements besides minimizing the commuta-
tivity requirements to merely coincidence points.

Theorem 3.8. Let (X,d) be a metrically convex metric space and K be a
nonempty closed subset of X. Let F,, : K — CB(X) and S,T : K — X satisfying
(2) and the conditions (i) and (i) of the Theorem 3.1. Suppose that TK and
SK (or F;(K) and F;(K)) are closed subspaces of X. Then the pair (F},S) as
well as (F;,T) has a point of coincidence.

Moreover, (F;,T) has a common fized point if T is quasi-coincidentally com-
muting and occasionally coincidentally idempotent w.r.t F;, whereas (F;,S) has
a common fized point provided S is quasi-coincidentally commuting and occa-
sionally coincidentally idempotent w.r.t Fj.

Proof. Proceeding as in Theorem 3.1, we assume that there exists a subsequence
{T'z2p, } which is contained in P, and TK as well as SK are closed subspaces
of X. Since {T'xan,} is Cauchy in TK, it converges to a point v € TK. Let
v € T~ y. Then Twv = u. Since {SZan, +1} is a subsequence of Cauchy sequence,
{Sxan,+1} converges to u as well. Using (2) we can write

q d(E (U)a Txan)
< H(F;(v), Fj(zon,—-1))
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< «a d(TU, SZ‘an_l) + ﬁ maX{d(Sxan—la Fj (xan—l))v d(T’U, E(U))}
+ v max{d(Swon, 1, Fj(v2n,-1)) + d(T, Fi(v)),
d(Tv, Fj(z2n, 1)) + d(Sw2n, 1, Fi(v))},

which on letting k£ — oo, reduces to

q d(Fi(v),u) < B max{d(u, Fi(v)),0} + v max{d(F;(v),w),d(Fi(v),u)}
< (B+7) d(u, Fi(v)),

yielding thereby u € F;(v), which implies that u = Tv € F;(v) as F;(v) is closed.
Since Cauchy sequence {T'zay,, } converges to u € K and u € F;(v), u €
F;(K)NK C SK, there exists w € K such that Sw = u. Again using (2) we get

¢ d(Sw, Fy(w))
¢ d(Tv, Fy(w)) < H(F(v), F(w))

< a d(Tv,Sw)+ f max{d(Tv, F;(v)),d(Sw, Fj(w))}

+ oy max{d(Tv, Fi(v)) + d(Sw, Fy(w)), d(Tv, Fy(w)) + d(Sw, Fy(v))}
(a+ B +7) d(Sw, F(w)),

IN

implying thereby Sw € F;(w), that is w is a coincidence point of (S, F}).

In case F;(K) and F;(K) are closed subspaces, then u € F;(K)NK C SK or
F;(K)NK C TK. The analogous arguments establish the desired conclusions. If
we assume that there exists a subsequence {Sxap, +1} contained in Q, with TK
as well as SK are closed subspaces of X, then noting that {Sxza,,+1} is Cauchy
in SK, the foregoing arguments establish that Tz € Fj(z) and Sw € Fj(w).

Since v is a coincidence point of (F;,T') therefore using quasi-coincidentally
commuting property of (F;, T) and occasionally coincidentally idempotent prop-
erty of T w.r.t F; we have

Tve Fi(v)andu=Tv=Tu=TTv=Tv =u.

Therefore u = Tu = TTv € TF;(v) C F;(Tv) = F;(u), which shows that u is
the common fixed point of (F;,T). Similarly using the quasi-coincidentally com-
muting property of (F},.S) and occasionally coincidentally idempotent property
of S w.r.t F; we can show that (F},S) has a common fixed point as well. This
completes the proof. [ ]

Finally, we prove a theorem when closedness of K is replaced by compactness
of K.

Theorem 3.9. Let (X, d) be a complete metrically convex metric space and K be
a nonempty compact subset of X. Let {F,}5,: K - CB(X) and T : K — X
satisfying:

(i) 6K C TK, (F;(K)UF;(K))NK CTK,
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(ii) Tz € K = Fi(z) U Fj(z) C K, with
H(Fi(x), Fj(y)) < M(x,y), when M(z,y) >0, for all z,y € K,

where

M(z,y) =a d(Tz,Ty) + f max{d(Tz, Fi(x)),d(Ty, F;(y))}
+ v max{d(Tz, Fi(z)) + d(Ty, Fj(y)),d(Tz, F(y)) ~ (12)
+d(Ty, Fi(x))}

for all x,y € X with © # y, where o, B and v are non-negative reals with
a+28+3y+ay<q<1. IfT is weakly compatible with F,, then F,, and
T have a common coincidence. Moreover F,, and T have a common fized
point provided Tz remains fixed under T.

Proof. We assert that M (z,y) = 0 for some z,y € K. Otherwise M (x,y) # 0,
for any z,y € K implies that

H(Fi(z), F;(y))

f(xay) = M({E y)

is continuous and satisfies f(x,y) < 1 for all (z,y) € K x K. Since K x K is
compact, there exists (u,v) € K x K such that f(z,y) < f(u,v) = ¢ < 1 for
z,y € K, which in turn yields H(F;(z), Fj(y)) < cM(z,y) for z,y € K and
0 < ¢ < 1. Therefore using (12) we obtain

{a—l—ﬁ—i—’y a+y }
max , < 1.
qg—v q—B—7

Now by Theorem 3.1 (with restrictionS = T,) we get Tz € F;(z) N Fj(2)
for some z € K and one concludes M (z,z) = 0, contradicting the facts that
M (z,y) > 0. Therefore M (x,y) = 0 for some z,y € K which implies Tz € F;(x)
and Tax =Ty € Fj(y). If M(z,x) =0 then Tz € F;(x) and if M(x,z) # 0 then
using (12) we infer that d(Tx, Fj(x)) < 0 yielding thereby Tz € F;(x). Similarly
in either of the cases M (y,y) =0 or M(y,y) > 0 we conclude that Ty € F;(y).
Thus we have shown that F,, and T have a common point of coincidence. ]

By setting T' = Ix in Theorem 3.9, we deduce the following corollary for a
family of maps.

Corollary 3.10. Let (X,d) be a complete metrically convex metric space and K
be a nonempty compact subset of X. Let {F,}°°; : K — CB(X) satisfying:
z €K = Fi(x), F;(z) C K,
H(Fi(z), Fj(y)) < ad(z,y)+ B max{d(z, Fi(z)),d(y, F;(y))}
+ymax{d(z, Fi(x))+d(y, F; (y)), d(z, F; (y)) + d(y, Fi(x))}
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for all x,y € X with x # vy, where o, B and v are non-negative reals with
a+28+3y+ay<qg<1. Then z € Fi(z) and z € F;(z).

Remark 3.11. Similar corollaries can also be derived for a family of maps by
setting F; = F; and T' = I in Theorem 3.9.

4. An Illustrative Example

Now, we furnish an example which demonstrates the validity of the hypotheses
of Theorem 3.1 besides establishing the genuineness of our extension over other
relevant results of the existing literature.

Ezxample 4.1. Let X = R be the set of reals equipped with natural distance and
K ={3'}U[0,1]. Define F,, : K — CB(X) and S,T: K — X by

oy JIEE0 if o<z <], = ifo<a<l,
Fl(x)_{ {o}y if ze {31}, Tr = 1 if o= {31},

o fEE0 if0<a<l, = oifo<z<l,
FJ(“)_{ {0} if ze {31} S = if x={31},

—_

where i = 2n — 1 and j = 2n. Since §K( the boundary of K) = {},0,1}.
Clearly 0K C TK N SK.
Further, F;(K)NK = (5,0)nK C TK and F;(K)NK = (5,0|nK C SK.
Also

T(%l)zleéK:Fi(%l):{O}CK,
T(0) =0 € 6K = F,(0) = {0} C K,
T(1)=1¢ 6K = F(1) = {0} C K,

S(_l :1651(:»1?]-(_—1):{0}9(,
0

Similarly, by a routine calculation we can show that (F;, F}) is a generalized
(S,T) contraction pair of K into CB(X) with a = 1 and 8 =y = 1. And also
‘0’ is a point of coincidence as T0 = F;(0) and S0 = F;(0). Thus F,,, S and T'
have a point of common coincidence, whereas both the pairs (F;,T') and (F}, S)
are weakly compatible pairs and the pair (T,S) is continuous. Thus all the
conditions of Theorem 3.1 are satisfied and note that ‘0’ is the unique common
fixed point of F,, S and T.
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5. Application

Now we state and prove the following theorem in Banach spaces as an application
of our main Theorem 3.1 for two pairs of single valued nonself mappings. While
proving this result the notion of demiclosed and starshaped subset are utilized.

Definition 5.1. [8, Definition] Let K be a non empty subset of a normed linear
space X. A mapping T : K — X is said to be demiclosed if {x,,} C K,z, — x
and Tz, —y € X then Tx = y.

Definition 5.2. [10, Definition] Let K be a non empty subset of a normed linear
space X. K is said to be starshaped if there exists at least one point p € K such
that for each x € K and t € [0,1],(1 —t)p + tz € K.

Definition 5.3. [15, Definition] A pair (F,T) of nonself mappings defined on a
nonempty subset K of a set X is said to be weakly compatible if Fx = Tz for
some x € K with Fx,Tx € K = FTx =TFx.

Theorem 5.4. Let K be a nonempty weakly compact starshaped subset of a Ba-
nach space X. Let (F,G) a generalized (S,T) nonexpansive mappings of K into
X satisfying:
(i) 0K C SKNTK,FKNK C SK,GKNK C TK,
(i) Tr € K = Fr e K,Sx € 6K = Gz € K,
(iii) (F,T) and (G, S) are weakly compatibles pairs, with

d(Fz,Gy)
<a d(Tz,Ty) +  max{d(Txz, Fz),d(Ty,Gy)} (13)
+ max{d(Tz, Fx) + d(Ty, Gy), d(Tx, Gy) + d(Ty, Fz)}

for all x,y € X with © # y, where o, 8 and v are non-negative reals with
a+28+3v+ay < 1. Moreover, if (I—F) and (I —G) are demiclosed, then
the mappings F,G,S and T have a common fized point z € K provided S
and T are continuous.

Proof. Choose p € K such that (1—¢)p+tx € K forallz € K and all ¢t € (0, 1).
Take k, = 1 — %,n = 2,3,4,... and define F,,,G, : K — X by F,(z) =
(I —kp)p+kn(Fz) and Gp(z) = (1 — kp)p + kn(Gz) for all z € K. It is easy to
verify that (F,, G,) is a generalized (S, T") contractive mapping of K into X and
F,, G, satisfy conditions (i), (ii) and (iii). Since weak topology is Hausdorff and
K is weakly compact, we can conclude that K is weakly closed and hence strongly
closed. Now by Theorem 3.1 (for single valued setting) for each n > 2, F,,, G,,, S
and T have a unique common fixed point, say z,, € K. Now it follows that z, has
a weakly convergent subsequence and we can assume that z, itself converges to
z € K weakly. Since weakly convergent sequences are norm bounded, therefore
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we can find a constant M > 0 such that ||z,|| < M for all n > 2. Now for every
n > 2, we can have

(I = F)zall = [l2n — [k {Fz0 — (1= kn)p}|
= [|zn — [k;IFZn _krjl(l — kn)pll|
= [J(1 = Ky Hzn — (1 =k H)pl|
= [[(1 =k, )z — D)l
< (X = kDI Call + [lpl])

< (1= K, DI + [[pl])

since ||z,|| < M. Since k,;' — 1 as n — oo, we have (I — F)z, — 0 € K. Also
zn — 2z € K and (I — F) is demiclosed, it follows that (I — F)z = 0 giving
thereby Fz = z. Similarly using the demiclosedness of (I — G) we can show that
Gz = z. Since for each n > 2, Tz, = z, and Sz, = z,, therefore taking the limit
as n — oo, we obtain Tz = Sz = z as T and S are continuous. This completes
the proof. [ ]

By setting S = Ik in Theorem 5.1 we deduce the following corollary for three
maps.

Corollary 5.5. Let K be a nonempty weakly compact starshaped subset of Banach
space X. Let (F,G) be a generalized T non-expansive mappings of K into X
satisfying:

(i) Tx € 0K = Fz,Gx € K,
(ii) SIKCTK, (FKUGK)NK CTK
(iii) F and T are weakly compatible pairs.

Moreover, if (I — F) is demiclosed, then the mappings F,G and T have a
common fized point z € K provided T is continuous.
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