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Abstract. Let A be a Banach algebra and X be a locally compact space. We derive

various character amenability and construct the corresponding approximate character

means of the A-valued continuous function algebra C0(X,A) directly from those of A.
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1. Introduction

The concept of amenable Banach algebras was introduced by Johnson [7]. Let A
be a (complex) Banach algebra and let E be a Banach A-bimodule. A bounded
linear map D : A → E is called a derivation if D(ab) = a.D(b) + D(a).b for
all a, b in A. Note that if E is a Banach A-bimodule then E∗ is also a Banach
A-bimodule with the module actions defined by

〈a.x∗, x〉 = 〈x∗, x.a〉 and 〈x∗.a, x〉 = 〈x∗, a.x〉 , for x∗ ∈ E∗, x ∈ E, a ∈ A.

We call A amenable if for any Banach A-bimodule E, every continuous derivation
D : A → E∗ is inner, i.e., there is an x∗ ∈ E∗ such that

D(a) = dx∗(a) := a.x∗ − x∗.a, ∀a ∈ A.

Let φ be a (nonzero) character on A, that is, a nonzero homomorphism from
A into C. For any right Banach A-module E, we define a left action

a.x = φ(a)x for a ∈ A, x ∈ E,

to make E become a Banach A-bimodule, which we denote by Eφ. Following
[6], we say that A is φ-amenable if for any right Banach A-module E, every
continuous derivation D : A → E∗

φ is inner. We call A character amenable if it is
φ–amenable for every character φ on A. It is plain that every amenable Banach
algebra is character amenable. However, the converse is not true in general. For
example, the Fourier algebra A(G) of a locally compact group G is character
amenable but it is not always amenable (see [6, Example 2.6]).

As generalizations, we call a Banach algebra A locally approximately φ–
amenable if for any right A-module E and any continuous derivation D : A →
E∗

φ, there is a net {ξα}α in E∗ such that the inner derivations dξα(a) = a.ξα −
ξα.a = a.ξα − φ(a)ξα converge to D(a) in norm topology in E∗ for each a ∈ A.
If the convergence is always uniformly in a ∈ K for any normed bounded (resp.
compact) subset K of A, we call A uniformly (resp. compactly) approximately
φ–amenable.

A net {uα}α in A is called a locally approximate φ–mean if φ(uα) = 1 for
all α, and ‖auα − φ(a)uα‖ → 0 for all a ∈ A. If the convergence is uniformly
on any norm bounded (resp. compact) subset K of A, then {uα}α is called a
uniformly (resp. compactly) approximate φ–mean. It turns out that a uniformly
approximate φ–mean {uα}α must be uniformly bounded, i.e., supα ‖uα‖ < +∞
[1, Proposition 5.4]. Moreover, if a locally approximate φ–mean {uα}α is uni-
formly bounded then it is a compactly approximate φ-mean; in this case we call
it a bounded approximate φ-mean.

Lemma 1.1.
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(i) [6, Theorem 1.4] A Banach algebra A is φ–amenable if and only if it has
a bounded approximate φ–mean.

(ii) [1, Propositions 2.2 and 2.3] A Banach algebra A is locally (resp. compactly)
approximately φ–amenable if and only if it has a possibly unbounded locally
(resp. compactly) approximate φ–mean.

More precisely, if {uα}α is a locally (resp. compactly) approximate φ–mean of
A, then for any continuous derivationD : A → E∗

φ, by letting gα = −D(uα) ∈ E∗

we have dgα(a) converges to D(a) in norm for each a ∈ A (resp. uniformly for a
in any norm compact subset of A) (see the proof of [1, Proposition 2.2]). If the
net {uα}α is uniformly bounded, then so is {gα}α. In this case, for any weak*
cluster point g of {gα}α, we have D = dg is an inner derivation.

Examples of derivations which are approximately inner but not inner can be
found in [2, Section 8]. In summary, we have the following lemma.

Lemma 1.2. [6, 8, 1] Let φ be a character of a Banach algebra A. Then we have
the following statements:

(i) A is φ–amenable ⇐⇒ A is uniformly approximately φ-amenable ⇐⇒ kerφ
has a bounded right approximate identity;

(ii) A is locally approximately φ-amenable ⇐⇒ kerφ has a right approximate
identity.

Example 1.3. For each n = 1, 2, . . ., let An = `1n(C) be the n-dimensional l1
space with entrywise multiplication. Let A = ⊕c0An be the c0 direct sum of An.
Let B = A⊕ CI be the unitilzation of A.

Let φ be the character of B such that φ(I) = 1 and φ(A) = 0. Since the
kernel of φ, which is A, does not have a bounded approximate identity, B is
not φ-amenable. However, the unbounded approximate identity of A provides
an unbounded approximate φ-mean of B. Thus B is locally approximately φ-
amenable.

We note that the amenability defined by Johnson in term of the existence
of a compactly approximate diagonal, see [4], might not ensure the amenabil-
ity of a Banach algebra; for example, when we consider the Segal algebra on
a non-amenable locally compact group [3]. However, we do not know whether
the compactly approximate φ–amenability is equivalent to either the local ap-
proximate φ–amenability or the (uniform) φ–amenability for a general Banach
algebra.

Let X be a locally compact Hausdorff space, and A a Banach algebra. Let

C0(X,A) := {f : X → A is continuous and vanishes at infinity}.

The uniform norm on C0(X,A) defined by

‖f‖∞ = sup{‖f(x)‖A : x ∈ X}
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makes C0(X,A) to be a Banach algebra.

Suggested by [6, Theorem 3.3], we shall see that if A is character amenable
then C0(X,A) is character amenable. In fact, every character Φ of C0(X,A)
assumes the form Φ(f) = φ(f(t)) for some character φ of A and for some point
t in X . In this paper, we will construct explicitly an approximate Φ–mean for
C0(X,A) from an approximate φ–mean of A. We also establish similar results
involving the locally and the compactly approximate character amenability of
A.

2. Results

In part (iii) below, if the positive constant M < +∞ then {uα}α will be a
bounded approximate φ-mean. If M = +∞ then it will be a (possibly un-
bounded) locally approximate φ-mean.

Lemma 2.1. Let φ be a nonzero character of a Banach algebra A, and 0 < M ≤
+∞. The following statements are equivalent:

(i) For each finite subset F of A, there is a net {uα}α in A with all ‖uα‖ ≤ M
such that φ(uα) = 1 and ‖auα − φ(a)uα‖ → 0 for all a ∈ F .

(ii) For each finite subset F of A, there is a net {uα}α in A with all ‖uα‖ ≤ M
such that φ(uα) = 1 and auα − φ(a)uα → 0 weakly for all a ∈ F .

(iii) There is a net {uα}α in A with all ‖uα‖ ≤ M such that φ(uα) = 1 for all
α, and ‖auα − φ(a)uα‖ → 0 for all a ∈ A.

Proof. Obviously, (iii) =⇒ (i) =⇒ (ii).

Following the reasoning in [6, Theorem 1.4], we will show that (ii) implies
(i). Consider a finite subset F of A. Let {wβ}β be a net satisfying the condition
in (ii). Let AF be the locally convex product space of n copies of the Banach
space A, where n is the finite cardinality of the set F , equipped with the product
topology of the norm topology of A. It is known that its dual space (AF )∗ =
⊕

a∈F A∗ is the locally convex direct sum of n copies of the dual space A∗ of
A. In particular, the σ(AF , (AF )∗)-topology, that is, the weak topology of AF ,
agrees with the product topology of the weak topology of A. Define a linear map

T : A → AF by T (u) = (au− φ(a)u)a∈F .

Let K = {u ∈ A : ‖u‖ ≤ M,φ(u) = 1}. Since K is a convex subset of A, we
see that T (K) is convex in the product space AF . Since awβ − φ(a)wβ → 0
weakly for all a ∈ F , the point (0) with all coordinates 0 belongs to the closure
of T (K) in the σ(AF , (AF )∗)-topology. By the separation theorem, the closure
of T (K) in AF in the product topology of the norm topology agrees with that
taken in the σ(AF , (AF )∗)-topology. Hence there is a net {uα}α in K such that
‖auα − φ(a)uα‖ → 0 for each a ∈ F , as asserted.
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Finally, suppose that (i) holds. Then for each given ε > 0 and each finite sub-
set F ofA, there is a uF,ε in A with ‖uF,ε‖ ≤ M such that ‖auF,ε−φ(a)uF,ε‖ ≤ ε.
Order J = {(F, ε) : F ⊂ A is finite, ε > 0} by letting (F1, ε1) ≤ (F2, ε2) if
F1 ⊆ F2 and ε1 ≥ ε2. Then the net {uF,ε : (F, ε) ∈ J } satisfies the condition
(iii).

Let X be a locally compact Hausdorff space and A a complex Banach algebra.
Recall that for any character Φ on C0(X,A) there exist a character φ on A and
a point t in X such that Φ(f) = φ(f(t)) for all f ∈ C0(X,A) (see [5]). We write
Φ = δt ⊗ φ for this connection. Let Vt consist of all compact neighborhoods V
of t in X , and ordered by reverse set inclusion. By the Urysohn lemma, for each
V ∈ Vt, there exists a nonnegative function gV ∈ C(X) such that

supp(gV ) ⊂ V, ‖gV ‖ = gV (t) = 1 and gV → 1t pointwise, (1)

where 1t is the indicator function of the singleton {t}.

Theorem 2.2. Let φ be a nonzero character of a Banach algebra A. Let t be a
point in a locally compact Hausdorff space X and Φ = δt ⊗ φ be the associated
character of C0(X,A). Assume that A is (resp. locally, compactly) φ–amenable.
Then C0(X,A) is (resp. locally, compactly) Φ–amenable.

Proof. (i) Suppose A is locally approximately φ–amenable with a locally approx-
imate φ–mean {uα : α ∈ J }. Let ε > 0, and F = {f1, . . . , fn} be any finite
subset of C0(X,A). Let aj = fj(t) ∈ A for j = 1, 2, . . . , n. For large enough
index α, we have

‖aj.uα − φ(aj)uα‖ < ε/2, ∀j = 1, 2, . . . , n.

Let V ∈ Vt be a compact neighborhood of t and gV a nonnegative continuous
function in C0(X) supported in V with gV (t) = ‖gV ‖ = 1. For small enough V
we can assume that

‖gV aj − gV fj‖ <
ε

2‖uα‖
, ∀j = 1, 2, . . . , n.

Consider gV uα ∈ C0(X,A). We have Φ(gV uα) = φ(gV (t)uα) = φ(uα) = 1.
Observe that

‖fjgV uα − Φ(fj)gV uα‖ ≤ ‖(gV fj − gV aj)uα‖+ ‖gV (ajuα − φ(aj)uα)‖ < ε.

In view of Lemma 2.1, we see that C0(X,A) is locally approximately Φ–amenable.

(ii) Suppose A is φ–amenable with a uniformly bounded approximate φ–
mean {uα}α. The construction in (a) gives us a locally approximate Φ–mean
{gV uα} of C0(X,A). It is clear that supα,V ‖gV uα‖ = supα ‖uα‖ < +∞, and
thus C0(X,A) is Φ–amenable.

(iii) Finally, suppose A is compactly φ–amenable with a compactly bounded
approximate φ–mean {uα}α. In this case, {uα : α ∈ J } is a locally approximate
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φ–mean of A such that the convergence ‖auα − φ(a)uα‖ → 0 is uniform on any
compact set in A.

We want to show that C0(X,A) has a compactly approximate Φ–mean. It
suffices to show that for any ε > 0 and any compact set K in C0(X,A), there is
a v in C0(X,A) such that

‖fv − Φ(f)v‖ < ε, ∀f ∈ K.

We adapt some arguments from [4, Proposition 3.1]. Let X0 = X ∪ {∞} be
the one-point compactification of X . In this way, every f in C0(X,A) can be
considered as an element in C(X0, A) by assigning f(∞) = 0. Let

K = {f(x) : f ∈ K, x ∈ X0}.

Since K is compact and X0 is compact, K is a compact subset of A.

Let ε > 0. By assumption, there is an index α0 such that for all α ≥ α0 we
have φ(uα) = 1 and

‖buα − φ(b)uα‖ ≤
ε

6
, ∀b ∈ K. (2)

Let u = uα for any α ≥ α0. Since K is compact, we can choose f1, . . . , fm from
K such that every f in K is within norm distance ε

9‖u‖ from some fi. Then the

uniform continuity of f1, . . . , fm ensures that there are nonempty open subsets
X1, . . . , Xn of X0 such that X0 =

⋃n

k=1
Xk, and

‖fi(x) − fi(y)‖ ≤
ε

9‖u‖
, ∀x, y ∈ Xk, ∀i = 1, 2, . . . ,m, ∀k = 1, . . . , n.

Consequently,

‖f(x)− f(y)‖ ≤
ε

3‖u‖
, ∀x, y ∈ Xk, ∀f ∈ K, ∀k = 1, 2, . . . , n.

Choose a continuous partition of unity, h1, . . . , hn in C(X0), such that 0 ≤
hk ≤ 1, supp(hk) ⊂ Xk and

∑n

k=1
hk = 1. For each k = 1, . . . , n, choose

xk ∈ Xk. For each f ∈ K, let fε =
∑n

k=1
hkf(xk). Then

‖f − fε‖ =

∥

∥

∥

∥

∥

n
∑

k=1

(hkf − hkf(xk))

∥

∥

∥

∥

∥

≤
ε

3‖u‖
, ∀f ∈ K. (3)

Let the finite positive number

L = sup{|φ(f(xk))| : f ∈ K, k = 1, . . . , n}+ 1.

Then there exists V0 ∈ Vt such that for any V ∈ Vt with V ⊆ V0 we have

‖(hk − hk(t))gV ‖ ≤
ε

6‖u‖nL
, ∀k ∈ 1, . . . , n. (4)



Character Amenability of C0(X,A) 607

Since f(xk) ∈ K for any f ∈ K, it follows from (2) and (4) that

‖fεugV − Φ(fε)ugV ‖

= ‖ugV

n
∑

k=1

hkf(xk)− ugV

n
∑

k=1

hk(t)φ(f(xk))‖

≤

n
∑

k=1

‖ [uf(xk)− φ(f(xk))u]hkgV ‖+

n
∑

k=1

‖φ(f(xk))u‖‖ [hk − hk(t)] gV ‖

≤
ε

6
+

n
∑

k=1

L‖u‖
ε

6‖u‖nL
=

ε

3
. (5)

Therefore, for all f ∈ K it follows from (3) and (5) that

‖fugV − Φ(f)ugV ‖

≤ ‖(f − fε)ugV ‖+ ‖(fεu− Φ(fε)u)gV ‖+ ‖(Φ(fε)− Φ(f))ugV ‖

≤ 2‖u‖
ε

3‖u‖
+

ε

3
= ε.

Let v = ugV . We have ‖fv − Φ(f)v‖ ≤ ε for all f ∈ K. This completes the
proof.

3. Remarks and Open Problem

We end this paper with an open problem about possible extensions of our result.
Recall that a Banach algebra is weakly φ–amenable (resp. weakly amenable) if ev-
ery continuous derivation D : A → A∗

φ (resp. D : A → A∗) is inner. It is showed
in [4] that if X is a compact Hausdorff space and A is a commutative Banach
algebra then C(X,A) is weakly amenable if and only if A is weak amenable. We
ask for a similar result as in Theorem 2.2 for the weakly character amenability.

Question 3.1. Does the weak φ–amenability of A ensure the weak Φ–amenability
of C0(X,A)?
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