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Abstract. Picard sequences in the context of metric spaces are used to prove several
results for the presence of a fixed point. We further extend Brosowski-Meinardus type
results on invariant approximation in the case of normed linear spaces as an application
of the findings obtained. Some examples are also given to show how the obtained results
might be put to use. The findings presented improve on several previously published
findings.
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1. Introduction and Preliminaries

Because of its wide variety of applications, fixed point theory has sparked a lot of
interest in solving issues arising from nonlinear differential equations, nonlinear
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integral equations, game theory, mathematical economics, control theory, and so
on. Various investigators have studied fixed point theorems for various forms of
nonlinear contractive maps (see [4]-[29]) and references cited therein).

Let M be a nonempty set and T : M — M. A sequence {u,} defined by
u, = T™ug is called a Picard sequence based at the point ug € M. T is said to
be a Picard operator if it has a unique fixed point z € M and z = lim,, oo T"u
for all uw € M. Various classes of Picard operators exist in the literature (see, for
example, [1, 2, 3, 25, 26]).

In normed linear spaces, Meinardus [16] proposed the concept of invariant
approximation. In 1969, Fan [10] gave the classical best approximation theorem
and Brosowski [4] demonstrated certain conclusions on invariant approximation
using fixed point theory, generalising Meinardus’ work. Various generalisations
of Ky-Fan’s and Brosowski’s findings arose in the literature after that.

Singh [28] further attempted to show that the corresponding theorem of Singh
[27] remains true if T is supposed to be nonexpansive only on Pe(z) U {z}.
Many results have been proved since then in this direction (see Chandok et al.
[7], Chandok and Narang [8, 9], Mukherjee and Som [17], Narang and Chan-
dok [19, 20, 21], Rao and Mariadoss [23] and references cited therein). In this
study, we show several similar types of results for the set of best approxima-
tion on T-invariant points. We use Hardy-Roger type contraction mappings in
the setting of metric spaces to show some novel conclusions for the existence
of Picard operators. We obtain some interesting Brosowski-Meinardus type re-
sults on invariant approximation in the framework of normed linear spaces as
an application of the results proved in the second section. There are also some
non-trivial examples presented.

Definition 1.1. Let M be a nonempty subset of real normed linear space E and
x an element of E, not in the closure of M. The set of best M -approzimants to
x consists of those go € M satisfying ||x — go|| = inf{||z —g|| : g € M} and it is
denoted by Pyr(x) (see [29]).

Let T be a self mapping defined on a subset M of a normed linear space E. A
best approximant y in M to an element xo in E is an invariant approximation
m E toxg if Ty=1y.

Ezample 1.2. (see [28]) Let E =R and M = [0,4] C E. Define T : E — E as
z—1 if <0,

Tr=<x if 0<z<

x+1 . 1
= if x> 3.

1
2

Clearly, T(M) = M and T(1) = 1. Also, Py(1) = {3}. Hence T has a fixed
point in E which is a best approximation to 1 in M. Thus, % is an invariant
approximation.
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Definition 1.3. An element go € G is said to be best copproximation (see [12,18])
tox € Eif ||lgo—g|| < ||z —gl|, for all g € G where G is a nonempty subset of a
normed linear space E. The set of all best coapprozimants to x in G is denoted
by Ra(x).

Definition 1.4. A nonempty subset M of E is said to be starshaped if there exists
some z € M such that Az + (1 — X)z € M for each x € M, A € [0, 1].
The point z is called star-center of the set M.

It is clear that every conver subset is starshaped, but a starshaped set need
not be convex.

Definition 1.5. Let M be a nonempty subset of a metric space (X,d) and T :
M — M be a self map. Then T is said to be asymptotically reqular (see, [5]) if
for all z € M, d(T™(x), T" 1 (x)) — 0 as n — oo.

2. Fixed Points

We demonstrate some fixed point results for generalized contraction mappings
in metric spaces in this section.
We start with the following result which will be needed in the sequel.

Proposition 2.1. Let (X, d) be a metric space and T be self mapping on X such
that for all x,y € X, we have

[1 +d(y, Ty)|d(z, Tx) d(z, Tz)d(y, Ty)
1+ d(z,y) + g 1+ d(z,y) + as(d(z,y)) )
+ ay(d(x, Tz) + d(y, Ty)) + as(d(z, Ty) + d(y, Tr)),

d(Tz, Ty) <o

where a; € [0,1), i = {1,2,3,4,5} with oy + as + ag + 2a4 + 205 < 1 and
ag +as < 1. Then T is asymptotically reqular.

Proof. Let zg be an arbitrary point in X and {z,} be the Picard sequence in X
such that x,41 = Tz, = Tz, for every n > 0. So, from (1), we have

d(Tpy2,Tnt1) = d(Topyr, Toy)

1+ d(xn, Tan)]d(@nt1, TTnt1) oy d(xns1, Txpns1)d(xn, Tay)
1L+ d(zng1,2n) L+ d(zng1, zn)

Faz(d(Tny1,2n)) + ag(d(@n1, Topy1) + d(zn, Tr,))

+as(d(xps1, Tey) + d(xn, Topy1))

(1 + d(wn, Tng1)|d(Tni1, Tnga) Ty d(Tp41, Tnt2)d(Tn, Tni1)
1L+ d(zng1,2n) L+ d(zng1, 2n)

+az(d(Tng1,Tn)) + aa(d(@Zng1, Tng2) + d(Tn, Tni1))

+as(d(Tng1, Tng1) + d(@n, Tni2))

S g

:al
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< a1 + ao)d(Tnt1, Tnt2) + a3(d(Tnt1, Tn))
tag (d(Tnt1, Tnt2) + d(@n, Tri1)) + as(d(Tn, Tri1) + d(Tpi1, Toto))
= (a1 +az + ag + a5)d(Tpq1, Tni2) + (a3 + o + a5)d(Tn, Tnyr),
which implies that

as+aq4 +as

d xn ;xn S d xn ,xn . 2
(Tn+2, Tn1) [y P ——— (Tn+1,2n) (2)
Take k = % < 1. Hence sequence {d(T"xo, T x¢)} is a de-

creasing sequence. Using mathematical induction, we have
@2 @ni1) < (B)" d(ar, o). (3)

Taking the limit n — oo, we have d(zp12,Tnt1) — 0, that is, d(T"zo, T zq)
— 0. Hence the result.

Using Proposition 2.1, we prove our results.

Theorem 2.2. If T is asymptotically reqular and satisfies (1) on a complete
metric space (X,d), then T is a Picard operator.

Proof. Using Proposition 2.1, we get the sequence {d(T"xq, T" ')} is decreas-
ing and d(T"zo, T" tzg) — 0 as n — oo for all 9 € X. We claim that {z,} is

< — aztagtas
a Cauchy sequence. For m > n, and k = e r—— have

d(xn; xm) < d(l‘n, xn—i—l) + d(xn-l—l; xn+2) +...+ d(xm—la xm)
< (K" 4+ k" 4+ B Y d (20, 21)
k(1 — km)

S 1—k d(:t(),:tl).

Therefore, d(x,, x,) — 0, when m,n — oo. Thus {z,} is a Cauchy sequence in
a complete metric space X and so there exists u € X such that lim,, ., z, = u.

We shall show that the point u is a fixed point of T'. Suppose that Tu # wu.
Then d(u, Tu) > 0. Consider

d(xpt1,Tu) = d(Txy,, Tu)
d(xp, Txn)[1 + d(u, Tu)] ta d(xp, Txy)d(u, Tu)

= o 1+ d(zp,u) 2 1+ d(zn,u) + as(d(zn, u))
+ay(d(xp, Txy) + d(u, Tu)) + as(d(z,, Tu) + d(u, Tx,))
=m dlen, xlnj—lzl[(lxj, i()“’ - ta d(xnl’ in;(lazi(stu) + az(d(wp,u))

+ayg(d(xn, Tpie1) + d(u, Tw)) + as(d(xn, Tu) + d(w, Tpt1))-

Taking n — oo, we have d(u, Tu) < (a4 + ap)d(u, Tw). This implies (1 — (4 +
as))d(u, Tu) < 0, which is a contradiction. Thus d(u,Tu) = 0. Hence u is a
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fixed point of T. Here, we can see that every Picard sequence converges to the

fixed point of T'. It is easy to show the uniqueness of fixed point. Therefore, T
is a Picard operator. ]

Ezample 2.3. Let X = [0,1] and d be a usual metric on X.

2 . 2
3 f zelo0,%),
Define T : X - X asTx = ? 1x [23)
Lotael)
Suppose a1 = b0 = $0 = b = s = & € [0.1) with 0o +

I
asz + 2ay4 + 205 = }—g < 1. Thus using Theorem 2.2,

Notice that 0.4 € X is a fixed point of T'.
It is easy to see that if we choose x = 0, y = 1, T' is not a Banach contraction.

S
T is a Picard operator.

Theorem 2.4. Let T' be a self mapping from a complete metric space (X, d) into
itself satisfying (1). Suppose that for some positive integer n, T™ is continuous.
Then T is a Picard operator.

Proof. On the same lines of Theorem 2.2, we define a sequence {z,} convergent
to u € X. Therefore, there is a subsequence {z,} of {z,}, converging to u. By
the continuity of T, we have

() = T"(lim x,,)
= lim T"(zp,)
71— 00
—

= lim zp, 41
—00

Hence u is a fixed point of 7.

Now, we show that Tu = u. Let m be the smallest positive integer such that
T™(u) = uwand TP(u) # u, for p=1,2,...,m — 1. If m = 1, we have the result.
Consider m > 1 and using inequality (1), we have

d(Tu,u) = d(Tu, T™(u))
o d(u, Tu)[1 + d(T™ tu, T(T™ tu))] o d(u, Tu)d(T™ ‘u, T(T™ tu))
- 1+ d(u, T 1u) 1+ d(u, T™ )
Fas(d(u, T™ ) 4+ ay(d(u, Tu) + d(T™ tu, T(T™ u)))
tas(d(u, T(T™  u)) + d(T™ 'u, Tu))
< (a1 + ag)d(u, Tu) + as(d(u, T™ ) 4+ ag(d(u, Tu) + d(T™  u,u))
Fas(d(T™ tu, Tu))
< (o 4 ao)d(u, Tu) + az(d(u, T™ ') 4+ aq(d(u, Tu) + d(T™ tu, u))
+as(d(T™ tu, u) + d(u, Tu)).

This implies that d(u, Tw) < kd(u, T™ 'u), where k = % Now,
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inductively, we get

du, T (w)) = d(T™u, T™ ' (u))
< kd(T™ Y, T™2(u))
< E2(T™ 20, T 3(w) < ... < k™ (T, u),

where k = % Notice that & < 1. Therefore

d(u, Tu) < k™d(u, Tu) < d(u, Tu),

which is a contradiction. Hence Tu = u. The uniqueness follows easily. Hence
the result. m

Theorem 2.5. Let (X,d) be a complete metric space and T be self mapping on
X such that for all x € X and Tx # T?x, we have

1+ d(x, Tx)|d(Tz, T%) d(z, Tx)d(Tx, T?x)
1+d(z,Tx) T d(z,Tx) (4)
+ azd(x, Tx) + aqg(d(z, Tx) + d(Tx, T?z)) + asd(x, T?z),

d(Tz, T2x) <o

where a; € [0,1) (¢ = {1,2,3,4,5}) with a1 + as + a3 + 2a4 + 205 < 1 and
a4 + a5 < 1.
Then T is a Picard operator.

Proof. Let xg be an arbitrary point in X. We assume that zy # Txq for all
xo € X. Let {x,} be the Picard sequence in X such that z,+1 = Tz, = T"x,
and b, = d(x,,, Tp11) = d(T"xo, T" 120) for every n > 0. So, from (4), we have

T’n+1

bn-l—l - d(xn—i-laxn-l—Q) = d(TnxO; J?())

[1 + bn]bn+1 bnbn,+1
1+bn + o 1+bn +a3bn+a4(bn+bn+1)
+as(d(zn, TTny1))

< (a1 + a2)bpy1 + asby, + as(by + bpt1) + ca(by + bpg1)

= (01 + ag + ag + a4)bpy1 + (2 + a3 + aa)by,

aq

which implies that

Qg + ag + oy
a1+ ag + as + ay) "

bn—i—l S 1_ ( (5)

_ astaztog 3 n n+1 ‘o _
Here, k = Totrastaran < 1. Hence sequence {d(T"xo,T" x0)} is a de

creasing sequence. Using mathematical induction, we have
b1 < (k)" bo. (6)

Taking the limit n — oo, we have b,+1 — 0.
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We claim that {z,} is a Cauchy sequence. For m > n, we have

AT, Tm—1) + d(Tm-1,Tm—2) + ... + d(Tp+1,Tn)

(K™ B2 4+ EM)d(z, o)

E™(1 — k™™™
1-k

ATy, Tn)

IN N

IN

d(x1,x0)-

Therefore, d(@,, x,) — 0, when m,n — oo. Thus {z,} is a Cauchy sequence in
a complete metric space X and so there exists u € X such that lim, .. z, = u.

If w = T'u, we have the result. Assume that u # Twu. If Tx, = Tu for infinite
values of n > 0, then the sequence {z,,} has a subsequence that converges to Tu
and uniqueness of limit implies v = T'u. Then we can assume that Tz, # Tu
for all n > 0. Consider

d(Tu, vpy1) = d(Tu, T?2,_1)
d(Txn—1,T*Tp-1)[1 + d(u, Tu)) d(Txp—1,T?xn—1)d(u, Tu)
1+du,Txn—1) a2 1+d(u,Txp_1)

tas(d(u, Txp_1)) + ag(d(Txy_1, T? T 1) + d(u, Tu))

tas(d(Txn_1, Tu) + d(u, T?x, 1))

d(xn, Ty 14+ d(u, Tu d(Tn, Tpi1)d(u, Tu
( 1 :lel[(xn, u() Ay o4 1+ ;(zzn,(u) L aa(dan,w)

+ay(d(zn, Tpi1) + d(u, Tu)) + as(d(xn, Tu) + d(w, Zpt1))-

S o

:al

Taking n — oo, we have d(u, Tu) < (a4 + a5)d(u, Tu). This implies (1 — (g +
as)) d(u, Tu) < 0, which is a contradiction. Thus d(u,Tu) = 0. Hence u is a
fixed point of T'. It is easy to verify that w is unique fixed point of T [ ]

Theorem 2.6. Let (X,d) be a complete metric space and T be a self mapping
defined on X . Suppose that for some positive integer m, T satisfies the following
condition

- d(z, T"x)[1 4+ d(y, T™y)] d(z, T™x)d(y, T™y)
d(T™, T™y) <o 1+ d(z,y) 2 1+d(x,y) .
T as(d(z, ) + aald(x, T™2) + d(y, T™) @)

+ as(d(x, T"y) +d(y, T"z)),

for all z,y € X and for some a; € [0,1) (i = {1,2,3,4,5}) with a1 + a2 +
as + 204 +2a5 < 1 and ag + a5 < 1. If T™ is continuous, then T is a Picard
operator.

Proof. By Theorem 2.2, we conclude that 7™ has a unique fixed point, say
u € X. Consider

Tu=T(T"u) =T"(Tu).
Thus T'u is also a fixed point of 7. But by Theorem 2.2, we know that 7" has
a unique fixed point u. It follows that « = T'u. Hence the result. ]



698 S. Chandok and T.D. Narang

Ezample 2.7. Let X =[0,1] and d be a usual metric on X. Define T : X — X

as
.f l
T(L': {? 1 xe [0173]7
3 if x S (g, 1]
Then choosing appropriately «; € [0,1) (i = {1,2,3,4,5}) with a1 + s + a3 +
204 + 2a5 < 1, inequality (7) of Theorem 2.6 is satisfied for all z,y € X. Thus
using Theorem 2.6, 7%z = 0 for all x € [0,1] and 0 is a fixed point of T2 and
hence of T'.

Haghi et al. [14], in 2011, proved the following lemma by using the axiom of
choice.

Lemma 2.8. Let X be a nonempty set and T : X — X a function. Then there
exist a set E C X such that T(E) =T(X) and T : E — X is one-to-one.

By using the above lemma and Theorem 2.2, we prove the following common
fixed point theorem for two self maps.

Theorem 2.9. Let (X,d) be a complete metric space and T, S be two self maps
on X. Suppose that there exist a; € [0,1) (i = {1,2,3,4,5}) with a1 + a2 +az+
204 + 205 < 1 and ay + as < 1 such that for all x,y € X, we have
d(Sz,Tx)[1 + d(Sy, Ty)] d(Sx,Tx)d(Sy, Ty)
1+ d(Sz, Sy) > 14 d(Sz, Sy)

+ aa(d(Sw, Sy)) + aa(d(Sz, Ta) + d(Sy, Ty))

+ as(d(Sz, Ty) + d(Sy, Tz)).
satisfying If T(X) C S(X) and S(X) is a complete subset of X then T and S
have a unique common fized point in X.

d(T$7 Ty) Sal

Proof. By using Lemma 2.8, there exist £ C X such that S(E) = S(X) and S :
E — X is one-to-one. Define h : S(E) — S(E) by h(Su) = Tu. Clearly, h is well

defined as S is one-to-one on E. Also, d(h(Su), h(Sv)) < a3 d(sw’le()iglszc_léii”Ty)] +

%%—k%(d(&r,Sy))+a4(d(5w,Tx)+d(Sy,Ty))+a5(d(5x,Ty)+
d(Sy,Tz)) for all Sz, Sy € S(E). Since S(E) = S(X) is complete, by using
Theorem 2.2, we can easily prove that 7" and S have a unique common fixed
point in X. [

3. Ordered Metric Spaces

Fixed point theory for self mappings on partially ordered sets has been initiated
by Ran and Reurings [22], in dealing with matrix equations, and continued by
many mathematicians, particularly in dealing with differential equations.
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Let (X,d) be a metric space and (X, <) be a partially ordered non-empty
set. The triplet (X, d, <) is called a metric space endowed with partial order.
Moreover, two elements x,y € X are called comparable if x <y or y < x holds.
A self mapping T on a partially ordered set (X, <) is called nondecreasing if
Tax < Ty whenever z < y for all z,y € X. Also, a metric space endowed with a
partial order (X, d, <) is called regular if for every nondecreasing sequence {z,}
in X, convergent to some xz € X, we get x,, < z for all n € NU {0}.

Theorem 3.1. Let (X,d, <) be a complete metric space endowed with a partial
order and T be a nondecreasing self mapping on X. Assume that there exist
a; €10,1) (1 =41,2,3,4,5}) with oy +as+az+2as+2a5 < 1, a1 +ag+as < 1
and asg + 2as < 1 such that for all comparable x,y € X, we have

d(y, Ty)[1 + d(x, Tx)] d(z, Tx)d(y, Ty)
1+ d(z,y) + s 1T d(z.y) + as(d(z,y))
+ay(d(x, Tx) + d(y, Ty)) + as(d(z, Ty) + d(y, Tx)). (9)

d(Tz,Ty) < ay

Further if there exists xg € X such that xog < Txg and X is reqular, then T has
a fized point. Moreover, the set of fixed points of T is well ordered if and only if
T has a unique fized point.

Proof. Let xo be an arbitrary point in X such that o < Ty and {z,} be the
Picard sequence in X such that x,41 = Tx, = T"xg, for every n > 0. As T is
nondecreasing, we deduce that

o <x1 <...<17y <

— 3

(10)

that is, x,, and x,41 are comparable and Tz, # Tx,1 for all n € N.
Proceeding as in the Proposition 2.1 and Theorem 2.2, we obtain that {z,,} is
a Cauchy sequence. Since (X, d) is a complete metric space, there exists u € X
such that lim,, - T, = u.
If w = T'u, we have the result. Assume that u # T'u. Since X is regular, from
(10) we deduce that z,, and u are comparable and T'z,, # Tu for all n € NU{0}.
Consider

d(xpt1,Tu) = d(Txy,, Tu)
14 d(xn, Txy)]|d(u, Tu) d(xp, Txy)d(u, Tu)
=M 1+ d(zp,u) 2T d(zy, u)
+ayg(d(zn, Txy) + d(u, Tw)) + as(d(xn, Tu) + d(u, Tzy,))
[14 d(xn, zpi1)]d(u, Tu) d(xp, Tni1)d(u, Tu)
1+ d(zp,u) T d(zy, u)
+ag(d(@n, Tpy1) + d(u, Tu)) + as(d(zn, Tu) + d(u, Tpi1))-

+ az(d(zn, u))

= o + asz(d(zy,u))

Taking n — oo, we have d(u,Tu) < (a1 + a4 + as5)d(u,Tu). This implies
(1= (a1 + a4 + as))d(u, Tu) <0, which is a contradiction. Thus d(u, Tu) = 0.
Hence u is a fixed point of T
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Next, we assume that the set of fixed points of T is well-ordered. We claim
that the fixed point of T' is unique. Assume on the contrary that there exists
another fixed point w in X such that u # w. Then, by using the condition (9)
with £ = u and y = w, we get

14 d(u, Tu)]d(w, Tw) d(u, Tu)d(w, Tw)
1+ d(u,w) T d(u,w) + as(d(u, w))
+ay(d(u, Tu) + d(w, Tw)) + as(d(u, Tw) + d(w, Tw))
= (a3 + 2as5) d(u,w).

d(Tu, Tw) < aq

This implies (1 — (a3 + 2as5))d(u, w) < 0, which is a contradiction. Hence u = w.
Conversely, if T has a unique fixed point, then the set of fixed points of T', being
a singleton, is well-ordered. ]

4. Best Approximation

As an application of results proved in the previous sections, we prove some results
on the set of best approximation.

Here, F(T') denotes the set of all fixed points of T, clA denotes the closure
of set A and dist(z, A) denotes distance of set A from a point x.

Theorem 4.1. Let T be a self mapping of a normed linear space E with x € F(T).
If C C E, D = Po(x) is nonempty, closed and starshaped with star-center p,
dT(D) C D, dT (D) is compact, T is continuous on D and

dist(z, [Tz, p])[1 + dist(y, [Ty, p])]

Tr —Ty|| <an
I I T+ o=yl
dist(xz, [Tz, p|)dist(y, [Ty,
s (z, [Tz, p|)dist(y, [Ty, p]) 1)
1+ [z —yl|

+ as||z — yl| + au(dist(z, [Tz, p]) + dist(y, [Ty, p]))
+ as(dist(x, [Ty, p]) + dist(y, [Tz, p])),

for all x,y € D, where a; € [0,1), (i ={1,2,3,4,5}) with a1 + as + as + 204 +
2a5 < 1 and ay + a5 < 1. Then DN F(T) # (.

Proof. Since D is nonempty and starshaped, there exists a star-center p in D
such that Ap+ (1 —AN)z € D, for all z € D, 0 < XA < 1. Define T, : D — D
as Tz = ATz + (1 — An)p, 2 € D where {\,,} is a sequence in (0, 1) such that
An — 1. Also, from (11), we have

[[Thz — Toyl| = ATz — Tyl
dist(z, [Tz, p))[1 + dist(y, [Ty, p])] dist(z, [Tz, p))dist(y, [Ty, p])
+ oo
L+ [lz —yl| L+ [lz —yl|
+asl|z — y|| + aa(dist(z, [Tz, p]) + dist(y, [Ty, p]))

S )\n[al
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+as(dist(z, [Ty, p]) + dist(y, [Tz, p]))]

||z = Toz|[[1 + [ly — Tuyll] +ay |1z = Tozl| lly — Tayl|
1+ [z = yl| L+ |[lz =yl

+azl|z — yll + aall|z — Tozl| + [ly — Toyll)

+as(|lz = Toyll + |ly — Tuzl])],

S An [al

where A, [a1 + a2 + a3+ 2a4 + 2a5] < 1. Therefore by Theorem 2.2, each T, has
a unique fixed point z, in D. Since clT'(D) is compact, there is a subsequence
{T'zp,} of {T'z,} such that Tz,, — z0 € D. We claim that Tzy = z9. As T is
continuous, we have

Thus z,,;, — T'2p and consequently, T'zg = zp i.e. z9g € D is a T-invariant point.
]

Let Gy denote the class of closed convex subsets of a normed linear space E
containing 0. For C' € Gy and u € E, let C,, = {z € C : ||z|| < 2||u||}. Then
Pc(u) C Cy € Gy.

Theorem 4.2. Let T be a continuous self mapping of a normed linear space E
with w € F(T) and C € Gqo such that T(C,) C C. Suppose that clT(C,) is
compact, and ||Tx — ul|| < ||z — u|| for all x € Cy,. Then we have the following
statements:

(i) Po(u) is nonempty, closed and convex;
(ii) T(Pc(u)) € Po(u);
(i) Po(u) N F(T) # 0, provided that T satisfies (11) for some p € Po(u).

Proof. Ifu € C then the results are obvious. So assume that u ¢ C. If z € C-C,,
then ||| > 2[[ull. Therefore, ||z — ul| > [lal| — [full > 2llull — |Jull = [Ju]l =
dist(u, C). Since cl(T(Cy)) is compact, and by the continuity of the norm, there
exists z € cl(T'(Cy)) such that dist(u,cl(T(Cy))) = ||z — u||. Hence

dist(u, C) < dist(u,cl(T(Cy))) as T(Cy) CC = dT(Cy,) CC

< dist(u,T(Cy))
< Ju—Ta||
< ||U' - x”a

for all z € C,. Therefore, ||z — u|| < dist(u,C,) = dist(u,C) and ||z — u|| =
dist(u,C), i.e.
dist(u, C) = dist(u, dT(Cy)) = ||z — ul|.

Hence z € Pc(u) and so Po(u) is nonempty. The closedness and convexity follow
from that of C. This proves (i).
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Now to prove T'(Pc(u)) C Po(u), let y € T(Pe(uw)). Then y = T'z, for some
z € Po(u) € Cy. Consider

lu =yl = [lu = T2|| < |Ju — 2| = dist(u, C),

and so y € Po(z) as Po(u) C Cy implies that T(Pc(u)) C C, that is, y € C and
T(Pc(u)) C Po(u).
Using the similar arguments as in Theorem 4.1, it is easy to show that Po(u)N

F(T) # 0. ]

We now prove a result for T-invariant points from the set of best coapproxi-
mations.

Theorem 4.3. Let T be a continuous self mapping satisfying condition ||Tz—y|| <
llz —yl|, for all xz,y € E and inequality (11) on a normed linear space E, G a
subset of E such that Ra(x) is compact and starshaped. Then Rg(x) contains
a T-invariant point.

Proof. Let gy € Rg(x). Consider

1Tg0 — 9| < llg0 — gl| < ||z — gl|,

for all ¢ € G and so T'go € Rg(x), i.e. T : Rg(x) = Rg(x). Since Rg(x)
is starshaped, there exists p € Rg(x) such that Az + (1 — A\)p € Rg(x) for all
z € Ra(z), A €10,1).

Let {\,}, 0 < A, < 1, be a sequence of real numbers such that A\, — 1 as
n — oo. Define T}, : Rg(z) — Rg(x) as Tpz = ATz + (1 — A\)p, 2 € Ra(x).
Since T is a self map on Rg(z) and Rg(z) is starshaped, each T), is a well defined
and maps Rg(x) into Rg(x). Following the similar lines of Theorem 4.1, each
T, has a unique fixed point z,, in Rg(x) i.e. Tz, = x, for each n. Since Rg(x)
is compact, {z,} has a subsequence z,, — = € Rg(x).

Now, we claim that Tx = z. As T is continuous, we have

Tny; =Ty @ny = A, Tan, + (1= Ay, )p — T

Thus z,, — Tz and consequently, Tx = z i.e. © € Rg(x) is a T-invariant point.
[

Remark 4.4.

(i) When a1 = a2 = ay = a5 = 0, in Theorem 2.2, we have a famous Banach
contraction principle.
(ii) When oy = az = a3 = a5 = 0, in Theorem 2.2, we have a Kannan
contraction mapping (see [15]).
(ili) When o = s = a3 = a4 = 0, in Theorem 2.2, we have a Fisher con-
traction mapping (see [11]). A similar conclusion was also obtained by
Chatterjea (see [6]).
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(iv) Contraction maaping (1) in Theorem 2.2, is also an extension of Reich type

contraction mapping (see [24]).

(v) For different variants of inequality (1), we have many interesting results

by appropriately choosing «;,i = {1,2,3,4,5}.

Acknowledgement. The authors are thankful to Prof. K.P. Shum for the special
issue of Ky Fan’s work, and the learned referee for valuable suggestions.

References

(1]

V. Berinde, Approximating fixed points of weak contractions using the Picard
iteration, Nonlinear Anal. Forum 9 (1) (2004) 43-53.

V. Berinde, On the approximation of fixed points of weak contractive mappings,
Carpathian J. Math. 19 (1) (2003) 7-22.

V. Berinde, lterative Approzimation of Fized Points, Springer-Verlag, Berlin Hei-
delberg, 2007.

B. Brosowski, Fixpunktsatze in der approximations theorie, Mathematica (Cluj)
11 (1969) 195-220.

F.E. Browder and W.V. Petryshyn, The solution by iteration of nonlinear func-
tional equations in Banach spaces, Bull. Amer. Math. Soc. 72 (1966) 571-575.

S.K. Chatterjea, Fixed point theorems, Rend. Acad. Bulgare. Sci. 25 (1972) 727—
730.

S. Chandok, J. Liang, D. O’Regan, Common fixed points and invariant approxima-
tions for noncommuting contraction mappings in strongly convex metric spaces,
J. Nonlinear Convex Anal. 15 (2014) 1113-1123.

S. Chandok and T.D. Narang, Common fixed points of nonexpansive mappings
with applications to best and best simultaneous approximation, J. Appl. Anal. 18
(2012) 33-46.

S. Chandok and T.D. Narang, Common fixed points with applications to best
simultaneous approximations, Anal. Theory Appl. 28 (1) (2012) 1-12.

K. Fan, Extensions of two fixed point theorems of F. E. Browder, Math. Z. 112
(1969) 234-240.

B. Fisher, A fixed point theorem for compact metric space, Publ. Inst. Math. 25
(1976) 193-194.

C. Franchetti and M. Furi, Some characteristic properties of real Hilbert spaces,
Rev. Roumaine Math. Press Appl. 17 (1972) 1045-1048.

M.I. Ganzburg, Invariance theorems in approximation theory and their applica-
tions, Const. Approz. 27 (2008) 289-321.

R.H. Haghi, Sh. Rezapour, N. Shahzad, Some fixed point generalizations are not
real generalizations, Nonlinear Anal. 74 (2011) 1799-1803.

R. Kannan, Some results on fixed points, Bull. Calcutta Math. Soc. 60 (1968)
71-76.

G. Meinardus, Invarianz bei linearen approximationen, Arch. Rational Mech.
Anal. 14 (1963) 301-303.

R.N. Mukherjee and T. Som, A note on application of a fixed point theorem in
approximation theory, Indian J. Pure Appl. Math. 16 (1985) 243-244.

T.D. Narang, On best coapproximation in normed linear spaces, Rocky Mountain
J. Math. 22 (1) (1991) 265-287.

T.D. Narang and S. Chandok, On e-approximation and fixed points of nonexpan-
sive mappings in metric spaces, Mat. Vesnik 61 (2009) 165-171.



704
(20]
[21]

22]

(23]
(24]
25]
[26]
(27]
28]

29]

S. Chandok and T.D. Narang

T.D. Narang and S. Chandok, Fixed points of quasi-nonexpansive mappings and
best approximation, Selcuk J. Appl. Math. 10 (2009) 75-80.

T.D. Narang and S. Chandok, Fixed points and best approximation in metric
spaces, Indian J. Math. 51 (2009) 293-303.

A.C.M. Ran, M.C. Reurings, A fixed point theorem in partially ordered sets and
some applications to matrix equations, Proc. Am. Math. Soc. 132 (2004) 1435—
1443.

G.S. Rao and S.A. Mariadoss, Applications of fixed point theorems to best ap-
proximations, Serdica-Bulgaricae Math. Publ. 9 (1983) 244-248.

S. Reich, Some remarks concerning contraction mappings, Canad. Math. Bull. 14
(1971) 121-124.

I.A. Rus, Picard Operator and Applications, Babes-Bolyai Univ., Cluj-Napoca,
1996.

I.A. Rus, Weakly Picard mappings, Comment Math. Univ. Caroline 34 (4) (1993)
769-773.

S.P. Singh, An application of a fixed-point theorem to approximation theory, J.
Approzx. Theory 25 (1979) 89-90.

S.P. Singh, Application of fixed point theorems in approximation theory, In: Appl.
Nonlinear Anal. (Ed. V. Lakshmikantham), Academic Press, New York, 1979.

I. Singer, Best Apprroximation in Normed Linear Spaces by Elements of Linear
Subspaces, Springer-Verlag, New York, 1970.



