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Abstract. We characterize the infimum of a matrix norm of a square matrix A induced
by an absolute norm, over the fields of real and complex numbers. Usually this infimum
is greater than the spectral radius of A. If A is sign equivalent to a nonnegative matrix
B then this infimum is the spectral radius of B.
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1. Introduction

Let F be the field of real or complex numbers R and C respectively. Denote by
F™ and F™*™ the vectors spaces column vectors and the matrices respectively.
Assume that ||| : F™ — [0, 00) is a norm on F™. Then ||x||r induces an operator
norm on F™*" namely

[A[lr = max{[[Ax||r,x € F", [[x|lr < 1}.

For A = [a;;] € F"*™ let p(A) be the spectral radius of A, which is maximum
modulus of all real and complex eigenvalues of A. The following inequality is
well known over the complex numbers:

p(A) < ||Allp for A € ™™, (1)
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We will show that this inequality holds also over real numbers.
Denote by GL(n,F) C F**™ the group of invertible matrices. Hence the
above inequality yields:

p(A) < inf{|PAP!||g, P € GL(n,F)}. (2)

(For F = C this result is well known.)

The following result of the author characterizes the norms over C™ for which
equality in (2) holds for all A € C™*™ [1]. A norm ||x||r is called an absolute
norm if ||x||p = |||x|||r, where |(z1,...,2,)"| = (|z1],...,|z.])" and |A] =
[laij|]. Recall that an absolute norm is monotone: ||x||r < |y|r if |x| < |y]| [2,
Theorem 7.1.3].

We call ||A||r a matrix absolute norm if ||x||r is an absolute norm. A norm
||x||z is called a transform absolute norm if there exists P € GL(n,F) and an
absolute norm v(x) such that ||x|| = v(Px). Theorem 3 in [1] shows equality in
(2) holds for all A € C"*™ if and only if the norm ||x||c is an absolute transform
norm. In particular we deduce the well known approximation result due to
Householder [5, Theorem 4.4]: For each matrix A € C"*™ and € > 0 there exists
a norm on C” such that

JAlle < p(A) + <. 3)

From the proof of this result in [5] or [6, (2), Section 2.3] it follows that ||-||c can
be chosen a transform absolute norm. (In [1] it was claimed erroneously that
the proof of (3) yields that || - ||c can be chosen an absolute norm.)

J. Najim asked if one can choose an absolute norm || - ||¢ such that (3) holds.
We show that this is false even for 2 x 2 real matrices.

The aim of this note to give a necessary and sufficient conditions when there
exists an absolute norm on F" such that for a given A € F"*™ and € > 0 one
has the inequality

|Allr < p(A) + €. (4)

This condition can be stated as follows. Let ||x||2 be the Euclidean norm
on F™. Denote by D, (F) C GL(n,F) the subgroup of diagonal matrices whose
absolute value of diagonal elements is 1. For a positive integer m let [m] =
{1,...,m}. Then (4) holds if and only if

lim_max {(p(A) +&)7F||AD1A - Dy_1 ADjx]|2,

(5)
Di,....Dy € Dy(F), x € ", ||x|la = 1, k € [m]} < .

Equivalently, we characterize the following infimum: Let A(n,F) be a set of
absolute norms on F™. Denote

u(A) = limsup (maX{HADlA- -+ Dp_1ADyx||2,

k—o0

1k (6)
Di,...,Dy € Du(F), x € F", |[x||2 = 1})
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Then
u(A) = inf{||Allg, || - [[r € N(n,F)}. (7)

We now survey briefly the results of this paper. In Section 2 we prove the
inequality (1). In Section 3 we prove characterization (7). In Section 4 we prove
the inequality p(A) < p(|A|). Equality holds if A is sign equivalent to |A].

2. Proof of Inequality (1)

Lemma 2.1. Let ||x||r be a norm on F". Then the inequality (1) holds.

Proof. Suppose first that F = C. Then there exists an eigenvalue of A € C of A
such that |A| = p(A). Let x € C™ be the corresponding eigenvector satisfying
||x][c = 1. Then
[Alle = [|Ax[lc = [[Xx]c = p(A).
This shows (1).
Assume now that A € R™ ™. Suppose first that A has a real eigenvalue
A such that |A] = p(A). Then the above arguments yield that ||A|g > p(A).
Suppose that p(A) > 0 and X\ = p(A)¢ where ¢ = €2™% ¢ € [0,1). Suppose first
that 6 is a rational number. Then ¢* = 1 for some positive integer k. That is,
A is a positive eigenvalue of A*. Recall that p(A*) = p(A)*. Using the previous
result we obtain
IAIIE = A% [[e > p(A%) = p(A)".
Hence (1) holds.
Suppose secondly that 6 is irrational. Then the complex eigenvector of A
corresponding to A is u + iv can be chosen to satisfy

AF(u+iv) = p(A)Fe¥™ % (u tiv), |lu|=1,v € R"\ {0}, k € N.
Hence

| AFul|r

p(A)*||(cos 2mkf)u — (sin 2wk v ||g

> p(A)k(| cos 27k |[ul|r — | sin 27k0|[|v||).

Recall that for a given § € (0,1) there exists an infinite sequence of positive
integers k;,my, for I € N, such that |k;0 — m;| < §/(27). Hence there exists an

infinite sequence of positive integers k; such that

k)l kl
4l > 22 g = 22 e

Therefore
1Al > (A% [2)'/* > (| A" ulz)/* > p(A)271 /M

Letting I — oo we deduce that ||A||gr > p(A). ]
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3. Proof of the Main Result

Lemma 3.1. Let ||x||r be an absolute norm on F™. Then for any A € F"*", the
following relations holds:

HDlADQHIE‘ = ||A||IE‘ fOT‘ all Dl, Dy € Dn(F),
IAD1AD; - - ADy|ls < ||All§, k€N, 8)
HAH]F > maX{p(DA)a De D’H(F)}

Proof. Assume that Dy, Dy € D, (F). Since ||x||r is an absolute norm we obtain
|D2x|lr = ||x||r, and || D2||lr = 1. Hence

[D1ADyx|e _ [[ADox|[r
1l |1 D2x||g

for x # 0.

This proves the first equality of (8). Use the submultiplicativity of the norm
|Bllr and the first equality (8) to deduce the second equality of (8).

The inequality (1) yields ||Allr = ||[D1A4]|lr > p(D1A). This proves the third
inequality of (8). ]

Corollary 3.2. Let

1 1 1 0 11
[ 2ot osoan ]

Then p(A) =0, p(B) = ||Al|2 = 2. Hence for any absolute norm on R* we have
the sharp inequality || Al|r > 2.

Theorem 3.3. Assume that A € F"*™. Let u(A) be defined by (6). Then equality
(7) holds.

Proof. Assume that ||x||r is an absolute norm. Recall that all norms on F?*"
are equivalent. Hence for a given absolute norm ||x||p one has an inequality
L lxle < flxla < K(] - 1) ] €F"
—— |X|IFr < ||X][2 < IEIIX)F, X )
K( - [le)

for some K (|| - |lp) > 1. Therefore in the definition of u(A) given by (6) we can
replace the norm ||x||2 by an absolute norm ||x||, Use the second inequality of
(8) to obtain

1(A) < [[Allg- 9)

Let
fi(A) = inf{||Allp, || - lr € N(n,F)}.

The inequality (9) yields that pu(A) < f(A).
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We now show that for each ¢ > 0 there exists an absolute norm ||x||z on F”
such that ||Aljr < p(A) +e. From the definition of p(A) it is straightforward to
show that

lim max{(u(A) +¢) ™" ||AD1A - Dy 1 ADpX||2,
Dy,...,Dp, € Dyp(F), x € F”, |Ix|2 =1} = 0.

Hence

liin max{(u(A) +¢) F|AD A - - Dy_1 ADyx||2,

(11)
Di,....Dr € Du(F), x €F", x|l =1, k+1 € [m]} < cc.

Define

Il = Jim_mas{(u(4) +) ¥ ADLA- - Dy ADix]l, )
Dy,...,Di, €D,(F), x €F", k+1€ [m]} < 0.

(We let the values of (u(A) + &)7F||[AD1A--- Dy_1ADix|2 to be [x||2 and
|AD1x]|2 for k = 0 and k = 1 respectively.) Clearly ||0|lp = 0. The inequality
(11) yields that [|x||r < oo for x # 0. Clearly, ||tx||r = |t|||x||r for t € F. The
inequality (10) yields that for each x € F there exists a nonnegative integer
k= k(x) and D1,..., Dyx) € Dn(F) such that

[P if k(x)=0,
Ixlle = { (u(A) + &)~ | AD1x] 2 if k(x) =1,
(1(A) + &) FCI|AD1 A - - - Dy)—1 ADg(x)X |2 if k(x) > 1.

The maximum definition of ||x||r yields that ||x||r satisfies the triangle inequality
and the equality || Dx|lr = ||x||r for all D € D, (F). Hence ||x||r is an absolute
norm on [F™. It is left to show that

[Ax[lr < (u(A) +&)lx[r, x€F" (13)
Observe that
|Ax||r := (#(A) + &) lim max {(,u(A) + )" +D||ADA - - Dy_1 ADy Ax||2,

m—o0

Dl,...,DkeDn(IE‘),xe]F”,k+1€[m]}

Clearly

ADlA- s Dk_lADkAX = ADlA N -Dk_lADkADk_HX, Dk+1 = In.
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Hence
max {(M(A) +&)~ "+ D|ADA - - Dy_ ADj Ax||2,
Di,....Dy € Du(F), x €F" k+1 ¢ [m]}
< max {(N(A) + &) Y AD1A - - Dy 1 ADyAx|)s,
Di,...,Dy € Do(F), x € ", g+ 1€ [m+1]}.
This establishes (13). Hence || Allp < u(A) +e. n

Theorem 3.4. Let A € F"*". Then there exists an absolute norm ||x|r and
€ > 0 such that the inequality (4) holds if and only if the condition (5) holds.

Proof. Suppose first that there exists an absolute norm on F” such that (4)
holds. As in the proof of Theorem 3.3 we deduce that

(p(A) +€) " ADy -+~ Di1 ADixls < (p(A) + )~ Fl|AlIE]x ]z < [1x]le.
In view of equivalence of norms ||x||r and ||x||2 we deduce

(p(4) + &) M| AD; - Dy ADyx|l2
(p(4) + &) K (|| - [£)|AD: - - Dy ADyx s

<
< K(I| - l9)llxlle < K (I - [l)?[1]]2-

Hence the condition (5) holds.

Assume now that the condition (5) holds. Define ||x||r as in (12) by replacing
((A) + ) with (p(A) + €). Then the arguments of the proof of Theorem 3.3
yield that ||x||r is an absolute norm for which the inequality (4) holds. ]

4. Additional Results and Remarks

A matrix A € F"*"™ is said to be sign equivalent to B € F*"*" if A = D1BD,
for some D1, Dy € D, (F). A matrix B € R™*" is called nonnegative if B = |B].
The following lemma generalizes the example in Corollary 3.2.

Lemma 4.1. Let A € F"*". Then
n(A) < p(|A]). (14)
Equality holds if A is sign equivalent to |A|.

Proof. Let B = |A| and assume that A is sign equivalent to B. Suppose first
that B is an irreducible matrix. That is, (I, + B)"~! is a positive matrix. Then
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Perron-Frobenius theorem [2] yields that there exist positive eigenvector u and
v of B and BT respectively such that

Bv=p(Bu, B'u=p(B)u, |[v[]a=1,v u=1,p(4)>0.
For a positive vector w € R™ define an absolute norm on F™:
v(x) = w'[x|. (15)
Assume that w = v. Then

vw) = vTu=1, w(Bu)=p(B)(w) = p(B),
v(Bx) = v'|Bx| < v'Blx| = p(B)v' x| = p(B)v(x).

Hence v(B) = p(B). As v is absolute we deduce from (8) that v(A) = v(B) =
p(B). Next observe that B = Dy'AD; ' is similar to D;'D;'A. Hence
p(D;'DTYA) = p(B). Inequalities (8) yield that ||Allr > p(B) for any abso-
lute norm. Hence u(A) = p(|A]).

Assume that B is a reducible matrix and w > 0. Let v be defined by (15).
Note that v is a weighted ¢; norm. It is straightforward to show that

@,ie[n]}.

W;

v(B) = max{

See [4, Example 5.6.4] for the case w = (1,...,1)T. Recall the generalized
Collatz-Wielandt characterization of the spectral radius of p(B) = p(B") [3,
Part (1), Theorem 3.2]:

p(B) = inf max{@,i € [n]}.

w>0 w;
Hence for a given € > 0 there exists w > 0 such that
p(B) < v(B) < p(B) +<.

Therefore p(A) = p(|4)).

Assume now that A is not sign equivalent to |A|. Suppose that ||x||r is an
absolute norm. Observe that |Ax| < |A||x|. As ||x||r is & monotone norm it
follows that ||Ax|lp < |||4]|x||lr, and ||A|lr < |||4]|lr . Hence inequality (14)
holds. |

We close with section with a brief discussion of absolute norms on R™ and C".
Clearly if ||x||c is an absolute norm on C™ then the restriction of this norm on R™
gives an absolute norm ||x||g. It is also well known that given an absolute norm
|x||r it induces an absolute norm ||x||c on C™ by the equality ||x|| = |||x|||r-
Indeed, for x,y € C™ we have that |x+y| < |x|+]|y|- The monotonicity of ||x|/r
yields

%+ ylle =l +yllle < [kl +[yllle < [lx/lz+ [lyllz = [xlc + lylc
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Assume now that ||x||r is an absolute norm on R™. Let A € R™"*". Then
[|A]|c is the induced norm by ||x||c. Clearly

[Alle < [|Allc. (16)

It is not obvious to the author that one has always equality in the above inequal-
ity for a general absolute norm on R".
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