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Abstract. In this note, we aim to present a method for reconstruction of generalized
fusion frames for operators and error operator with its upper bound. Also, the approx-
imation operator for these frames will be introduced and we study some results about
them specially, a new identity about the norm of these frames is presented.
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1. Introduction and Preliminaries

Frames have a significant role in both pure and applied mathematics, so that
these are a fundamental research area in mathematics, computer science and
quantum information and several new applications have been developed, e.g.
besides traditional application as signal processing, image processing, data com-
pression and sampling theory. After introducing Frames by Duffin and Scheaffer
[12], there have been many generalizations such as c-frame [16], g-frame [25], fu-
sion frame [7, 20], K-frame [15], controlled frames [4] and also the combination
of each two of them, lead to c-fusion frames [13], c-g-frames [18], g-fusion frames
[23] and etc.

Frames for operators or K-frames have been introduced by Gavruta in [15] to
study the nature of atomic systems for a separable Hilbert space with respect to
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a bounded linear operator K and presented some another kind of these frames
e.g. [2,3,21,22,26]. It is a well-known fact that K-frames are more general than
the classical frames and due to higher generality of K-frames, many properties
of frames may not hold for K-frames like the frame operator in all kind of K-
frames is not invertible. Recently, Sadri et al. presented K-g-fusion frames (and
g-fusion frames) in [23, 24].

Robustness of Parseval fusion frames under erasure have been employed by
Bodmann et al. in [5] for optimal transmission of quantum states and packet
encoding. After, Kutyniok et al. in [19] were able to present fusion frames
which are optimally resilient against noise and erasure for random signals and
further, Casazza and Kutyniok in [8] have studied this topic and they presented
sufficient conditions on the robustness of a fusion frame with respect to erasures
of subspaces. In this paper, we focus on the study of those topics on K-g-fusion
frames and we will show some new results about these frames.

Throughout this paper, H and H; are separable Hilbert spaces for each j € [
where J is a subset of Z and B(H;, H2) is the collection of all the bounded linear
operators of Hy into Ho. If Hy = Hy = H, then B(H, H) will be denoted by
B(H). Also, 7y is the orthogonal projection from H onto a closed subspace
V C Hand K € B(H).

If an operator U has closed range, then there exists a right-inverse operator
Ut (pseudo-inverse of U) in the following senses.

Lemma 1.1. [11] Let U € B(Hy, Hz) be a bounded operator with closed range
R(U). Then there exists a bounded operator UT € B(Ha, Hy) for which

UU'z =z, 2¢cRU).

In this part, we review notations of K-frames and K-g-fusion frames from
[15, 24]. We notice that the operators in frames and K-frames are similar.

Definition 1.2. [15] Let {f;} ey be a sequence of members of H and K € B(H).
We say that {f;}jey is a K-frame for H if there exist 0 < A < B < oo such that
for each f € H,

AIIE*FIP <Y1 )P < BIFIP. (1)

JEJ

The constants A and B are called K-frame bounds. If the right hand of (1)
holds, we say that {f;};cy is a Bessel sequence with bound B. The set {f;};ey
is called a Parseval K-frame if

DL P = I

J€J
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If {f;}jer is a Bessel sequence, then the synthesis and the analysis operators of
frames are defined by

T :/*(N) — H, T* : H — (*(N),
T{citjer =Y ¢ifsn  T°F={{f fi)}ier
Jjel

Now, the frame operator is defined by S = TT™.

Definition 1.3. [3] Let K € B(H). A sequence {A; € B(H,H,)} ey is called a
K -g-frame for H with respect to {H,} ey if there exist 0 < A < B < oo such
that for each f € H,

AIEfI? < YO IAGFIP < BIIFIP (2)

JEJ

Definition 1.4. [24] Let W = {W;};e5 be a collection of closed subspaces of H,
{v;}jer be a family of weights, i.e. v; >0, A;j € B(H, H;) for each j € J and
K € B(H). We say A :== (W;,Aj,v;); is a K-g- fusion frame for H if there
exist 0 < A < B < oo such that for each f € H,

AK P < Yol Agmw, fIIP < BILFIP. (3)
J€J

Throughout this paper, A will be a triple (W;,A;,v;); with 7 € J unless
otherwise noted. If the right hand of (3) holds, we say that A is a g-fusion
Bessel sequence with the bound B. If A = B, then we say A is a tight K-g-
fusion frame and we say A is a Parseval K-g-fusion frame whenever A = B =1
and we get

>, fIIP = 1K £

J€l
If A is a g-fusion Bessel sequence, then the synthesis and the analysis operators
of the g-fusion frames are defined by ([24, 23])

TA : % — H,
Ta({fitier) = Y vimw, AS £,

JjeJ
Ty : H — 55,
Tx(f) = {vjAjmw, f}jer,

where % = {{f;}jes : f; € Hj, D el | £ill?> < oo}, with the inner product
defined by ({f;},{9;}) = >_,e5(fj- 9;)- It is clear that 73 is a Hilbert space with
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pointwise operations. Thus, the g-fusion frame operator is given by

Saf =TATif =Y vimw, A Ajmw, f
Jjel

and so, we can get
<SAf7f> :Zvj2'||Aj7TW7‘f||2a (4)
Jj€l
for all f € H. The following shows an interesting property between T and T
for two g-fusion Bessel sequences.

Theorem 1.5. Let |J| < oo, also A = (W;,Aj,v5); and © = (W;,0;,w;); be
two g-fusion Bessel sequences for H, where A;,©; € B(H, H;). Let ¢ :=TAT{.
Then ¢ is a trace class operator.

Proof. Suppose that ¢ = u|¢| is a polar decomposition of the operator ¢, where
u € B(H) is a partial isometry, therefore |¢| = w*TaTg. Assume that {e;};ey is
an orthonormal basis for H. Then

tr(|¢l) =D (Idlej.e5) = > (Tée;, Thue;)

Jel jel
= Z ({wrOrmw, €5 trer, {viArTw, ue; beer)
jel
= Z Z<wk@kﬂ-wkej5 v AT, ue;)
jel kel
<Y D lwkOrmwy ;|- |[vp Armw, ues |
j€l kel
3 3
<3 (D leOrmunes12)” (3 Ioehumw, ue; )
jel - ked kel
<Y V/BaBellug|
jel

= v/BaBe |Jul||J] < oc. -

In next Theorem, we show a relation between K-frames with K-g-fusion
frames which is a generalized of Theorem 3.2 in [7].

Theorem 1.6. For each j € J let A; € B(H,H;) and v; > 0. Let {fi;}icr,
be a K-frame for H; with bounds A; and Bj. Define a sequence of subspaces
W; =span{A} fi; }ie1; for each j € J and suppose that

0<A:=infA; < B:=supB; < oo.
jel jET

The following assertions are equivalent:



K-g-Fusion Frames in Finite and Infinite Hilbert Spaces 775

(1) {vjA]fij}jenier; is a K-frame for H.

(ii) Aj(W;) are closed subspaces of H; for every j € I and {ei;} ey ic1, are
orthonormal bases for them such that {vjﬂ'WjA;eij Yieniel, is a K-frame
for H.

(ili) A= (W;,Aj,v5)jer is a K-g-fusion frame for H.

Proof. First, we prove that (i) and (iii) are equivalent.  Suppose that
{vjA} fij}jenier, is a K-frame for H with frame bounds C' and D. For each
f € H, we have

AN BN mw, 12 < S 402 | Ay, £
Jjel jel
< Z Z [(vijmw, f, fij) P

jel iely

=S5 lmw, £, 0% fig) P

jel i€l
=D > UL fip)l?
el iel,

< D||f|I*

This means that A is a g-fusion Bessel sequence for H with a bound %. With

same method, we can show that % is a lower K-frame bound for A. For the

opposite case, assume that A is a K-g-fusion frame with bounds C' and D. For
each f € H we have

DSOS THE A ED =D [mw, £005 £i)

j€l iel; j€l iel;

=D > vilAymw, £ fi) P

jel iel,
> AdllAmw, £
Jjel
> AC||K* f]%,

and it is easy to check that BD is a lower frame bound.
Now, according to the following:

oA mw, FI2 = 2| D (Agmw,  eishess

i€l

2
=3 [(frvymw, Ajes)
i€l
we aim that (ii) and (iii) are equivalent. ]

2. Main Results
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Suppose that {W;}, ey and {Z,},ec; are two closed subspaces of H and {v;}ey
is a set of weights. Also, A; and ©; are bounded operators in B(H, H;). We
define the approzimation operator with respect to A and © := (Z;,0;,v;);ecy as
follows:

V:H— H,
\I/f = Z VT Z; @; (UjAj’lTWj f)
Jjel

The following can be found in the text of Banach spaces:

Lemma 2.1. Let (X,|.]|) be a Banach space and U : X — X be a bounded
operator such that ||I — Ul < 1. Then U is invertible and

n

Utt=>Y (1-U)"

k=0

Moreover 1

[ ———
R T

Theorem 2.2. Let C1,C5 > 0 and 0 < v < 1 be real numbers such that for each
f € H and {f;},er € H5 the following assertions holds:

(1) Xjes villA mw, fII? < Cull 1%
(i) 1| 25,e5v5mz, 05 f511% < Call{f3}13:
(iif) [If —wfI> <)%
Then A is a K-g-fusion frame for H with bounds Cy (1 —~)? and Cy. Also,
O is a K-g-fusion frame for H with bounds C; (1 —~)? and Cs.

Proof. Assume that f € H, with items (i) and (ii) we get
19 f11? < Coll{vsAjmw, 15 = Ca Y vi | Aymw, fII* < CoCr £
Jj€l
Hence, ¥ is a bounded operator. By Lemma 2.1, ¥ is invertible and [|[¥ ! <
(1 —~)~L. Thus,
K2 B £l < I FIP

= |etws)?

< (@ =7)7?ef)?

< Co(1=772Y of | Asmw, £

JjeJ

< 01 (1 =) 2| fI12
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So, we conclude that
Cy (=P IKN2 K FI1P < D oflasmw, fIIP < Call £,
2
and the first part is proved. Next, we verify two inequalities which are dual to
(i) and (ii) for ©. Let f € H. Then we have

(Y- 210,72, £117)* = (3 vjmz,0;0,72,f. 1)

jel jel
<Y vz, 050 mz, fIPI 1P
jel
< Gl fIP Y w3107z, £

2
Therefore,
> uil€;mz, £ < Coll I
jel

For second inequality, for {f;} ey € 5%, we can write

2
IS v 55512 = (sup (3 vymw, A4 1))

jEI Hf”:l jEI
(sup |32 (oshymu, 1))
< | sup i Vi AT,
= A

< IHIB( sup 3ol f17)

”: jEI
< GrlI{ £33

Now by similar argument and applying an approximation operator of the form
\I/*f S Z Vi TW; A; (Uj@jﬂ'zj f),
Jj€l

we can establish © has required properties. ]

The next result is a generalization of Theorem 3.2 from [8] for K-g-fusion
frames.

Theorem 2.3. Let K be closed range and A be a K-g-fusion frame for H with
bounds A and B and 1 C J. Then the following statements hold:
(i) If {Aj}jer is a K-g-frame for H with the lower frame bound B, also
Nja W5 € R(K) and v; > | KT|| for each j €1, then

(W, ={0}.

jel
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(ii) If {Aj}jer is a tight K-g-frame for H with the lower frame bound B and

|KT|| <1, also NjaW; € R(K) and we have v; =1 for each j € 1, then

ﬂ W; L span{W;} ;e
jel
(iti) If C := 3, UJQ»”AJ‘HQ < A, then (Wj,Aj,v;)jent is a K-g-fusion frame
for R(K) with bounds A — C||K'|| and B.

Proof. (i). For every f € (),c;W; and j € I we have mw, f = f. So,

j€l
B fII* < BIK"|? | f]?
<> ISP
J€EL
= vlAmw, fIP?
J€EL
<ol fI?
JEJ
< BJ|f|I*.

Thus, f = 0.

(ii). For each f € (.. Wj, we have

j€L
BIE*f|* =) o} llA;mw, £
jel
< YAl Amw, f1P+ Y oflAmw, £
jel FISAN!
< BJIf|I?
< B|K?| K £
< B| K" f||*.
Therefore, 3 cpg vjz||Aj7erf||2 = 0 and it shows that f L span{W;} ey
(iii) The upper bound is evident. For the lower bound, if f € R(K) we get

Y GlAmw, £12 =D ok lIAgmw, fIIP = Y oF A mw, £

JeINI 2 jel
> AIE*FI1P =D oA 1P )1
jel
> (A= C| K[| £ .

When the set I which is introduced in Theorem 2.3 is singleton, then we can
get the following result.
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Corollary 2.4. Let K be closed range and A be a K-g-fusion frame for H
with bounds A and B. If there exists jo € J such that v ||Aj|l*> < A, then
(W5, Aj,v5) 525, is a K-g-fusion frame for R(K) with bounds A—U?O Ao 12| K12
and B.

The following corallary is a generalized of Corollary 3.4 from [8].

Corollary 2.5. Let K be closed range and A be a tight K -g-fusion frame for H
with bound A and jo € J. Then the following assertions are equivalent:

(i) v3 1Az, |17 < A
(i) (W;,Aj,v5)524 15 a K-g-fusion frame for R(K).

Proof. The proof of (i)=-(ii) is clear from Corollary 2.4. For the opposite, assume
that C' is a lower frame bound of (W;, A;,v;);-j5,. For each 0 # f € R(K) we
have

CIK*fIIP < > 3 lIAmw, fI1?
Jj#Jjo
=Y v Ajmw, fIIP = o}, [ Ajomw, 11
jel
= (AIfII” = o3 1 Ajomw, F1I%)-

Hence,
K f1? 2 Ajemw, f?
0<C <A—v; ——22—
1£11? AP
Therefore A — o2 [|Aj 7w, [|* > 0. [

In next result, we provide a new K-g-fusion frame for the space H with by
deleting a number of members of a Parseval frame for Hj.

Theorem 2.6. Let A be a K-g-fusion frame for H with bounds A and B. For
each j € J, let { fij}ier, € Aj(W;) be a Parseval frame for H; which { fi;}ici\1,
is a frame for H; with the lower frame bound C; for each finite subset L; C I
and all j € J. If W; :=span{A; fij }icrj\L,, then (W, Aj,v;)jes s a K-g-fusion
frame for H with bounds (minjey C;)A and B.

Proof. 1t is clear that VIA//J are closed subspaces of H for each j € J and B is a
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upper frame bound of (I//I\/},A‘j,v‘j)jej. For each f € H we have

Z%”Aﬂrﬁfw Z Z| j Wffw>|

jel Jjel i€l;

>0 Y g fA )

jeI  iel\L;
=> 07 > [(Amw, £, fi)?
JET i€l \L;

> 0iC | Ajmw, £

jel

> mmC ZUQHA 7w, 1

JjeJ

> (min Cj) A| K f||>.
jel

3. Error Operator for Parseval K-g-Fusion Frames

Now, we aim to study the approximation ¥ in finite case similar to the view
presented in [8]. Suppose that J = {1,2,--- ,m} is finite and A is a Parseval
K-g-fusion frame for H where dim H < co. For every jo € J, we consider the
following operator:

Djo : % — %,
Djo{fi}ier = 0o fio-
We define the associated 1-erasure reconstruction error £;(A) to be

£1(A) = max | oD, T3]
Jjel
Since

J

[TAD;TX|| = Sup, ITAD; T fI| = 3 Sup [, A Agmw, fI| < w3 1A 1%,
f =

therefore,
E1(A) = maxvy[|A;|*.

Theorem 3.1. Let {f;} ey be a Parseval K-frame for H and {/\j}?:1 the eigen-
values for the frame operator S where n = dim H. Then

> IillP = nlK.

J€J
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Proof. First, it is clear that the equality

n

PIRVEDII iy (5)

JEJ

which is presented in [11] for ordinary frames, is also true for K-frames. Suppose
that f € H. Since (Sf,f) = |K*f||?, so S = KK*. Assume that \; is an
eigenvalue of S for arbitrary j. Therefore, ||[K* f||? = ;|| f||* and we conclude
that || K*||* = \; for each j =1,2,--- ,n. By (5), this completes the proof. m

Theorem 3.2. Let A;(W;) be closed subspaces, J = {1,2,---,m} and A be a
Parseval g-fusion frame for H where dim H = n and also |H;| < oo for each
j € J. Then the following conditions are equivalent:

(i) A satisfies E(A) = minjejgl(rﬂvfj,Aj,ﬂj)jej, where (Wj,Aj,ﬁj)jEJ s a
Parseval K-g-fusion frame for H with dim W; = dim W for each j € J.
(ii) For each j € J we have

2 2 "HK||2
UJH il m. dim W;

Proof. Assume that {e;;}ic1, is a orthonormal basis for A;(W;) for each j € J.
m, dim AJ‘ (WJ)

Via Theorem 1.6, the sequence {v;mw,Ajei;}; 0 =y is a Parseval K-

frame for H. By Theorem 3.1, we can get

m dimA; (W) m
n[KIP=" Y wflmw Ajes > <D dim Ay (Wy)oF || Ay
=1 =1

j=1
So, there exists j such that
| K? < m. dim Ay (Wy)v7 || A1

Since the dimensions as well as the number of subspaces are fixed, we conclude
that £1(A) is minimal if and only if n|K|?> = m.dimAj(VVj)vjz||Aj||2 for all
7€l ]
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