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1. Introduction, Definitions and Notations

We denote by C the set of all finite complex numbers. Let f be an entire function
defined on C. The maximum modulus function My (r) and the maximum term
pup (r) of f =37 janz™ on |z| = r are defined as M (r) = max |, |f (z)| and
oy (r) = maxp>o (|an|r™) respectively.

We use the standard notations and definitions of the theory of entire func-
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tions which are available in [15] and [17], and therefore we do not explain
those in details. For x € [0,00) and k € N where N is the set of all posi-
tive integers, define iterations of the exponential and logarithmic functions as

explfl z = exp (exp[’“’l} x) and log[k] x = log <log[k_1] x) with convention that

1og[0] T =u, 1og[71] z =expz, expld z =z and expl~ z = logz. Now consider-

ing this, let us recall that Juneja et al. [7] defined the (p, ¢)-th order and (p,q)-th
lower order of an entire function respectively, as follows:

Definition 1.1. [7] The (p,q)-th order and (p,q)-th lower order of an entire func-
tion f are defined as:

log!?! M lool? 17
P9 (f) = lim Supu and NP9 (f) = lim infu
rotoo  logldr r=too ogldl

7

where p and q always denote positive integers with p > q.

The function f is said to be of regular (p, q) growth when (p,q)-th order and
(p,q)-th lower order of f are the same. Functions which are not of regular (p, q)
growth are said to be of irregular (p, q) growth.

Extending the notion of (p,q)-th order, Shen et al. [11] introduced the new
concept of [p,q]-¢ order of an entire function where p > ¢. Later on, combining
the definition of (p,q)-th order and [p,q]-¢ order, Biswas [1] redefined the (p,q)-th
order of an entire function without restriction p > gq.

However the above definition is very useful for measuring the growth of entire
functions. If p = [ and ¢ = 1 then we write pD (f) = p® (f) and \&D (f) =
AD (f) where p® (f) and A (f) are respectively known as generalized order
and generalized lower order of entire function f. For details about generalized
order one may see [9]. Also for p = 2 and ¢ = 1, we respectively denote p>1) (f)
and A (f) by p(f) and A (f) which are classical growth indicators such as
order and lower order of entire function f.

In this connection we just recall the following definition where we will give a
minor modification to the original definition (see e.g. [7]):

Definition 1.2. An entire function f is said to have index-pair (p,q) if b <
pPD (f) < +oo and p®P~1971) (f) is not a nonzero finite number, where b = 1
if p=q and b =0 for otherwise. Moreover if 0 < p9 (f) < 400, then

J0) (f) =400 for n<p,
o= (1) = 0 Jor n<aq.
pPtmatn) (£ =1 for n=1,2---
Similarly for 0 < X9 (f) < +o0, one can easily verify that
AP=m9) () = 400 for n <np,
APa=n) (£) =0 for n<gq,
Aptnaatn) (£) =1 for n=1,2---
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Now let L be a class of continuous non-negative functions « defined on
(—00, +00) such that a (z) = a(x¢) > 0 for z < xp with a (z) T 400 as z — 400
and o ((1+0(1))z) = (1 + o(1)) a (x) as & — +o00. We say that « € L, ifa € L
and a(cx) = (14+o0(1)) a(z) as z9g < x — +oo for each ¢ € (0,400), i.e., a is
slowly increasing function. Clearly L° C L.

Further we assume that throughout the present paper «, ai, as, 8, 51 and
Bo always denote the functions belonging to L°.

Considering this, the value

Pa,p)[f] = lim sup 2108 M5 (7))

r—toc  B(logr) (@clpel)

is called [12] generalized order (a,3) of an entire function f. For details about
generalized order (a,83) one may see [12]. During the past decades, several
authors made close investigations on the properties of entire functions related to
generalized order («,3) in some different direction. For the purpose of further
applications, Biswas et al. [3] rewrite the definition of the generalized order
(a,B) of entire function in the following way after giving a minor modification
to the original definition (see, e.g. [12]) which considerably extend the definition
of g-order of entire function introduced by Chyzhykov et al. [4]:

Definition 1.3. [3] The generalized order (o, 8) and generalized lower order (c, )
of an entire function f are defined as:

a (Mg (r o (M+(r
Paplf] = Hms“pw and Ma,p)f] = Hminfw,

r—+4o0 r—+o00

Since py (r) < My (r) < Fpg (R) for 0 <r < R{cf. [13] }, so it is easy to
see that

bt 1] = lim Sup% and Ao [f] = lim inf%,

r——+o00 r—4o00

The function f is said to be of regular generalized (a, 8) growth when general-
ized order («, 8) and generalized lower order («, 8) of f are the same. Functions
which are not of regular generalized (¢, 8) growth are said to be of irregular
generalized (a, §) growth.

Definition 1.1 is a special case of Definition 1.3 for a (r) = log!”! r and 8 (1) =
log? 7.

In this connection we also introduce the following definition which will be
needed in the sequel:

Definition 1.4. An entire function f is said to have generalized indez-pair (o, 3)
if b < pra,p)lf] < 400 and prexp a,exp 8y Lf] 98 not a non-zero finite number, where
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b=1ifa=p and b= 0 for otherwise. Moreover if 0 < p(a,p)[f] < +00, then
for anyy1 € L and y1(r) £ r

Py (e).p)f] = oo when yi(a) € L°
and lim % = 400 fO’f' any p < p((){,ﬁ)[f];

r—4oo

Py (a),3)f] =0  when v (a) € L°

and lim LS =0 for any p1 > pla,s)Lf].

p(a,'n(ﬁ))[f] = +o00 when a! (ﬁ) erL’

. B(r
and TEToovfw((r))) = +00 for any p < p(a,p)lf],
Plem (8)) L] =BO when v, (8) € L°
and TETOOWT(B(T» =0 for any p1 > p(a,p)[f],

Pyi(a)m@nlfl =1 when v € LO.

Similarly for 0 < Aq,)[f] < +00, one can easily verify that

A (e))lf] = +00  when yi(a) € L°

and TETOO%E)(;)): +00 for any A < X)L f],

Ay (a))[f] =0 when v1(a) € L°

and  lim PGESI= 0 for any Ai> Aap)f].

Mam (aylf] = +oo  when 3 (B) € L°

. AB(r
and TETM%Z +o00 for any X < Aa,p)[f]
An(onlf] =0 - when m(5) € L’
and Tim 2= 0 for any Ai> Ao p)lf]:

)‘(’71((1)7’71(5))”] =1 when Y€ LO.

Now in order to refine the growth scale namely the generalized order («,5),
Biswas et al. [2] have introduced the definitions of another growth indicators,
called generalized type (a,) and generalized lower type («,) respectively of an
entire function which are as follows:

Definition 1.5. [2] The generalized type (o,3) denoted by oo p)|f] and generalized
lower type (o, () denoted by T4 py[f] of an entire function f having finite positive
generalized order (a, B) (0 < p(a,p)[f] < +00) are defined as:

O(a = limsu exp (a (M (1)) )
(e, 8) [£] THJFOE (exp (3 (T)))P(w,ﬁ)[f]

T (o = liminf exp (o (M (1)) .
(a,8) (/] r=+20 (exp (8 (r)))p(a,a)[f]

It is obvious that 0 < T4 p)[f] < 0(a,p)[f] < +o0.



Generalized Growth Properties of Composite Entire Functions 17

Analogously, to determine the relative growth of two entire functions having
same non zero finite generalized lower order (o, 3), Biswas et al. [2] have in-
troduced the definitions of generalized weak type («,) and generalized upper
weak type (a,) of an entire function f of finite positive generalized lower order
(a,B), Ma,plf] in the following way:

Definition 1.6. [2] The generalized upper weak type (o,3) denoted by 7(o p)[f] and
generalized weak type (o) denoted by T (4, p)[f] of an entire function f having
finite positive generalized order (a, 3) (0 < Mapylfl < —|—oo) are defined as:

T(a = limsu exp (@ (M;(r))) ;

e e By

T(a — lim inf —2 (o (M (r))) .
e e (B ) o T

It is obvious that 0 < T 5)[f] < T(a,p)[f] < +o00.

Using the characteristic of entire functions many researchers have already
contributed their works in the different directions of the present literature (see
[6, 8, 10]). For any two entire functions f and g the ratio %i E:; as r — +oo and

2
Hg (T
maximum modulus and the maximum term respectively. Actually the studies of

the growths of composite entire functions in the light of their generalized order
(o, B) and generalized type («, 8) after improving some results of [14] and [16]
are the prime concern of this paper.

as r — oo are called the growth of f with respect to g in terms of their

2. Main Results

First of all we present a lemma which will be needed in the sequel.

Lemma 2.1. [5] Let f and g be any two entire functions with g (0) = 0. Also let

B satisfy 0 < B <1 and ¢(B) = %. Then for all sufficiently large values
of r,
My (¢(B) Mg (Br)) < Myog (r) < My (M, (r)) -

In addition if B = %, then for all sufficiently large values of r,

1012 (L0 (3)

Now we present the main results of this paper.
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Theorem 2.2. Let f and g be any two entire functions with generalized index-
pairs (a1,81) and (a9,B2) respectively. Then
(i) the generalized indez-pair of f o g is (a1,B2) when B (r) = a2 (r) and
either Ao, ) [f] > 0 or Ao, 52)[9] > 0. Also
(@) Aar,gnlf]P(0a,82)[9] < Plarsa)lf © 9] < Plar s [flPas.p) 9]
)‘(ahﬁl)[f] >0,
(b) )‘(alﬂl)[f]p(azﬂz)[g] < p(ahﬁQ)[f o g] < p(alﬂl)[f]p(azﬂz)[g] if
>‘(Oé2ﬂz)[g] >0

(ii) the generalized index-pair of f o g is (an,b1 (a;l(ﬁg))) when (1 (a;l(r)) €
LY and either Ao, p,)[f] > 0 0or Ay p)lg] > 0. Also
(@) Aar,o0)[f] < P(al,ﬁl(agl(ﬁQ)))[fog] < Plar,o) ] I Ao, [f] > 0.
(B) Doy py(az By lf © 9 = Plar ) [F] i Aas ) l9] > 0.
(i) the generalized index-pair of f o g is (aa(By (a1)),B2) when az(By*(r)) €
L° and either Ao, p,)[f] > 0 0or Aay,p)lg] > 0. Also
() Plas (571 (1)), 1 © 9] = Plas,pa) 9] U Aar ) [F] > 0.
(b) )\(a27,82)[g] S p(ag(ﬁfl(al))752)[vf o g] < p(az,ﬂz)[g] Zf )\(az,ﬁz)[g] > 0.

Proof. In view of the first part of Lemma 2.1, it follows for all sufficiently large
values of r that

al(Mfog (7’)) > (1 + 0(1)) ()\(a17ﬁl)[f] - E) 51 (Mg(g)) (1)
and also for a sequence of values of r tending to infinity that
ar (Myog (1)) 2> (14 0(1)) (P(ar,80)Lf] = €))B1 (Mg(g» @)

Similarly, in view of the second part of Lemma 2.1, we have for all sufficiently
large values of r that

a1 (Myog (1)) < (pas,polf]1+€) Br (Mg (r)). 3)

Now the following two cases may arise:
Case I. Let 51 (1) = a2 (r).
Now we have from (3) for all sufficiently large values of r that

a1 (Mfog (’I“)) < (p(al,ﬂl)[f] + 5) (p(az,ﬂz)[g] + 6) 65 (T)

i.e., lim supw
r—+400 /62 (’r)

Also from (1), we obtain for a sequence of values of r tending to infinity that
a1 (Myog (1)) = (14 0(1)) (Man,60) [f] = €) (Plas,p)l9] =€) B2 (7)
(Mjog (r))

. . aq
i.e., limsup
r—-+00 2 (T)

< p(al,ﬁl)[f]p(az,ﬁz)[g]' (4)

> Nan,81) [f1P(a2,82)[9]- (5)
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Moreover, we have from (2) for a sequence of values of r tending to infinity that
ar (Mgog (r)) > (14 0(1)) (p(ar ) [f] = €) (MNan.a)lg] =€) B2 (r)

i.e., lim supal(#{f)(r» > plar, ) [f1 M @s,82) [9]- (6)

r——4o00

Therefore from (4) and (5), we get for A4, g,)[f] > 0 that

a1 (Myoq (1))

Mo, 80) [f1P(as ) 9] < 1}}3 ing(rg) < Plar,B) [ f1P(az,2) 9]

i Moy, [f1P(az,82)[9) < Prar p2) [f © 9] < Plan,p0) ]P0z l9)- (7)
Likewise, from (4) and (6), we obtain for A4, s,)[g] > 0 that
- o1 (Myog (1))
p(ahﬂl)[f])\(a%ﬁQ)[g] < lim SHPW < p(ahﬁl)[f]p(a%ﬁQ)[g]

r—4oo

i-€.s Pan5) [ [N @2.)19] < Plan o) [f © 9] < prar. ) [fP(an 8 l9]- (8)
Also from (7) and (8) one can easily verify that

P(al(»yfl),ﬂQ)[f °g] =00
when a(y;1) € LY and TEI-PDO
p(al,ﬂg('yl_l))[f Og] =0 .
when 85 (77 ') € L° and lim 752(721(T§T)) = +o0,

r—+00 B

a1(yt(r)

a(r) 00,

Plar () B2 f o gl =1

when lim @201() _ g and lim 22n() _ .
ro+oo a1(r) r—+oo P27

Therefore we obtain that the generalized index-pair of f o g is (a1, 82) when
B1(r) = az (r) and either Ao, g,)[f] > 0 or A(a,,8,)[9] > 0 and thus the first
part of the theorem is established.

Case II. Let By (g ' (r)) € LO.

Now we obtain from (3) for all sufficiently large values of r that

a1 (Myog (1) < (prag,plf] ) Br (o (a2 (Mg (r))))
i.e., ap ( T < (p(almgl f] + 6) o)1 (aQ ((p(azﬁz)[g] + 5) I65; (T)))
ie., ar (M (r)) < (14 0(1)) (p(ay,p0) [f] +€) B1 (az " (B2 (1))
ie., o1 (Myoq (1)) < Plan,p) ] 9)

lim ————>—
r=+o0 By (ay ' (B2 (1))

Also from (1), we have for a sequence of values of r tending to infinity that

a1 (Myoq (1) 2 (14 0(1)) (Acws, 0 1f] =€) B (07" ( (praz o] +) 52(3) ))
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ie., a1 (Myog (1)) 2 (1+0(1)) (Aay,p)[f] =€) B (az " (B2 (r)))

i.e., limsu w
T (a3 (32 ()

Further, we get from (2) for a sequence of values of r tending to infinity that

> )\(al,ﬂl)[f]' (10)
ar (Myog (r))

> (14 (1)) (e 01— 2) 1 (07" (sl =) B2(3)))

ie., a1 (Myog (r) = (1+0(1)) (par, o) [f] =€) Br (az ' (B2 (1))

i.e., limsu _ g 1)) (Mfog ()
S (g (32 (1))

Therefore from (9) and (10), we get for A¢s, 5,)[f] > 0 that

> p(al,ﬁl)[f]' (11)

i sup LMo (1)
)\(alﬁl)[f] = lirgigfﬂl (042_1 (52 T)))

i€ M) ] < P(ay 8, (a3 (8))) [F © 9] < Pran ) [f]: (12)

< P(ar,B1) [f]

Likewise, from (9) and (11) we get for A4, g,)[g] > 0 that

. a1 (Myog (r))
e B g ) <o)

i.e., p(mﬁl(a;l([b))) [f © g] = p(("lﬂl)[f]' (13)

Further from (12) and (13) one can easily verify that

p(al(wfl),ﬂl(agl(BQ)))[f og] =00 1
oy (1)

ay(r)

when al(’yfl) € L% and lim = 400,
T—+00
p(alyﬂl(agl(ﬁz(’yfl))))[f 0g]=0,

when By(a5  (Ba(77 1Y) € L and  lim Brlog (Baly "t _ |,

oo Bilag N (B2(r)))
Plon(r) Balay (B2 [ © 9] = 1 1
lim 210) g and  lim Zuee Ben()) _

rotoo  a1(r) r—too  Bilay ' (B2(r)))

when

Therefore we get that the generalized index-pair of f o g is (al, 51 (042_1 (52)))
when B (a; ' (r)) € L° and either A4, g,)[f] > 0 0r A(a,.5,)[g] > 0 and thus the
second part of the theorem follows.

Case III. Let az(By*(r)) € L°.
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Then we obtain from (3) for all sufficiently large values of r that

)
az (B (a1 (Myog (1)) < a2 (BT ((p(ar,p0) Lf] +€) B1 (Mg (1))
az (B (a1 (Myog (r)))) < (1+0(1)) a2 (Mg ()

az (B (a1 (Mfog (1)) < (1+0(1)) (p(az.palg] +€) B2 ()

o @2 (BT (01 (M ey (1))
e 17’—>-|b—o<1>3 52 (7')

< p(azﬁﬁz)[g]' (14)
Also from (1) we have for a sequence of values of r tending to infinity that

Myog (1)) = (1+o(1))ﬁQ(Mg(g)>
i.e., Qg ( -1 (a1 Myog (7")))) > (1+o0(1)) (p(azﬂz)[g] _ 6))52 (r)

p(az,ﬁz)[g]' (15)

oo (BT Yy

V

lim sup
r——+o0o 52

Y

Similarly, we get from (2) for a sequence of values of r tending to infinity that

)
az (BT (1 (Myog (1)) = (1+0(1)) (Aas,0) [9] — €))B2 (1)
az (By ' (o1 (Myoq (1))

limsup > Nas.Bs . 16
im sup 5 (1) (02.82) [9] (16)
Therefore from (14) and (15), we obtain for A, ,)[f] > 0 that
. az (81 (o1 (Myoq (1))
2. Ba < limsup < Plas,Ba
P(az,82) [9] . Ba () P(az,82) 9]
B Pl (7 @) ) 1 © 91 = Pl ) 191 (17)

Similarly, from (14) and (16) we get for A(4, g, [g] > 0 that

az (B (a1 (Myog (1))

A <1 <
(a2,82)[9) < im sup 50 Plas,62)19]
i€ Aan,B2)[9] < Plaa (87 (a1)),B2) [ © 9] < pias.po l9]- (18)

So from (17) and (18) one can easily verify that
Plas (87 (ea (o). L © 91 = 00 (B (a1 (v (7))
1 —1 0 . az(By (ca(yy (v _
when ax(f; " (an(v,7))) € L7 and | lim = Casr CHonS = 4oo,
Ploa(sr (o) o)) 1 91 =0
when [ (’yl_l) € L% and lim

r——+00
Plon(8y ar () Baun [ 091 = 1

(B Hen(n (M) _ -
when  lim = Ty — 0 and lim

Ba(vi (1) _
R = T

B2y (r)) _
25227,) =0.
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So we obtain that the generalized index-pair of fog is (az(8;*(a1)),B2) when

az(B7(r)) € L° and either A(a, g,)[f] > 0 0 A(a,,5,)[9] > 0 and thus the third
part of the theorem is established. ]

Theorem 2.3. Let f and g be any two entire functions with generalized index-
pairs (a1, 1) and (az, B2) respectively.

(1) If B1 (r) = a2 (1), Aay,p)[f] > 0 and Xa, p,)[9] > 0, then

Aonm) I @82 (9] < Agar ) [f 0 9]
< min {p(ahﬁl) [f])‘(az,BQ) [g]a )‘(alﬂl) [f]p(az,ﬁg) [g]} .

(il) If B1 (a3 " (1)) € L°, Nay.p1)[f] > 0 and A(a, p,)lg] > 0, then
)‘(al,ﬁl(agl(ag)))[f © 9] = Nan.pn) [f]-
(il)) If oo (B7' (1) € L°, Aoy poylf] > 0 and Aa, 5,)[9] > 0, then

)\(QZ(gl—l(al)),ﬁz)[f © 9] = A(o&,ﬁz)[g]'

In the line of Theorem 2.2 one can easily deduce the conclusion of Theorem 2.3
and so its proof is omitted.

Theorem 2.4. Let f and g be any two entire functions with generalized index-
pairs (a1, 1) and (az, B2) respectively.

(i) If b1 (r) = a2 (r) and either Ao, g)[f] > 0 or Ao, 8)[g] > 0, then
Man ) [ © 9]

p(alﬂl)[f]
a1(Myog(r))

< liminf —
oo an (M (By " (B2(r))))
[ AManp)lf 09l Playp)lf o9l
= mln{ /\(al,ﬂ1)[f] ’ p(al,ﬂl)[f] }
- A(alﬂz)[fog] p(alﬂz)[fog]
= ma { /\(al,ﬂ1)[f] ’ p(al,ﬂl)[f] }
< limsup al(Mffg(r))
r—+oo a1 (My(By " (B2(r))))
< Plassylfodl

)‘(alﬂl)[f]
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(ii) If Bi(az '(r)) € L° and either Ao, p,)[f] > 0 0r Aay (9] > 0, then

Mo oz @ f © 9]
Pla,pn)f]
. o1 (Myog(r))
< liminf — —
r=+00 oy (M (B (Ba (' (B2(r)))))
)\ —1 o —1 ]
i { Mot @ lf g]}p(mﬂl(% @lf 9]}
)‘((117[31)[f] p((llﬂl)[f]
Aar,pi(ag? o9l Play pias? fog
maX{ (a1,B1(ay (52)))[ ]7 (a1,B1(ay (52)))[ ]}
)‘((117[31)[f] p((llﬂl)[f]
. a1 (Myog(r))
lim sup — =
r—too o1 (M (87 (Br(eg ' (B2(r)))))
< Plaspiteg @lf 291
a8 Lf]

(il) If ao(By ' (r)) € L and either Aoy py)[f] > 0 0r A(ay,p)lg] > 0, then

IN

IN

IN

Ao (87 (a1)),8) ] © 9]

Plar,p0)[f]

-1

(B (0 (Myey (1)
= R Tl (M (B; T (B2(n)))

AMag (81 [fogl Pro, s [fog]

. (a2(By " (1)),B2) (a2(By " (a1)),B2)

mm{ Mo, B)[f] ’ Plar 1) [ f] }

N

IN

< max { Moz @) 8 F 9] Plasisrt @i o [f 0 9l }
- )\((11751) [f] ' Plai,B1) [f]

—1
< limsupaz(ﬁ1 (@1(Mfoq(r))))

rotoo a1 (My (87 (B2(r)))))

< p(a2(ﬁf1(a1))ﬁ2)[fog]

B )‘(al,m)[f] .
Proof. Let By (r) = ag (r) and either A4, ,)[f] > 0 or A4, g,)[g] > 0. Then in
view of Theorem 2.2, the generalized index-pair of f o g is (a1,82).

Now from the definition of p(4, g,)[f] and A, ,3,)[f ©g], we have for arbitrary
positive € and for all sufficiently large positive numbers of r that

a1(Myog(r) = (Marpa)lf © 9] =€) Ba(r), (19)
a1 (M (B (B2(r))) < (Plar,polf] + ) Ba(r). (20)

Now from (19) and (20), it follows for all sufficiently large positive numbers of
r that

a1 (Myog(r)) < (Aar,2)[f o gl —¢) 62(7").
ar(Mp(B7H(B2(r)) ~ (Plan.sn) [f]+€) Balr)
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As e (> 0) is arbitrary, we obtain that

A
liminf— 21 (Mreg(r) o A py)lf © 9]

rroe oy (M (B (B2(r) ~ Praaslf] 2

Again we get for a sequence of positive numbers of r tending to infinity that
a1(Myog(r)) < (May,oo)lf © g1+ ) Ba(r) (22)
and for all sufficiently large positive numbers of r that
a1 (Mp(Br (B2(r)))) = (M) [f] = €) Ba(7)- (23)

Combining (22) and (23), we get for a sequence of positive numbers of r tending
to infinity that

a(Myoy(r) _ arslf 09 +2) Bolr)
(M By (Bo)) ~ ar o ) — ) Balr)

Since € (> 0) is arbitrary, it follows that

liminf— 21 Mreo (M) Awrpnlf o 9]
r=to0 ar (My (871 (B2(r)) — Aawslf]

Also for a sequence of positive numbers of r tending to infinity that
a1 (Mg (87 (B2(r)))) < (Nan g lf] +€) Ba(r). (25)

Now from (19) and (25), we obtain for a sequence of positive numbers of r
tending to infinity that

a(Myoy(r) - arslf 291 =€) Bolr)
(M7 B (B2) = s [F]+ ) Ba(r)

As e (> 0) is arbitrary, we get from above that

al(Mfog(r)) > /\(alyﬂz)[fog]

lim sup — > . (26)
rooo a1 (My(B71(B2(r)) — A lf]
Also we obtain for all sufficiently large positive numbers of r that
a1 (Myog(r)) < (Pla,pa)[f © 9] +€) Ba(r). (27)

Now it follows from (23) and (27) for all sufficiently large positive numbers of r
that
al(Mng(r)) < (p((llﬂz)[f o g] + 5) Ba(r)

ar(M(B7 (B2(r)) ~ (Aarsnlf] =€) Ba(r)
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Since € (> 0) is arbitrary, we obtain that

li a1(Myoq(r)) Plan,B)f Og].
I e L By (Ba) = Naws ]

(28)

Further from the definition of p(4, g,)[f], we get for a sequence of positive
numbers of r tending to infinity that

a1 (My(Br ™ (B2(r))) = (p(arpolf] =€) Ba(r). (29)

Now from (27) and (29), it follows for a sequence of positive numbers of r tending
to infinity that

al(Mfog(r)) < (p(alyﬁz)[f © g] + 5) 62(7‘).
ar(Me(B7H(B2(r))) = (Plan.pn)lf] —€) Ba(r)

As € (> 0) is arbitrary, we obtain that

fiminf— 1 Mrog(r) _ Plorpnlf o 9]
e (M (87 (Ba(r) T peensn ]

Again we obtain for a sequence of positive numbers of r tending to infinity that
a1(Myog(r) = (p(ar.po)lf © 9] = €) Ba(r). (31)

So combining (20) and (31), we get for a sequence of positive numbers of r
tending to infinity that

(30)

on(Myog(r)) o (Plawglf 0 9] ) Balr)
ar(My(B7 (B2(r) ~ (P(as,0)Lf] +€) Ba(r)

Since € (> 0) is arbitrary, it follows that

lims o1 (Myog(r) _  Plowplf ° 9]
S LB ()~ Prassn ]

Thus the first part of the theorem follows from (21),(24),(26), (28), (30) and
(32).

Analogously, the second and third part of the theorem can be derived in a
like manner. ]

(32)

The following theorem can be proved in the line of Theorem 2.4 and so its
proof is omitted.

Theorem 2.5. Let f and g be any two entire functions with generalized index-
pairs (a1, f1) and (aq,B2) respectively.
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(i) If Br(r) =az(r) a

<
<
<

(ii) If Bi(ay'(r)) € L°
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nd either X, g,)[f] >0 or Aay,8,)19] > 0, then
Aarp2)[f 0 9] a1 (Myoq(r))

p(azﬁz)[g] (1)

° 9]

min { a8 1S 2 9] Plasa)f
)\(QQ,BQ)[Q] Pla, ﬂ2)

< lim mf
r——4o00 a2(

)
-
%)

i { Nar8)f © 9] Plaspa)f
Naz.2)[9] 7 Plas.pa) g]

hmsupal(Mfog(T)) Plar ) f © 9]

r——+00 OQ(MQ(T)) )‘(02752)[]

and either Aq, ) [f] > 0 or Ao, 5,)[9] > 0, then

Ao 1 (ag B ] © 9]
Plaz,p2) 9]

< lim inf (fll(Mng_(:))

r=+oo an (Mg (B (Bi(ag ~ (B2(r))))))
- min{A(ahﬁl(a;l(ﬁz)))[f ° 9] P(al,m(a;l(ﬂz)))[fog]}
N /\(az,ﬂz)[g] p(az,ﬁz)[g]
- maX{/\<a1,ﬁ1<a;1<ﬁ2>>>[f09] P(al,m(a;l(ﬂz)))[fog]}
N /\(az,ﬂz)[g] p(az,ﬁz)[g]
< limsup ?ll(Mng_(:))

r—+oo aa(Mg(By " (B1(ag (B2(1))))))

Plon Baoy (8]

IN

og]
Aaz,62)19] '
(iii) If o (87 (r)) € LO

Aas (8

and either Aa, g [f] > 0 or A, pa)lg] > 0, then

a0 9]

IA

lim inf
r—4oo

A (87

Plaz,52)[9]

(B (a1 (Myog(r))))
aa(My(r))
()8 © 9] Plas syt (an)) 8 [ © 9]

min {
max {

IA

Plas(p

lim sup
r—4oo

J
Og]}

)‘(02752)[9] p(a2ﬁ2)[9]
Mas (87 (00,82 © 9] Pras(sr (o)) [

)‘(0427[32)[9] p(a2ﬁ2)[9]
(B (01 (Myog(r))))

az(Mgy(r))
g]

o)) Bl ©

Aas,B2)19]
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Remark 2.6. The same results of Theorems 2.4 and 2.5 in terms of maximum
terms of entire functions can also be deduced with the help of Definition 1.3.

The proofs of the following four theorems can be carried out as of Theo-
rem 2.4, therefore we omit the details.

Theorem 2.7. Let f and g be any two entire functions with generalized index-
pairs (a1, 1) and (az, B2) respectively.

(1) If B1 (r) = az (1), either Ao, 5,)[f] >0 or Aoy 8,)09] >0, 0 < Ty 5,)[f ©
g] < 0(01,[32)[fog] < 00,0 < E@q,ﬁﬂ[f] < 0(01,[31)[f] < 0o and p(a1,ﬂ2)[fog]
= p(al,ﬁl)[fL then

T (a1,82)lf 0 Y]
0(011751)“']
it P 1(Myos()
r=+ocexp (a1 (My(By ' (B2(1))))))
min { 0(f1ﬁ2) [f © g] ! O(a1,B2) [f © g] }
T(ar,80) ] T O(ar,)lS]
max { U(jﬂh[b)[f © g] !0(011752)[f © g] }
T(ar,80)f] T O(ar,)lS]
Y Y/ )
r—too exp (a1 (M (81 (B2(1))))))
U(alﬂz)[f Og]
(a8 |/]
(i) If Bi(az'(r)) € LO°, either A, py[f] > 0 or Aaypnlg] > 0, 0 <

T(anprloz B © 9 S T pi(ag @ [f © 9] < 00, 0 < Tiay pylf] <
O(ar,p) lf] <00 and p(y, 5, (a1 (ao))f © 9] = Plar.p)[f], then

IA

IA

IA

IA

IA

T (a1 B0y (82 ] © 9]
T (o p1)f]
< liminf oXp (%ﬁ(Mng_(:)))
r—+oc exp (o (M (B (Br(az  (B2(r)))))))
T (0,81 (a3 (o)) [ © 9] U(al,al(a;(az)))[fog]}
E(alﬂl)[f] ’ J(al,ﬂl)[f]
T (a1 10z BT ©9) T ey 81 (05 (Bl 0 Y]
e { O (a1,81) /] ! O(a1,81) [f] }
< limsup exp (63 (Mfogfq)))
r—+o00 exp (a1 (My(B7 " (Bi(az ' (B2()))))))
(a1 1 (ag (B2 L] © 9]
T (., p1)f] )

< min{
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(ili) If ao(By'(r)) € LO, either Ny plf] > 0 or Aaspalg] > 0, 0 <
E(fm(ﬁfl(al)%[b)[f °g] < U(az(ﬂfl(al))ﬂz)[f °0g] <00, 0 < E(alﬁﬁl)[f] <
O(ay,80) [ f] < 00 and p(QQ(ﬁl—l(al))7B2)[ng] = Playr,py)f]; then

E(fm(ﬁfl(al)%[b)[f °© g]
(a8 ]
< lim e P28y 1(al_(fwfoy(r)))))
r=+ooexp(ar (My(By (B2(1)))))

[T (8 ()8 0] T (00,80 ] © ]
e { O (a1,81) /] ! O(a1,81) [f] }
T (0 (87 (00)).8) 1 © 9] ey (87 (0r)).) ] © 9] }

E(alxﬂl)[f] ! U(al,ﬂ1)[f]
—— exp(az (B (a1(Mfog(r)))))
im sup —
r—+oo exp(ay (My(By " (B2(r)))))
J(azwfl(al)),ﬁz)[f °g]

T (a1, f] '

IN

IN

max {

IN

Remark 2.8. In Theorem 2.7 (i), if we replace the conditions “0 < T(q, g,)[f]

é 0(a1,ﬁl)[f] < OO” and “p(al,[b)[f Og] = p(al,ﬁl)[f]” by “0 < E(O/QBQ)[Q] é
Tlas,8:) 9] < 007 and “p(a, g)[f © 9] = P(as,p.)]g]” respectively and other con-
ditions remain the same, then the conclusion of Theorem 2.7 (i) remains valid

With “0(ay,8,)[9]”5 “O(as,82)19]” and “exp(aa(My(r)))” instead of “o(a, g,)[f]”,
“Tlay,p)[f]” and “exp(oq(Mf(ﬁfl(ﬁg(r)))))” respectively.

In Theorem 2.7 (ii), if we replace the conditions “0 < &(q, ,)[f] < 0(ay,8,)[f]
< 00” and “p(o, 5, (a5 (82)) [F © 9] = Plarp) [F]7 DY “0 < T(az,80)[9] < 00,0 [9]
< 00” and “p(ahﬁl(a;l(ﬂz)))[f 0 g] = P(as,ps)lg]” respectively and other condi-
tions remain the same, then the conclusion of Theorem 2.7 (ii) remains valid
With “0(a, 5 [9]"s “Tiag pmlgl” and “exp(as(M, (85 (103 (B:(r)))))))" in-

stead of “0(a, 5,)[f]”, “T(ar,p0)[f]” and “exp (a1 (M (B (Bulaz ' (B2(r))))))”
respectively.

In Theorem 2.7 (iii), if we replace the conditions “0 < 74, 5,)[f] < 0(ay,8,)[f]
< 00" and “p(om(ﬂfl(al)),[b)[fog] = p(alyﬂl)[vf]” by “0 < E(azyﬁz)[g] < O'(azﬁz)[g]
< 00” and “p(QQ(Bfl(al))7B2)['f © gl = P(as,p:)[9]” respectively and other condi-
tions remain the same, then the conclusion of Theorem 2.7 (iii) remains valid
With “0(ay,8,)[9]”5 “T(as,82)l9]” and “exp(aa(My(r)))” instead of “o(a, s,)[f]”,
“Tlar,pn /17 and “exp(ar (M (87" (Ba(r)))))” respectively.

Remark 2.9. In Theorem 2.7 (i), if we replace the conditions “0 < T(q, 4,)[/]
< U(alﬂl)[f] < o0” and “p(al,ﬁz)[f og] = p(al,ﬁl)[f]” by “0 < F(oz1,ﬁl)[f] <
T(ar,80) [f] < 00" and “pa, 8,)[f © 9] = Nay,81)[f]” respectively and other condi-
tions remain the same, then the conclusion of Theorem 2.7 (i) remains valid with
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“Tan,enlf17 “Tlar,pnlf]” and  “exp (041(Mf(6f1(62(7‘))))))” instead of
“O(ay, i) 17 “Tlan,o0)[f]” and “exp(ar (My (81 (B2(r)))))” respectively.

In Theorem 2.7 (ii), if we replace the conditions “0 < @(q, ,)[f] < 0(ay,8,)[f]
< 00" and “P(al,gl(az—l(@)))[fog] = Plar.p0) [f]7 DY “0 < Ty 50 [f] < T(an,0)[f]
< o0” and “p(alﬁl(a;l(m)))[f 0 g] = Ay s [f]” respectively and other condi-
tions remain the same, then the conclusion of Theorem 2.7(ii) remains valid

with “T(a, 5)[f]7, “T(ar,p0)[f]7 and “exp (ar(My(B7 ' (Bilag ' (B2(r)))))))” in-

stead of “0(a, 5)[f]”, “T(ar,p0)[f]” and “exp (a1 (M (B (Bulaz ' (B2(r)))))))”
respectively.

In Theorem 2.7 (iii), if we replace the conditions “0 < 74, 5,)[f] < 0(ay,8,)[f]
< 00” and “p(a2(ﬁ;1(a1)),ﬂ2)[fog] = p(()thﬁl)[f]” by “0 < F(041,[31)[f] < T(alﬁl)[f]
< o0” and “p(a2(ﬂf1(al))ﬁ2)[f 0 gl = Aay,p)[f]” respectively and other condi-
tions remain the same, then the conclusion of Theorem 2.7(iii) remains valid

with “7(q, s [f]” and “T(q, g,)[f]” instead of “o(q, 3,)[f]” and “G(q, s,)[f]" re-
spectively.

Remark 2.10. In Theorem 2.7 (i), if we replace the conditions “0 < T4, 5,)[f] <

O(ar,p)lf] < 007 and “p(a, ) [fog] = Play,p) [f]7 DY “0 < T(az,60)[9] < (a0 9]
< 00” and “p(ay,8,)[f 0 9] = Nas,8.)[9]” respectively and other conditions remain

the same, then the conclusion of Theorem 2.7 (i) remains valid with “7(,, ,)[9]”,
“Taz,p)[9]” and  “exp(az(My(r)))” instead of “o(a, 5,)[f]"; “T(ay.p)[f]” and
“exp(a1 (M (B (B2(r)))))” respectively.

In Theorem 2.7 (ii), if we replace the conditions “0 < &(q, ,)[f] < 0(ay,81)[f]
< o0” and “p(al,ﬁl(agl(m)))[fog] = p(ahﬁl)[f]” by “0 < ?(02752)[9] < 7(012752)[9]
< 00” and “p(alﬁl(a;l([b)))[f 0 g] = Nas,8,)[9]” respectively and other condi-
tions remain the same, then the conclusion of Theorem 2.7(ii) remains valid with
“Ttaz,62)[9]7s “T(az,o)[9]” and “exp(az(M,y(8; " (B1(ay " (B2(r)))))))” instead of
“Olan ) 175 “Tan, o) [f]7 and “exp (a1 (My (87 (Bi(az ' (B2(r)))))))” respec-
tively.

In Theorem 2.7 (iii), if we replace the conditions “0 < T4, 5,)[f] < 0(ay,8,)[f]
< o0” and “p(ag(ﬁfl(al)),ﬂ2)[fog] = p(al,ﬂl)[f]” by “0 < F(az,ﬂz)[g] < T(azyﬁz)[g]
< o0” and “p(a2(ﬁ1_1(a1)),ﬂ2)[f 0 g] = AMas,8)]9]” respectively and other condi-
tions remain the same, then the conclusion of Theorem 2.7 (iii) remains valid
with “T(a, 8,) (9] “T(as,8)[9]" and “exp(az(My(r)))” instead of “o(a, g,)[f]”,

“Olay,p)[f]” and “exp(oq(Mf(ﬁl_l(ﬁg(r)))))” respectively.
Analogously one may formulate the following theorem without its proof.

Theorem 2.11. Let f and g be any two entire functions with generalized index-
pairs (aq,51) and (ae,B2) respectively.

(i) If 81 (r) = as (1), either )\(“i’ﬂl)[f] >0 01 Nas,8)[9] > 0,0 <T(a,,8,)[fo9]
< Tlar ) f 09] <00, 0 < Tay,8,)[9] < T(as,82)[9] < 00 and Aa, po)[f © 9]
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= ANas,p2)lg] then

?(al,ﬁz)[fog]
T(an,2) 9]
liminfEXp(al (Mfog(’f’)))
r—+oo exp(az(My(r)))
mm{ﬂflﬂz)[f 09]7%1,52)[1” 09]}
T(az8)9]  T(as,8:) 9]
maX{T(juﬁz)[f ° 9] Tewpmlf 2] )
T(asf)9]  T(as,8:)[9]
lim Supexp(al(Mng(T)))
r—too exp(az(My(r)))
T(a,82) [ © ]
F(amﬁz)[g]

IA

IA

IA

IA

IN

(ii) {f Bi(ay'(r)) € L°, either A, pylf] > 0 or )\(a27ﬂ2)[g]_> 0, 0 <
Tarsiar G © 91 = Taw paaz@aplf 091 < 00, 0 < T(az o] <
Tlaz )91 < 00 and Ao, 5, (a5t (82 [f © 9] = Mz, pa) 9] then

Tl B1(a5 (80 © 9]
T(az2,B2) [g]
L eplan(Myey )
=00 exp(ag(My(By  (B1(ag ' (B2(r)))))))

min { T(arpi(oz @) © 9] Tay pi(az ) [f 0] }

IN

< — ,
T(as,82)9] T(az.82) 9]
< max{?(al,m(a;l(ﬁz)))[fog] T(al,&(a;l(ﬁz)))[fog]}
B T (a2,62) 9] T(n,2) 9]
< limsup exp(a1(Myog(r)))

r—+oo exp(az(M, (85 (B1(ay ' (B2(r)))))))

Tl fr(ag (B2 ] © 9]
T (az,62) 9]

(iii) {f ao(Br(r)) € L°, either Man,gylf] > 0 or Na, 9l > 0, 0 <
T(aa (B (01,80 og] < Tlaa (87 o)), ) f © 9] < 00, 0 < (az,ﬂ2>[g] <
T(as.B2)l9] < 00 and /\(ag(ﬂfl(al)),ﬂQ)[f 9] = Maz,82)l9] then

T (a8 (an)),82) ] © ]
T(oz,B2) [g]

imin eXp(az(Bl_l(al(Mfog(r)))))
< 1r%+o<f eXp(OéQ(Mg(’r)))
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T (s (57 (), 8) 1 © 9] T<a2<ﬁ;1<a1>>,ﬂ2>[f°9]}
F(0é2ﬁ2)[g] } T(azﬂz)[g]

T (s (57 (0n)),82) [ © ] T<a2<all<a1>>,ﬂ2>[f°9]}
F(0é2ﬁ2)[g] 7 T(azﬂz)[g]

ey (251 (1 (M 1oy (1))

oo exp(az2(My(r)))

< min{

< max{

IN

< T(Oé2(ﬁf1(a1))ﬁ2)[fog]
- T (az,B2) 9]

Remark 2.12. In Theorem 2.11 (i), if we replace the conditions “0 < T (4, 3,)[9]

< T(Olmﬁz)[g] < 00”7 and “)‘(0‘17[32)” ° g] = )‘(012752)[9]” by “0 < F(Onlﬁl)[f] <
Tlar,80) [f] < 00" and “A(o, g,)[f 0 9] = Aoy 1) [f]” respectively and other condi-
tions remain the same, then the conclusion of Theorem 2.11 (i) remains valid with

“Ttar, ) 175 “T(ar,p) [f]” and “exp (al(Mf(ﬁl_l(ﬁg(r))))))” instead of “7(a, 5,)[9]”,
“Tlas,p)[9]” and “exp(az(My(r)))” respectively.

In Theorem 2.11 (ii), if we replace the conditions “0 < T(a,,8,)[9] < T(as,8:)[9]
< 00” and “Ao, 5 (a5 (g I 0 9] = Masp) 1917 BY “0 < T ) [f] < Tar 60 1f]
< 00” and “A(ahﬁl(agl(EQ)))[f 0 g] = A, s [f]” respectively and other condi-
tions remain the same, then the conclusion of Theorem 2.11 (ii) remains valid
With “T(a, ) /17, “Fan,n U7 and “exp (ar (My(87 (81 (a7 (Ba())))))” in-
stead of “T(a, 5,)[9]”, “Tas,02)[9]” and “exp(az(My (3" (Bi(az ' (B2(r)))))))” re-
spectively.

In Theorem 2.11 (iii), if we replace the conditions “0 < 7 (4, 8,)[9] < T(as,8.)[9]
< 00" and “N(y, (571 (a)) 8 [ 09 = Maa ) [9)7 DY “0 < T(a ) [f] < ey ) /]
< o0” and “)\(a2(131—1(a1))“32)[f 0 g] = Aay,p)lf]” respectively and other con-
ditions remain the same, then the conclusion of Theorem 2.11 (iii) remains

valid with “7(4, s [f]7) “Tra,p0lf]7 and “exp(ay (Mg (B; " (B2(r)))))” instead
of “T(as,8)9]”s “T(as,p:)[9]” and “exp(aa(My(r)))” respectively.

Remark 2.13. In Theorem 2.11 (i), if we replace the conditions “0 < T (4, 3,)[9]
< Tlasy)lgl < 007 and “Aa,,6)[f © 9] = Nas,8:)[9]” by “0 < T(ay,p)[f] <

T(ar,p)[f] < 00" and “Aa, o) [f © 9] = Pras,pi)lf]” respectively and other con-

ditions remain the same, then the conclusion of Theorem 2.11 (i) remains valid
with “U(al,ﬂﬂ[f]”’ “E(al,ﬂﬂ[f]” and “exp (al(Mf(ﬁl_l(ﬁQ(r))))))” instead of
“Tlas,32) 9] “T(as,82)19]” and “exp(aa(My(r)))” respectively.

In Theorem 2.11 (ii), if we replace the conditions “0 < T(a,,8,)[9] < T(as,8.)[9]
< 00” and “)‘(al,ﬁl(a;l(ﬂz)))[fog] = Nas,82)[9]" DY “0 < T(ay,8)[f] < 0an,0)[f]
< 00” and “)\(alﬂl(a;l(ﬁg)))[f © gl = p(ay,p)f]" respectively and other condi-
tions remain the same, then the conclusion of Theorem 2.11 (ii) remains valid

With “0(a, )17 “Tar 0[] and “exp (on (My (87 - (Ba(05 (5a(1))))))” in-

stead of “T(a, 5,)[9]”, “Tas,02)[9]” and “exp(az(My(By " (Bi(az ' (B2(r)))))))” re-
spectively.
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In Theorem 2.11 (iii), if we replace the conditions “0 < 7 (4, 5,)[9] < T(as,8.)[9]
<00 and “A,, (571 (a1)),) [ 091 = Mas) [97 BY “0 < Tay,80)[f] < 00y, [f]
< 00" and “)\(a2(ﬁfl(al))752)[f 0 g] = P(ay,)]f]" respectively and other con-
ditions remain the same, then the conclusion of Theorem 2.11 (iii) remains

valid with ““o (4, ) [f]”, “C(as,p)[f]” and “exp(ay(Ms(B; " (B2(r)))))” instead
of “T(ay,8)9]”s “T(as,8)[9]” and “exp(az(My(r)))” respectively.

Remark 2.14. In Theorem 2.11 (i), if we replace the conditions “0 < 7 (4, 8,)[g] <
T(az.82)[9] < 007 and “Aay,p,) [F0g] = Aas,p2) [9]7 BY “0 <T(ay,8)[9] < T(a2,80) 1]
<00 ” and “Aa,,8.)[f 03] = P(as,8,)[9]” Tespectively and other conditions remain
the same, then the conclusion of Theorem 2.11 (i) remains valid with “o(4, g,)[g]”
and “E(a27ﬂ2)[9]” instead of “7—(012752)[9]”’ and “?(Oﬂzﬂz)[g]” respectively.

In Theorem 2.11 (ii), if we replace the conditions “0 < T(a,,2,)[9] < T(as,8.)[9]
< 00” and Ao, 5 (a5t (B [ ©9) = Man ) 197 DY “0 < T(az,80) 9] < O, [9]
< 00” and “/\(alﬂl(a;l(ﬁg)))[f °© gl = P(as,p:)[9]” Tespectively and other condi-
tions remain the same, then the conclusion of Theorem 2.11 (ii) remains valid
with “0(q,,8,)19]" and “G(q, ,)[9]” instead of “T(a, 5,)[9]", and “T(a, g,)[9]” Te-
spectively.

In Theorem 2.11 (iii), if we replace the conditions “0 < 7 (4, 5,)[9] < T(as,8.)[9]
< 00” and “A(, (571 (1)), 80 [ 0 9] = Aaa,8) (9] DY “0 < T(ay,50) ] < 0 60)f]
< 00” and “/\(az(ﬂfl(al)) 52)[f 0 g] = p(ay,p)f]” respectively and other condi-
tions remain the same, then the conclusion of Theorem 2.11 (iii) remains valid
with “0(q,,8,)9]" and “G(q, ,)[9]” instead of “T(a, 5,)[9]", and “T(a, g,)[9]” re-
spectively.
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