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Abstract. In this paper, we are interested in the existence of infinitely many homoclinic
solutions for fourth-order differential equations where the nonlinearity is superquadratic
or involves a combination of superquadratic and subquadratic terms at infinity. By
using some weaker conditions, our results extend and improve some existing results in
the literature.
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1. Introduction

In this paper, we consider the nonperiodic fourth-order differential equation
u® (z) + wu’ () + alz)u(z) = flz,u(z)), Vo e R (1)

where w is a constant, a € C(R) and f € C(R?) are real functions.

It is well-known that the mathematical modeling of important questions in
different fields of research such as mechanical engineering, control systems, eco-
nomics and many others, leads naturally to the consideration of the nonlinear
differential equations. In particular, the fourth order differential equations, like
(1) have been put forward as mathematical model for the study of pattern for-
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mation in physics and mechanics. For example, the well-known extended Fisher-
Kolmogorov equation proposed by Coullet et al. in [5], in the study of phase
transitions, the fourth-order elastic beam equation in describing a large class of
elastic deflection [15], the Swift-Hohenberg equation which is a general model for
pattern-forming process derived in [7] to describe random thermal fluctuations
in the Boussinesque equation and in the propagation of lasers [8].

As usual, we say that a solution w of equation (1) is homoclinic (to 0) if
u(x) = 0 as * — +oo. In addiction, if u # 0, then w is called a nontrivial
homoclinic solution.

In recent years, based on critical point theory and variational methods, many
researchers are interested in the existence of homoclinic solutions for the special
case of f(x,u) = c(x)u? + d(x)u®, where a(z), c(x) and d(z) are independent
of z or periodic in z, see [1,3,4,9,17] and the references cited therein. Li [9]
extended these results to equation (1) in the general case where a(x) and f(x,u)
are periodic in z. Precisely, let F(x,u) = (;L f(z,t)dt, and by assuming that
f(x,u) satisfies the well-known Ambrosetti-Rabinowitz condition:

(AR) There is a constant y > 2 such that
0 < pF(z,u) < f(z,u)u, ¥(z,u) € R,

some results on the existence of homoclinic solutions are obtained.

Compared to the periodic case, the nonperiodic case seems to be more diffi-
cult, because of the lack of compactness of the Sobolev embedding. In 2009, Li
[10] dealt with the nonperiodic case of equation (1) and obtained the existence
of nontrivial homoclinic solutions via using a compactness lemma and Mountain
Pass Theorem. Since then, there is a few literature available for the case where
a(z) and f(x,u) are nonperiodic in z, see [10-14, 18-22].

We notice that, for the case that equation (1) is nonperiodic, to obtain the
existence of homoclinic solutions, the following coercive condition on a is often
needed:

(A4p) a:R — R is a continuous function, and there exists a constant a; such
that

0 <a <alz) — +o0as |z] — oo
w < 2y/a;.

This is used to establish the corresponding compact embedding lemmas on
suitable functional spaces, see [10, 11, 18, 20]. Moreover, most of the well-known
results were obtained for the case where F(z,u) is superquadratic at infinity in
u satisfying the (AR)—condition.

The purpose of this paper is devoted to proving the existence of infinitely
many homoclinic solutions for equation (1) when the function ¢ may be nega-
tive on a bounded interval and the potential F'(x,u) is either superquadratic at
infinity in the second variable and does not need to satisfy the (AR)—condition
or involves a combination of subquadratic and superquadratic terms. To the best
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of our knowledge, it seems that no similar results are obtained in the literature
for fourth-order differential equations. Firstly, we deal with the superquadratic
case and we introduce the following hypotheses on the function a(x) and the
nonlinearity f(z,u):

(“4) 11m|7‘|—>00 a(x) = +00;

(F1) There exist constants ag, by > 0 and p > 2 such that

|f(x,u)| <agp |U'| + bO |u|P*1 ) V(J?,U,) € RQ;

(F2) limjy|— 00 Fl(l'f‘;") = 400 uniformly in x € R and F(z,u) is bounded from
below;

(F3) F(x,—u) = F(z,u), ¥(z,u) € R

(F4) There exist constants ¢y > 0, 79 > 0 and ¢ > 1 such that

flz,uw)u — 2F(x,u) > 0, V(z,u) € R x R,
|F(x,u)|g < co |u|20 [f(xau)u - 2F(x,u)], Vz € ]Ra |u| > To;

(F;) There exist constants p > 2 and v > 0 such that

pF(z,u) < f(z,u)u+yu?, V(z,u) € R x R.

Our first main results read as follows.

Theorem 1.1. Assume that (A) and (Fy) — (F1) hold. Then (1) has infinitely
many nontrivial homoclinic solutions.

Theorem 1.2. Assume that (A), (F1)—(F3) and (F}) hold. Then (1) has infinitely
many nontrivial homoclinic solutions.

Ezxample 1.3. Let
9 1 1 9 1
Pl u) = 0)[(4 > = Din( + ful) — 205 +Jul)? + 4Jul + 5 — n2],

where 0 € C(R,R) is such that 0 < infer 6(z) < sup,cp 0(x) < +o00. It is clear
that F(z,u) satisfies (F1)— (F3). It remains to verify (F4). An easy computation
shows that

2 |ul

F,u)u—2F (z,u) = 0(x) | (4]uf” - DW

1
— 2Ju] + 2n(5 + lu) + 2zn2]

It is easy to see that f(x,u)u — 2F (z,u) > 0 for all (z,u) € R?. Moreover, for
all 0 > 1, we have

(1t +1uh)”

2 )
|

(F(:L’,U))”[f(x, u)u — 2F(£B, U)]il goo (49(‘%))071

Jul? |u
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which converges to 0 as |u| — oo, uniformly in 2 € R. Hence there exist two
positive constants rg, cg such that

(o) < el =2 ), Var B, ol 270
u

Therefore (Fy) holds. By Theorem 1.1, the corresponding fourth-order differen-
tial equation (1) possesses infinitely many nontrivial homoclinic solutions.

Next, consider equation (1) involving a combination of superquadratic and
subquadratic terms at infinty. More precisely, we take f(z,u) = g(z,u)+h(z,u),
where g, h : R2 — R are continuous functions. Consider the following condi-
tions:

(F5) There exist constants 1 < v < 2, 1 < ¢ < 2 and functions cg,ap €
L7 (R,R*) and by € L7°7 (R, R*) such that

co(z) |ul” < gz, u)u, gz, u)] < ao(x) |u]”"" +bo(z) |ul” ", ae zeR,

for u € R;
(Fs) H(z,u) = [, h(z,s)ds > 0 and there exist > 2, ¢ € L*(R,RT) and d €
L>(R,R*) such that |h(z,u)] < ¢(z) + d(z) |[ul*"", ae z €R, Vu e R;
(Fy) There exist p>2, 1< 6 <2and 6 € C(R,R*)( L7 (R,RT) such that

pH(z,u) — h(z,u)u < 0(x) |u|‘S , a.e.z € R, Vu eR.

Our third result reads as follows.

Theorem 1.4. Assume that (Ao), (F3) and (Fs) — (Fy) are satisfied. Then
equation (1) possesses infinitely many homoclinic solutions.

Remark 1.5. Obviously, Theorem 1.4 generalizes Theorem 1.1 in [14] and The-
orem 2 in [21]. In fact, let g(z,u) = 0. Then Theorem 1.4 generalizes Theorem
1.1 in [14]. Similarly, let A(xz,u) = 0. Then Theorem 1.4 generalizes Theorem 2
in [21]. For example, the function F(x,u) = G(z,u) + H(z,u) where

Glo) = (——5) ot + (=) it
W\ A

e = (1)

satisfies (F3) and (F5) — (F7). Hence the corresponding equation (1) possesses
infinitely many homoclinic solutions.

2. Variational Setting and Preliminaries
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To prove our main result via critical point theory, we need to establish the
variational setting for (1). In the following, we shall use ||.||, to denote the norm
of L*(R) for any s € [2,00]. Let H%(R) be the Sobolev space with inner product
and norm given respectively by

< UV Spr = /R[u”(a:)v”(x) +u/ (2)v' (x) + u(z)v(x)]de,

1
ull gz = <w,u>F

for all u,v € H*(R).
In this Section, we will assume that the function a satisfies the condition

(Ao)-

Lemma 2.1. [4, Lemma 8] Assume that a satisfies (Ag). Then there exists a
constant b > 0 such that

/R[u” ()% — wu' (2)? + a(z)u(x)?)dz > bllul? , Yu € H*(R).

By Lemma 2.1, we define
E= {u € H*(R)/ /R[u“ ()2 — wu ()2 + a(z)u(z)?)ds < oo}
with the inner product
<u,v>= /}R[u”(x)v"(x) —wt/(z)v(z) + a(x)u(z)v(z)|dr
and the corresponding norm

lull = ( / ' (@)? — wu (2)? + alz)u(z))d)}.

Nj=

It is easy to verify that F is a Hilbert space.
In order to prove our results, the following compactness result is necessary.

Lemma 2.2. [18, Lemma 2.2] Assume that a satisfies (Ag). Then E is compactly
embedded in L*(R) for all s € [2,00]. Moreover, for all s € [2,00], there exists
ns > 0 such that

[[ul

Lo < s |lull, Yu € E. (2)

To study the critical points of the variational functional associated with (1),
we need to recall the following critical point theorems.

Definition 2.3. Let E be a Banach space with the norm ||.|. We say that ¢ €
CL(E,R) satisfies the following conditions:
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(a) (PS)c-condition, ¢ € R, if any sequence (u,) C E satisfying
P(uy) — ¢ and ' (u,) — 0 as n — 0o

possesses a convergent subsequence,
(b) (C)e—condition, c € R, if any sequence (u,) C E satisfying

(un) — ¢ and || (un)|| (1 + [[un]) — 0 as n — oo

possesses a convergent subsequence.

Lemma 2.4. [16, Symmetric Mountain Pass Theorem| Let E be an infinite di-
mensional Banach space, E =Y @& Z, where Y is finite dimensional space.
Suppose that 1p € C1(E,R) satisfies the Palais-Smale condition and

(a) ¥(0) =0, ¢(-u) =¢(u), Vu € E;

(b) There exist constants p,o > 0 such that Yjop,nz > @;

(c) For any finite dimensional subspace E C E, there is R = R(E) > 0 such
that ¥(u) <0 on E\ Br, where Br = {u € E/ ||u|]| < R}.

Then 1 possesses an unbounded sequence of critical values.

Remark 2.5. Asshown in [2], a deformation lemma can be proved with (C').—condition
replacing the (PS).—condition, and it turns out that Lemma 2.4 still holds true
with the (C').—condition instead of the (PS).—condition.

Now, let E be a Banach space with the norm ||.|| and E = &;en X, where X
is a finite dimensional subspace of E. For each k € N, let Y3, = @?:oXja Zy =
@52, X;. The functional ¢ € C1(E,R) is said to satisfy the (PS)* condition if
for any sequence (u;) for which (v (u;)) is bounded, u; € Y%, for some k; with
k; — oo and (w|ykj ) (uj) — 0 as j —» oo, has a subsequence converging to a
critical point of .

Lemma 2.6. [6, Dual Fountain Theorem] Suppose that the functional ¢ €
CH(E,R) is even and satisfies the (PS)* condition. Assume that for each suffi-
ciently large integer k, there exist 0 < ri < py such that

(a) ar = infuez, ju|=p, P(u) > 0;
(b) br = maxyey, |u|j=r, V(1) < 0;
(c) di = infycz, |jul<p, ¥(u) — 0 as k — oco.

Hence 1 has a sequence of negative critical values converging to zero.

3. Proof of Theorems 1.1 and 1.2
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First, note that (A) implies that there exists a constant a; > 0 such that a(z) =

a(r) +2a1 > ay for all z € R, w < 2y/a;. Let f(x,u) = f(z,u) + 2a;u for all
(r,u) € R? and consider the following fourth-order differential equation

u® () + wu”(z) + a(x)u(z) = fz,u(z)), Vo € R. (3)

Then (3) is equivalent to (1). Moreover, it is easy to check that the hypotheses

(F1)—(Fy) and (F}) still hold for f(x,u) provided that those hold for f(x,u) and
the function a satisfies (Ag). Hence in what follows, we always assume without
loss of generality that a satisfies (Ap).

Consider the variational functional 1 associated to equation (1):

() = %/R[u (2)? — il ()2 + a(z)u(z)dz — /RF(x,u(a:))dx

1
= L - / F(a,u)de
2 R

defined on the Hilbert space E introduced in Section 2. It is well known that,
under assumption (F;), 1 € C*(E,R) and critical point of v are solutions of
(1). Moreover, for all u,v € E

W' (u)v / [u"v" — wu'v' + auv)dr — / f(z,w)vde =< u,v > —/ f(z, uw)vdz.
R R R
Let (ej)jen be an orthonormal basis of E. We set
Y., = span{ei,...em}, Zm = span{ems1,...}, m € N.

Then £ =Y, ® Z,,.

Lemma 3.1. Assume that (Ao) and (F1) are satisfied. Then there exist positive
constants mo, a, p such that Yipp,nz,,, = o

mg —

Proof. Note that by (F7), we have

b
Flu)l < 5 ol + 2 Jul”, Y(o,w) € B2 4)
For any m € N| let
u
la(m) = sup lull, and l,(m) = | ”p. (5)

u€Zm \{0} (|| uEZm \{0} [l

It is clear that ix(m + 1) < l3(m), so la(m) — I > 0 as m — oo. For any
m € N, there exists ty, € Zp, such that |[u,|| =1 and |||, > 4l2(m). By the
definition of Z,,, u, — 0 in E, then u,, — 0 in L?(R). Hence, we have [ = 0,
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that is lo(m) — 0 as m — oo. Similarly l,,(m) — 0 as m — oco. Therefore,
we can choose a larger integer mg such that

2 1 2 D
Jull; < % ([l ™, [l < 1o lull”, Yu Zn,. (6)

Then by (4) and (6), we have

wi) = gl = [ Plowde = 3P = [ (Gl + 2 o)
> 5l = 5l = 22l > 5l = 5 el =
= = i) = Z gt = V€ Zi = S =5
which finish the proof. ]

To apply Lemma 2.4, we will take E =Y & Z with Y =Y,,, and Z = Z,,,,
where my is introduced in Lemma 3.1.

Lemma 3.2. Assume that (Ao), (F1) and (F») are satisfied. Then for any finite
dimensional subspace E C E, there is a constant R = R(E) > 0 such that

P(u) <0, Vu e E, [lul > R. (7)

Proof. In order to prove (7), we only need to prove
Y(u) — —00 as |jul| — oo, u € E. (8)

Assume by contradiction that there exists a sequence (u,) C E with [|u,| — co
as n — oo and (u,) > —M for some constant M > 0, Vn € N. Let v,, = =

T lunll

Then |lv, || = 1. Going to a subsequence if necessary, we can assume that v, — v
in E. Since FE is finite dimensional, we have v, — v in E, and thus |jv|| = 1.
Let
An(e,d) = {z eR/c < |uy(z)| < d}, 0<c<d,
A ={zeR/v(z) #0}.

For any z € A, we have lim,,__, o |un ()] = lim,,— o || tn]| |vn(2)] = +00. Hence
A C A, (r,00) for all integer n large enough. Property (4), Lemma 2.2, assump-
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tion (F») and Fatou’s lemma imply

o F(x,up
0= tim — W) _ iy (Lo [ EEn) ) 2
Ry PR L e |”
1 F n F(z,uy
~ lm [__/ L@Wzdx_/ P un) |, 12 g
n—0o02 a0 |un An(r,o0)  |un|

1 b F(z,un,
<timsuply+ (5 20 [ fae— [ B8 )
7,00

1 b F(z, un
<5+ 57 s —liminf | (%)Xxmoo) [on” da

1 b Pz, u,
< §—|—(a—0—|—;07“p2)7’]5—/hminf%xAn(roo)h)fA dr = —oo.
R

2 n—soo n|

It is a contradiction. Hence (8) is satisfied and the proof is finished. |

Lemma 3.3. Assume that (Ao), (F1), (F2) and (Fy) are satisfied. Then 1
satisfies the (C').—condition for any level ¢ > 0.

Proof. Let ¢ be a positive real and (u,,) C E be a (C).—sequence, that is
Y(un) — cand ||¢' (un)]| (1 + ||un])) — 0 as n — oo.

Assume by contradiction that (u,) is not bounded. Then up to a subsequence,
we can assume that ||u,| — oo as n — oco. Let v, = My Then ||lon] = 1.
Taking a subsequence if necessary, then v,, — v in E and Lemma 2.2 implies
that v, — v in LY(R) for ¢ = 2,p, 2% ” and v, — v a.e. on R.

If v # 0, we have

0= lim ¥(un) = lim [1—/M|vn|2da€] < —o0,
R

n=—00 ||y, ||> oo 2

||

which is a contradiction. So (u,) is bounded.
If v =0, then v,, — 0 in LY(R) for ¢ = 2,p, 20" = . On one hand, since
Y(un) — c and |Ju,|| — oo, it is easy to see that

F n 1
1imsup/ (xi,tg) lon|* dz = =. (10)
R 2

n—ro0 n|

On the other hand, (4) implies

F n a b
/ (x"L; ) |Un|2d£t < ( 0 071)72)/ |'Un|2 dx
2
Ay (0,7) p A

fun| ) " (11)
G 202y

2
< (5 loa|? — 0.
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Now, for all integer n large enough, we have

1

[t = P = ) = 39/ (un)un < c+1
R

which with Hélder’s inequality and assumption (F}) implies

F(z,un
/ Flavun) 12 g
An(Tvoo) |Un|

F(z,un) ., 1 o 1
s(f  EEegi[
An(roo)  |tn] An(r,00) (12)
1 1 1 o 1
<Cal ([ i@ - Feu)dnd ([ e
Ay (r,00) Ay (r,00)

<(2¢o(c+ 1))5 ||Un||ga, — 0 as n — oo.

Combining (11) and (12) yields

F n F sy Un F )y 'n
/Lz)wnﬁdx — / Luz)lvnfdw—k/ Luz)wnfdx
R |un| An(0,r) |un| An (r,00) |un|

— 0

as n — 0o, which contradicts (10). Hence (u,) is bounded. Up to a subse-
quence, we can assume that u, — u in both L?(R) and LP(R). It follows from
(F1) and Hélder’s inequality that

/ P wn) (un — w)da| < /(ag ] + bo [l [ — u| dz
R R

< ao/ [tn| |t — u| dz + bo/ | g, — | da
R R
-1
< ag [funlly [[un = wlly +bo llunlly™ llun = ull, — 0,
as n — oo. Therefore, we have

0= lim wl(un)(un —u)

n—oo
= lim <wup,up—u>— lim flx,up)(uy — u)dz
n—o0 n—ro0 R

. 2 2
lim Al |7 = flu]”
oo

That is lim, o0 |[tn]|> = |Jul|?, which with u, — u in E implies
= ul]* =< wp — w, 1y —u >— 0 as n —s oc.

Hence (u,) possesses a convergent subsequence in E. Thus ¢ satisfies the
(C)c—condition. The proof is completed. ]
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Proof of Theorem 1.1. By (F3) and Lemmas 3.1-3.3, ¢ satisfies the conditions
of Lemma 2.4. It remains to prove the Cerami’s condition.

Consequently, Lemma 2.4 with Remark 2.5 imply that the functional v pos-
sesses an unbounded sequence of critical points. Therefore, the fourth-order
differential equation (1) possesses infinitely many homoclinic solutions. The
proof is finished. [ ]

Lemma 3.4. Assume that (Ag), (F1), (F2) and (Fy) are satisfied. Then 1)
satisfies the (C').—condition for all positive constant c.

Proof. Let ¢ be a positive real and (u,,) C E be a (C).—sequence, that is
Y(un) — cand ||¢' (un)]| (1 + ||un])) — 0 as n — oo.

Assume by contradiction that (u,) is not bounded. Then up to a subsequence,

we can assume that ||u,| — co as n — oo. Let v, = 72=. Then |jv,| = 1.

llunll

By (F}), for n large enough, we have
L,
c+1> w(un) - ;w (un)un

p—2 2 /1
=—— lun||”" + | [=f(z,un)un — F(x,uy)|dx
o [[un | ]R[u (z, un) (@, un)]

-2
> 55 funll® = = unll.
It follows that 5
limsup v, |5 > £ (13)
Since ||v,,|| = 1, passing to a subsequence, v, — v in F and Lemma 2.2 implies

that v, — v in L?(R), which with (3.11) implies that v # 0. Similar to (9), we
get a contradiction. Therefore (u,) is bounded. As in the end of the proof of
Lemma 3.3, we conclude that (u,) possesses a convergent subsequence. Hence
1) satisfies the (C').—condition. The proof is completed. |

Proof of Theorem 1.2. We conclude as in the proof of Theorem 1.1 that the
functional v possesses an unbounded sequence of critical points and the proof is
finished. |

Lemma 3.5. Assume that (Ag), (F5) and (Fgs) are satisfied. If u, — u in E,
then
flun) — f(,u) in L*(R). (14)

Proof. Arguing indirectly, by Lemma 2.2, we may assume that

Up, — w in both L*(R) and L**~Y(R) and un, — u a.e. in R (15)
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as k — oo and
/ @ty (2)) — fla,u(@)) P de > co, VE €N, (16)
R

for some positive constant e¢5. By (15) and up to a subsequence if necessary, we
can assume that

o0 oo
Z ”umc - UHL? <oo and Z ||U’nk - uHL?(ufl) < 0.
k=1 k=1

Let w(z) = S 50 [tn, (z) — u(z)| for all z € R. Then w € L*(R) (M L2H~VD(R).
By (F5) and (Fg), there holds for all k € N and z € R

|f(xaunk) - f(x,u)|2
2
(1@ wn) + I f )] )

gt )|+ G )] + oG, )] + (e, w) ]

IN

IN

< ao Jn, |7+ bo [un, |7 + ao [u" 7 + bo ful

2
2+ dlun, [+ d ]

IN

ao([tn, — vl + [u])" ™"+ bo(jun, — ul + |ul)77!
+ag [l 4 bo [ul” (17)

2
20+ du, — ol + ) +d ]

IN

[aoaw -+ hul) = o+ )7 + g + bo uf” !

2
2+ d(w+ !+ dful |

IN

c1 |:agw2('yfl) + Cl(2) |u|2(7—1) T bng(afl) + b(Z] |u|2(‘7_1)
+2 4 w2 4 g2 |u|2(u71)} = k()

where c¢; is a positive constant. It is easy to see that k& € L!(R). Hence,
combining (15) and (17), Lebesgue’s Dominated Convergence Theorem implies

. 2 _
lim / (@ tung (2)) — £z ua)) | de = 0,

k—— 00

which contradicts with (16). Hence (14) is true. ]

Lemma 3.6. Suppose that (Ag), (F5) and (Fs) are satisfied. Then 1) € C1(E,R)
and for all u,v € B

P (u)v = /R[u"v” —wu'v' + auv — f(z,u)v]dr. (18)
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Moreover, ¢ : E — E* is compact and any critical point of ¥ on E is a
classical solution for equation (1).

Proof. Let
() = /RF(x,u(x))dx.
By (F5) and (Fg), for any s € [0,1] and u,v € E, we have
|f(z,u+ sv)v|
<|g(z,u + sv)v| + |h(x,u + sv)v|
<ag [u~+ so|" 7 |v| + bo [u+ 50| o] + ¢ o] + d |u+ sv
<ao(|ul + [0))" 7 o] + bo([u + o))" o] + ¢ o]
+d(jul + [o)) 7 o] = U(2).
It is easy to check, by Holder’s inequality that [ € L'(R). Hence, by (19), the

Mean Value Theorem and Lebesgue’s Dominated Convergence Theorem, we get
for all u,v € £
lim Plut sv) = d(u) = lim [ f(z,u+ sv)vdx = / flz,w)vde = J(u,v).

s—0 S s—0 R

"l (19)

Moreover, it follows from (F}), (Fs) and Hélder’s inequality that

o)l < [ If@wlolds < [ ool ™ +aoful”" + e+ dful*" o] do
R R
a2 e _1 2 3
< (/aé‘”dm) (/(IuI” o) dx
R R
2 237 1 2 3
+(/b§*"dx> (/(|u|” o) ? da)
R R
3 9 . \2 1
([ a) ([ P+l [ ful " olde
R R R
< [laoll o lll3™ + lloll o_ flulg ™ + el + 1l lullsiy ] ol
< [llaoll . w3 Il + 1oll o 75 llul”

el + Il 1,y Ity ] o)

Therefore, J(u,.) is linear and bounded, and J(u,.) is the Gateaux-derivative
of ¢ at u. Next, we prove that J(u,.) is weakly continuous in u. Let u, — u
in E. Then by Lemma 3.5, we have f(.,u,) — f(.,u) in L?(R). By Hélder’s
inequality, we have

17 (tns ) = T, e = sup / (F (& un) — f(z,u))ode
[lv]|=1JR

IN

([ 1) = fm P ar) =0,



130 M. Timoumi

as n —» oo. This means that u — J(u,.) is weakly continuous and then it is
continuous in E. Therefore ¢; € C1(E,R) and

wi(U)UZ/Rf(x,u)vda:.

On the other hand, the function ¥; : u — [, [u"? —wu*+au?|dz is a continuous
quadratic form. Then 12 € C1(E,R) and

Yo (u)v = /[u"v” —wu'v + auvldz
R

So ¢ = 11 + o € CH(E,R) and (18) is verified. Furthermore, v is compact by
the weak continuity of ¢’ since FE is reflexive. Finally, it is a standard argument
that critical points of ¢ on E are solutions of equation (1).

In the next, we shall prove our Theorem 1.4 by applying Lemma 2.6. Choose
a completely orthonormal basis (e;) of E and define X; = Re;. Then Y}, and Zj
can be defined as in Section 2. By (F3) and Lemma 3.6, ¢ € C(E,R) is even.
In the following, we will check that all conditions of Lemma 2.6 are satisfied. m

Lemma 3.7. Assume that (Ao), (F5) and (F7) are satisfied. Then v satisfies the
(PS)*—condition.

Proof. Let (uj;) be a (PS)*—sequence, that is, (¢(u;)) is bounded, u; € Yy, for
some k; with k; — oo and (1b|yk ) (uj) — 0 as j — co. Now, we show that

(uj) is bounded in E. By virtue of (2), (F5) and (F7), there exists a constant
M > 0 such that

pM + M |[uj]| > pib(uy) — o' (uj)u,

= G0l I+ [ () = pP(o.u)lds

= =Vl + | o s = G, 0o
+/R[h(x,uj)uj — pH (z,u;)|dx

> (2 1) usl? = [ [ao() |um + bo() |uy|7)da
2 R

ao(x bo(
—p [0+ 20 g o= [ 00) luyl da
R 7

p

> (£ = 1) | —<1+7>||ao||_||uj||”
—(+ L) ool 2 Nusllg = N6, 2, Nl

> (f—1>||uﬂ|| — (4 23 llaoll o [luy])”

= 9 J 5 2 190112 1%y

o 4
—(1+ )772 1Boll = [l |7 = 101 =, 73 [luyl°
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Since p > 2 and v, 0,6 < 2, it follows that (u;) is bounded in E.
From the reflexivity of E and up to a subsequence if necessary, we may assume
that u; — u in E, for some u € E. Now, we have

g = ull* = (@ (ug) = 9" (W) (u; — u) + /(f(ﬂf,uj‘) = [, w))(u; — u)dz. (20)

R
It is clear that

(W' (u;) = ¢'(u))(u; — u) — 0 as j — oo. (21)

By Holder’s inequality, (2) and Lemma 3.5, one has

/R (F(arug) — Far, ) (u; — w)de
<N FCouy) = FCaw)lly g — ully
<m 1 orsg) — £ (o)l s — ] — 0

as j — co. Combining (20)-(22), we deduce that u; — w in E and the proof
is completed. ]

Lemma 3.8. Assume that (Ao), (F5) and (Fs) are satisfied. Then for any suffi-
ciently large k € N, there exist 0 < ri < pj such that

ap = inf P(u) > 0. (23)

UE Zy, |lull=pk

Proof. Let l2(k) be defined as in the proof of Lemma 3.1. By (F5), (Fgs) and (2),
we have for any u € Z

1
vlu) =3 lul = [ Fle,u)ds
R
1 o
25l = | fao ul” + bo ol o — [ felul + d[ul)do
R R

1 2

25 [[ull” = llaoll = lully = 11Boll = llull3 = llelly llully = lldll o Nl
1. 2

> Ll = 00 ol o " = 156 ol o [l

= L2(k) [lelly llull = nfi lldll o [lul™-

In view of (24), 4 > 2 and «,0 > 1, one has
2
2—y

9(w) > 7l — (B0 Naoll = +13(k) ool o +1a(k) el ) Il (25)

1
for [|ul| < inf{L (%)} Let pi = 8(13(R) laoll o + 15 (k) Iboll o +

la(k) ||c||2> It is easy to see that pp — 0 as k — oo. Thus, for sufficiently
large integer k, (25) implies ax > £p7 > 0. n
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Lemma 3.9. Assume that (Ag), (F5) and (Fg) are satisfied. Then

di = Y(u) — 0 as k — oo. (26)

inf
UEZy, llull<pr

Proof. By (25), for any u € Zj, we have

o) > (50 laoll o +1506) lboll . + o(6) e, )l (27)
Therefore, we get with |lu|| < px

0> dy > —(00) laoll 2 + 150k llboll o + La(k) liclly Jpr- (28)
Since l2(k), p — 0 as k — oo, one has d, — 0 as k — 0. ]

Lemma 3.10. Assume that (Ao), (Fs) and (Fg) are satisfied. Then

b = ¥(u) <0, Vk € N, (29)

inf
u€Yy, [lull=rk

Proof. Firstly, we claim that there exists € > 0 such that

meas({x € R/co(z) |u(x)|” > €llul|"}) > ¢, Vu € Yy \ {0}. (30)
If not, there exists a sequence (u,) C Yy with ||u,| = 1 such that
L1 1
meas($ x € R/co(x) |up(z)|” > - ) < s (31)

Since dimY}, < oo, it follows from the compactness of the unit sphere of Y}, that
there exists a subsequence, say (uy) such that (u,) converges to some u € Y.
Hence, we have ||u|| = 1. Since all norms are equivalent in the finite-dimensional
space Y, we have u,, — u in L? (R). By Holder’s inequality, one has

al

/ co() [up —u|" dx < ||co||2i (/ [tn, — u|2dx) S 0asn— 0. (32)
R YY)
Thus, there exists ¢y > 0 such that
meas({x € R/co(z) |u(z)]” > €}) > €o- (33)
In fact, if not, we have for all n € N
L1 1
meas({ z € R/co(x) Ju(z)]” > — ) < —.
n n
Let n € N. Then for all integer m > n

1
m

meas({x € R/co(x) Ju(x)|” > %}) < meas({x € R/co(x) Ju(x)|” > %}) <
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which implies
meas({x € R/co(x) |u(x)|” > E}) =0.

So
/ co(z) |u["? do = / co(z) |u]"? da
R

{zeR/co(@)|u(@)'< L}

1
= —/lul2dx < 2 juf? =2 —o,
n? Jr ny ny

as n — oo. Hence u = 0, which contradicts ||u|| = 1. Therefore (33) holds.
Thus, define

1
Qo = {z € R/eo(2) |[u(z)|” > €0}, Q= {a? € R/co(x) Jun(x)]” < ﬁ} .
Combining (31) and (33), we obtain

meas(Qo ﬂ Q) = meas(o \ (2, ﬂ Qo))

> meas(§o) — meas(€;, ﬂQo) > € — l, Vn € N.
n

5

Let n be an integer large enough such that €y — % > %60 and 525 — % > £
We get,

[ V)

/ co(x) |up — ul" dz > / co(x) |up — ul” dz
R QDnQn
2

€0 1 €
> (27—1 — E)meas(QoﬂQn) > 273_1

for all large integer n, which is a contradiction with (32). Therefore (30) holds.
For the € given in (30), let

Q= {z € R/co() |u(z)|” > €l|ul|”}, Yu € Yy \ {0}. (34)

By (30), we obtain
meas(§y,) > €, Yu € Yy \ {0}. (35)

For any u € Yi, by (Fs), (Fg), (34) and (35), one has

vl) = g ol = [ P < 5l == [ eoto)fuf do = [ He s

1 1 1
G == [ o) ful” do < 5 Jul® = £ ful” meas(e)

IN

u

AN

1 2 62
3 ™ = =l
v
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Choose 0 < rj < inf {pk, (%)ﬁ } Direct computation shows that

1 . 1
by, = inf W) < =r2 -2 ) = —2r2 < 0.
k uGYk,Hu||:rk¢( =k Tk Tk 2k

The proof is completed. [ ]

Proof of Theorem 1.4. Consider the functional ¢ associated to equation (1)

P(u)

%/}R[u“ (z)? — wu' (2)? 4 a(x)u(x)?]|dx — /RF(a:, u)dz

1
= L u? - / F(a,u)de
2 R

defined on the space E introduced in Section 2.

The functional 1 satisfies all the conditions of Lemma 2.6. Hence 3 has
infinitely many nontrivial critical points, that is, equation (1) possesses infinitely
many homoclinic solutions. ]
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