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Abstract. In the present paper, we study a new subclasses of harmonic univalent func-

tions by using differential operator in the unit disc U = {z ∈ C : |z| < 1}. Also we

obtain the coefficient bounds, convex combination, extreme points and convolution

conditions.
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1. Introduction

Let A denote the class of analytic functions f(z) of the form

f(z) = z +

∞
∑

l=2

alz
l (1)
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defined in the unit disc U = {z ∈ C : |z| < 1} with normalization f(0) =
fz(0)− 1 = 0. Let the class of all normalized analytic univalent functions in the
unit disc U is denoted by S.

A continuous complex valued function f = u + iv defined in the simply
connected domain D ⊂ C (Complex plane) is said to be harmonic in D if both
u and v are real harmonic in D. Clunie and Shiel-Small [8] showed that in
any simple connected domain D, we can write f = h + g, where both h and
g are analytic in D. We call h the analytic part and g the co-analytic part of
f. A necessary and sufficient condition for f to be locally univalent and sense-
preserving in D is that |h′(z)| > |g′(z)| in D ([8]).

The class of functions f(z) = h(z) + g(z) which are harmonic univalent and
sense-preserving in the unit disc U = {z ∈ C : |z| < 1} for which f(0) =
fz(0)− 1 = 0 is denoted by SH . Each f(z) ∈ SH , can be written as

f(z) = h(z) + g(z), (2)

where

h(z) = z +

∞
∑

l=2

alz
l, g(z) =

∞
∑

l=1

blz
l, |b1| < 1

are analytic in U.

If we take g(z) = 0 in (2), then the class SH reduces to the class S. Also S∗
H is

subclass of SH consisting of function that map U onto starlike domain. In 1984,
Clunie and Sheil-Small [8] investigated the class SH and its geometric subclasses
and obtain some coefficient bounds. Since then, many authors Sheil-Small [8],
Silverman [16], Silverman and Silvia [17], and Jahangiri [8] have studied the sub-
classes of harmonic univalent functions. Ahuja [1] presented a systematic and
unified study of harmonic univalent functions. Recently, many authors investi-
gated various subclasses of harmonic univalent functions [2, 6, 7, 16]. Further-
more we refer to Duren [8], Ponnusamy [13] and their references for basic result
on the subject.

In 2016, Makinde [12] introduced the differential operator Fm : A → A and
defined as

Fmf(z) = z +
∞
∑

l=2

Clmalz
l, Clm =

l!

|(l −m)|!
, m ∈ N0 = N ∪ {0}.

Later, Bharavi Sharma et al. [5] defined the differential operator Fm : SH → SH

as

Fmf(z) = Fmh(z) + (−1)mFmg(z),m ∈ N0, (3)

where

Fmh(z) = z +

∞
∑

l=2

Clmalz
l, Fmg(z) =

∞
∑

l=1

Clmblz
l.
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In 2001, Rosy et al. [15] defined the subclass GH(β) consisting of harmonic uni-
valent functions f(z) of the form (2), and f(z) satisfies the following condition:

Re

{

(1 + eiα)
zf ′(z)

f(z)
− eiα

}

≥ β, 0 ≤ β < 1, α ∈ R, z ∈ U.

In 2012, Patak et al.[14] defined the subclass GH(m,λ, ρ, β) consist of harmonic
univalent functions f(z) of the form (2), and f(z) satisfies the condition

Re

{

(1 + ρeiα)
Dm+1

λ f(z)

Dm
λ f(z)

− ρeiα
}

> β, 0 ≤ β < 1, ρ ≥ 0, α ∈ R, z ∈ U,

where Dm
λ operator defined by Al-Shaksi and Darus [3], and is given by

Dm
λ f(z) = Dm

λ h(z) + (−1)mDm
λ g(z),m, λ ∈ N0.

Motivated from this work, we defined the subclass GH(m, ρ, β) consist of har-
monic univalent functions f(z) of the form (2), and f(z) satisfies the condition

Re

{

(1 + ρeiα)
Fm+1f(z)

Fmf(z)
− ρeiα

}

> β, (4)

for m ∈ N0, 0 ≤ β < 1, ρ ≥ 0, α ∈ R, (z ∈ U), where Fmf(z) is defined by (3).

Let GH (m, ρ, β) denote the subclass of GH(m, ρ, β) consisting of harmonic
functions of the form

fm(z) = h(z) + gm(z), (5)

where

h(z) = z −

∞
∑

l=2

|al|z
l and gm(z) = (−1)m

∞
∑

l=1

|bl|z
l.

For ρ = 0, the class GH(m, ρ, β) reduced to the class BH(m,β), studied by
Bharavi Sharma et al. ([5]). Also, for ρ = 1,m = 0, the class GH(m, ρ, β)
reduced to the class GH(β), studied by Rosy ([15]).

The aim of the present paper is, to obtain sufficient condition for functions
f(z) ∈ GH(m, ρ, β) of the form (2) and to obtain the necessary and sufficient
condition for functions fm(z) ∈ GH(m, ρ, β) of the form (5). Also, the aim is
to obtain convolution, Convex combination and extreme points for functions
fm(z) ∈ GH(m, ρ, β) of the form (5).

2. Main Results

Theorem 2.1. Let f(z) = h(z) + g(z) be given by (2). If

∞
∑

l=2

[|l −m| − β + (|l −m| − 1)ρ]Clm|al|

+

∞
∑

l=1

[|l −m|+ β + (|l −m|+ 1)ρ]Clm|bl| ≤ 1− β,

(6)
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where 0 ≤ β < 1,m ∈ N0 = N∪ {0}, α ∈ R, ρ ≥ 0 and Clm = l!
|(l−m)|! . Then f is

sense-preserving, harmonic univalent in U and f ∈ GH(m, ρ, β).

Proof. If z1 6= z2, then

∣

∣

∣

∣

f(z1)− f(z2)

h(z1)− h(z2)

∣

∣

∣

∣

≥ 1−

∣

∣

∣

∣

g(z1)− g(z2)

h(z1)− h(z2)

∣

∣

∣

∣

= 1−

∣

∣

∣

∣

∣

∣

∣

∣

∞
∑

l=1

bl(z
l
1 − zl2)

(z1 − z2) +
∞
∑

l=2

al(zl1 − zl2)

∣

∣

∣

∣

∣

∣

∣

∣

> 1−

∞
∑

l=1

l|bl|

1−
∞
∑

l=2

l|al|

≥ 1−

∞
∑

l=1

[|l−m|+β+(|l−m|+1)ρ]Clm|bl|
1−β

1−
∞
∑

l=2

[|l−m|−β+(|l−m|−1)ρ]Clm|al|
1−β

≥ 0.

Hence, f(z) is univalent in U. f(z) is sense-preserving in U because

|h
′

(z)| ≥ 1−
∞
∑

l=2

l|al||z|
l−1

> 1−

∞
∑

l=2

[|l −m| − β + (|l −m| − 1)ρ]Clm|al|

1− β

≥

∞
∑

l=1

[|l −m|+ β + (|l −m|+ 1)ρ]Clm|bl|

1− β

>

∞
∑

l=1

[|l −m|+ β + (|l −m|+ 1)ρ]Clm|bl||z|
l−1

1− β

≥

∞
∑

l=1

l|bl||z|
l−1 ≥ |g

′

(z)|.

Now, we show that f(z) ∈ GH(m, ρ, β), using the fact that Re(α) > β if and
only if |1− β + α| ≥ |1 + β − α|. It is suffices to show that

|1− β+(1+ ρeiα)
Fm+1f(z)

Fmf(z)
− ρeiα| − |1+ β− (1+ ρeiα)

Fm+1f(z)

Fmf(z)
+ ρeiα| ≥ 0.
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Now,

|(1− β − ρeiα)Fmf(z) + (1 + ρeiα)Fm+1f(z)|

−|(1 + β + ρeiα)Fmf(z)− (1 + ρeiα)Fm+1f(z)|

= |(2− β)z +

∞
∑

l=2

[

|l −m|+ |l −m|ρeiα + (1− β − ρeiα)
]

Clmalz
l

−(−1)m
∞
∑

l=1

[

|l −m|+ |l −m|ρeiα − (1 − β − ρeiα)
]

Clmblzl|

−|βz −

∞
∑

l=2

[

|l −m|+ |l −m|ρeiα − (1 + β + ρeiα)
]

Clmalz
l

+(−1)m
∞
∑

l=1

[

|l −m|+ |l −m|ρeiα + (1 + β + ρeiα)
]

Clmblzl|

≥ (2− β)|z| −

∞
∑

l=2

[|l −m|+ |l −m|ρ+ (1− β − ρ)]Clm|al||z|
l

−
∞
∑

l=1

[|l −m|+ |l −m|ρ− (1− β − ρ)]Clm|bl||z|
l

−β|z| −

∞
∑

l=2

[|l −m|+ |l −m|ρ− (1 + β + ρ)]Clm|al||z|
l

−

∞
∑

l=1

[|l −m|+ |l −m|ρ+ (1 + β + ρ)]Clm|bl||z|
l

= (2− β)|z| − 2

∞
∑

l=2

[|l −m| − β + (|l −m| − 1)ρ]Clm|al||z|
l

−2

∞
∑

l=1

[|l−m|+ β + (|l −m|+ 1)ρ]Clm|bl||z|
l

= 2 (1− β) |z|

[

1−

∞
∑

l=2

[|l −m| − β + (|l −m| − 1)ρ]Clm|al||z|
l−1

1− β

−

∞
∑

l=1

[|l −m|+ β + (|l −m|+ 1)ρ]Clm|bl||z|
l−1

1− β

]

(since z ∈ U, |z| < 1)

> 2 (1− β)

[

1−
∞
∑

l=2

[|l −m| − β + (|l −m| − 1)ρ]Clm|al|

1− β

−

∞
∑

l=1

[|l −m|+ β + (|l −m|+ 1)ρ]Clm|bl|

1− β

]

.

Last expression is non-negative by (6), therefore the proof is complete.
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If we plug ρ = 0 in Theorem 2.1, then Corollary 2.2 is obtained.

Corollary 2.2. [5] Let f(z) = h(z) + g(z) be given by (2). If

∞
∑

l=2

[|l −m| − β]Clm|al|+

∞
∑

l=1

[|l −m|+ β]Clm|bl| ≤ 1− β

where 0 ≤ β < 1,m ∈ N0 = N ∪ {0} and Clm = l!
|(l−m)|! . Then f is sense-

preserving, harmonic univalent in U and f ∈ BH(m,β).

The harmonic function given below shows that the coefficient bound given
by (6) is sharp.

f(z) =z +
∞
∑

l=2

1− β

[|l −m| − β + (|l −m| − 1)ρ]Clm

ulz
l

+

∞
∑

l=1

1− β

[|l −m|+ β + (|l −m|+ 1)ρ]Clm

vlzl,

where m ∈ N0 = N ∪ {0}, ρ ≥ 0 and
∑

l=2 |ul|+
∑

l=1 |vl| = 1.

The above defined harmonic function is in GH(m, ρ, β). We have

∞
∑

l=i









[|l −m| − β + (|l −m| − 1)ρ]Clm

1− β
|al|

+
[|l−m|+ β + (|l −m|+ 1)ρ]Clm

1− β
|bl|









= 1 +
∑

l=2

|ul|+
∑

l=1

|vl| = 2.

The following theorem shows that, the necessary condition for the function
fm(z) = h(z) + gm(z) of the form (5) is the condition (6).

Theorem 2.3. Let function fm(z) = h(z)+ gm(z) be given by (5). Then fm(z) ∈
GH (m, ρ, β) if and only if

∞
∑

l=2

[|l −m| − β + (|l −m| − 1)ρ]Clm|al|

+

∞
∑

l=1

[|l −m|+ β + (|l −m|+ 1)ρ]Clm|bl| ≤ 1− β.

(7)

Proof. It is easy to prove the ’if part’, since fm(z) ∈ GH (m, ρ, β) ⊂ GH (m, ρ, β).

Now, we prove the ’only if’ part of Theorem 2.3. Let fm(z) = h(z) + gm(z) ∈
GH (m, ρ, β). Then the condition (4) is equivalent to

Re

{

(1 + ρeiα)
Fm+1f(z)

Fmf(z)
− (ρeiα + β)

}

≥ 0,
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implies that,

Re

{

(1 + ρeiα)Fm+1f(z)− (ρeiα + β)Fmf(z)

Fmf(z)

}

≥ 0.

Therefore,

Re



















































(1 + ρeiα)

[

z −
∞
∑

l=2

Cl(m+1)|al|z
l + (−1)2m+1

∞
∑

l=1

Cl(m+1)|bl|zl
]

z −
∞
∑

l=2

Clm|al|zl +
∞
∑

l=1

Clm|bl|zl

−

(ρeiα + β))

[

z −
∞
∑

l=2

Clm|al|z
l + (−1)2m

∞
∑

l=1

Clm|bl|zl
]

z −
∞
∑

l=2

Clm|al|zl +
∞
∑

l=1

Clm|bl|zl



















































≥ 0

Let H = (1 − β) −
∑∞

l=2

[

|l−m| − β + (|l −m| − 1)ρeiα
]

Clm|al|z
l−1. After

simplification, we get

Re















H − z
z
(−1)2m

∞
∑

l=1

[

|l −m|+ β + (|l −m|+ 1)ρeiα
]

Clm|bl|zl−1

1−
∞
∑

l=2

Clm|al|zl−1 + z
z

∞
∑

l=1

Clm|bl|zl−1















≥ 0. (8)

The condition (8) must hold for all values of z on the positive real axis, 0 ≤
|z| = r < 1. Choose the values of z on positive real axis, where 0 ≤ |z| = r < 1.
Now we have

Re

{

H−eiα
[

∞
∑

l=2

[|l−m|−1]ρClm|al|r
l−1+

∞
∑

l=1

[|l−m|+1]ρClm|bl|r
l−1

]}

1−
∞
∑

l=2

Clm|al|rl−1 +
∞
∑

l=1

Clm|bl|rl−1

≥ 0.

Since Re(−eiα) ≥ −|eiα| = −1, the above inequality become

Re













(1− β)−

∞
∑

l=2

[|l −m| − β + (|l −m| − 1)ρ]Clm|al|r
l−1

−
∞
∑

l=1

[|l −m|+ β + (|l −m|+ 1)ρ]Clm|bl|r
l−1













1−
∑∞

l=2 Clm|al|rl−1 +
∑∞

l=1 Clm|bl|rl−1
≥ 0. (9)

If condition (7) is not satisfied, then numerator in (9) is negative for r sufficient
close to 1. This contradicts the condition for fm(z) ∈ GH (m, ρ, β). Therefore
proof is complete.
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3. Convolution

For harmonic functions

fm(z) = z −
∞
∑

l=2

|al|z
l + (−1)m

∞
∑

l=1

|bl|zl

and

Fm(z) = z −

∞
∑

l=2

|Al|z
l + (−1)m

∞
∑

l=1

|Bl|zl.

We define the convolution of two harmonic function fm(z) and Fm(z) as

(fm ∗ Fm)(z) = fm(z) ∗ Fm(z) = z −

∞
∑

l=2

|alAl|z
l + (−1)m

∞
∑

l=1

|blBl|zl. (10)

Theorem 3.1. For 0 ≤ β1 ≤ β2 < 1, let fm(z) ∈ GH (m, ρ, β2) and Fm(z) ∈
GH (m, ρ, β1). Then fm(z) ∗ Fm(z) ∈ GH (m, ρ, β2) ⊂ GH̄ (m, ρ, β1) .

Proof. Let fm(z) = z −
∑∞

l=2 |al|z
l + (−1)m

∑∞
l=1 |bl|z

l ∈ GH (m, ρ, β2) and

Fm(z) = z −
∑∞

l=2 |Al|z
l + (−1)m

∑∞
l=1 |Bl|zl ∈ GH (m, ρ, β1), then the con-

volution (fm ∗ Fm)(z) is given by (10). We wish to show that the coefficient
of (fm ∗ Fm)(z) satisfies the required condition given in Theorem 2.3. For
Fm(z) ∈ GH (m, ρ, β1), we note that |Cl| ≤ 1 and |Dl| ≤ 1. Now, for the co-
efficient of (fm ∗ Fm)(z), we have

∞
∑

l=2

[

[|l −m| − β1 + (|l −m| − 1)ρ]Clm

1− β1
|alAl|

]

+
∞
∑

l=1

[

[|l −m|+ β1 + (|l −m|+ 1)ρ]Clm

1− β1
|blBl|

]

≤

∞
∑

l=2

[

[|l −m| − β1 + (|l −m| − 1)ρ]Clm

1− β1
|al|

]

+
∞
∑

l=1

[

[|l −m|+ β1 + (|l −m|+ 1)ρ]Clm

1− β1
|bl|

]

≤

∞
∑

l=2

[

[|l −m| − β2 + (|l −m| − 1)ρ]Clm

1− β2
|al|

]

+
∞
∑

l=1

[

[|l −m|+ β2 + (|l −m|+ 1)ρ]Clm

1− β2
|bl|

]

≤ 1.

Since 0 ≤ β1 ≤ β2 < 1 and fm(z) ∈ GH (m, ρ, β2). Thus fm(z) ∗ Fm(z) ∈
GH (m, ρ, β2) ⊂ GH (m, ρ, β1) . Therefore proof of theorem is complete.
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4. Convex Combination

Let the functions fmi
(z) be defined, for i = 1, 2, 3, · · · , j, · · · by

fmi
(z) = z −

∞
∑

l=2

|al,i|z
l + (−1)m

∞
∑

l=1

|bl,i|zl. (11)

Theorem 4.1. Let the functions fmi
(z) of the forms (11) belong to the class

GH (m, ρ, β) for every i = 1, 2, 3, · · · , j. Then the functions ti(z) defined by

ti(z) =
∑j

i=1 difmi
(z), 0 ≤ di ≤ 1 are also in the class GH (m, ρ, β), where

∑j

i=1 di = 1.

Proof. By the definition of ti(z), we can write

ti(z) = z −

∞
∑

l=2

(

j
∑

i=1

di|al,i|

)

zl + (−1)m
∞
∑

l=1

(

j
∑

i=1

di|bl,i|

)

z̄l.

On comparing above equation with (5), we obtain |al| =
(

∑j
i=1 di|al,i|

)

and

|bl| =
(

∑j

i=1 di|bl,i|
)

. In order to prove ti(z) ∈ GH (m, ρ, β), we show that the

condition (7) satisfies. Consider

∞
∑

l=2

[|l −m| − β + (|l −m| − 1)ρ]Clm|al|

+

∞
∑

l=1

[|l −m|+ β + (|l −m|+ 1)ρ]Clm|bl|

=

∞
∑

l=2

[|l −m| − β + (|l −m| − 1)ρ]Clm

(

j
∑

i=1

di|al,i|

)

+

∞
∑

l=1

[|l −m|+ β + (|l −m|+ 1)ρ]Clm

(

j
∑

i=1

di|bl,i|

)

=

j
∑

i=1

di

(

∞
∑

l=2

[|l−m| − β + (|l −m| − 1)ρ]Clm|al,i|

+

∞
∑

l=1

[|l −m|+ β + (|l −m|+ 1)ρ]Clm|bl,i|

)

≤

j
∑

i=1

di2(1− β) ≤ 2(1− β).

Since fmi
(z) are in GH (m, ρ, β) for every i = 1, 2, 3, · · · .
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Therefore by Theorem 2.3, ti(z) ∈ GH (m, ρ, β) and so the proof is complete.

5. Extreme Points

Theorem 5.1. Let fm(z) be given by (5). Then fm(z) ∈ GH (m, ρ, β) if and only

if

fm(z) =
∞
∑

l=1

[µlhl(z) + ηlgml
(z)] , (12)

where

h1(z) = z, hl(z) = z −
(

1−β
[|l−m|−β+(|l−m|−1)ρ]Clm

)

zl, l = 2, 3, · · · ,

gml
(z) = z + (−1)m

(

1−β
[|l−m|+β+(|l−m|+1)ρ]Clm

)

z̄l, l = 1, 2, 3, · · · ,

and
∑∞

l=1 (µl + ηl) = 1, µl ≥ 0, ηl ≥ 0. In particular, the extreme points of

GH (m, ρ, β) are {hl(z)} and {gml
(z)}.

Proof. For functions fm(z) of the form (12), we have

fm(z) =

∞
∑

l=1

[µlhl(z) + ηlgml
(z)]

=
∞
∑

l=1

(µl + ηl) z −
∞
∑

l=2

1− β

[|l −m| − β + (|l −m| − 1)ρ]Clm

µlz
l

+(−1)m
∞
∑

l=1

1− β

[|l −m|+ β + (|l −m|+ 1)ρ]Clm

ηlzl.

Now, on comparing above equation with (5), we obtain |al| =
1−β

[|l−m|−β+(|l−m|−1)ρ]Clm

µl and |bl| = 1−β
[|l−m|+β+(|l−m|+1)ρ]Clm

ηl. For proving

fm(z) ∈ GH (m, ρ, β) we show that condition (7) satisfies. Consider,

∞
∑

l=2

[

[|l −m| − β + (|l −m| − 1)ρ]Clm

1− β

]

|al|

+

∞
∑

l=1

[

[|l −m|+ β + (|l −m|+ 1)ρ]Clm

1− β

]

|bl|

=

∞
∑

l=2

µl +

∞
∑

l=1

ηl = 1− µ1 ≤ 1.

Therefore by Theorem 2.3, fm(z) ∈ GH (m, ρ, β).

Conversely, suppose that fm(z) ∈ GH (m, ρ, β). Set

µl =
[|l −m| − β + (|l −m| − 1)ρ]Clm

1− β
|al|, 0 ≤ µl ≤ 1, l = 2, 3, · · · ,
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and

ηl =
[|l −m|+ β + (|l −m|+ 1)ρ]Clm

1− β
|bl|, 0 ≤ ηl ≤ 1, l = 1, 2, 3, · · · ,

and µ1 = 1−
∑∞

l=2 µl −
∑∞

l=1 ηl. Then fm(z) can be written as

fm(z) = z −

∞
∑

l=2

|al|z
l + (−1)m

∞
∑

l=1

|bl|zl

= z −
∞
∑

l=2

(1− β)

[|l −m| − β + (|l −m| − 1)ρ]Clm

µlz
l

+ (−1)m
∞
∑

l=2

(1− β)

[|l−m|+ β + (|l −m|+ 1)ρ]Clm

ηlz̄l

= z +
∞
∑

l=2

(hl(z)− z)µl +
∞
∑

l=1

(gml
(z)− z)ηl

=

∞
∑

l=2

hl(z)µl +

∞
∑

l=1

gml
(z)ηl + z

(

1−

∞
∑

l=2

µl −

∞
∑

l=1

ηl

)

=
∞
∑

l=1

[ hl(z)µl + gml
(z)ηl] ,

so the proof is complete.

Theorem 5.2. Each member of GH (m, ρ, β) , (0 ≤ β < 1) maps U onto a starlike

domain.

Proof. We only need to show that, if fm(z) ∈ GH(m, ρ, β), then

Re

{

zh′(z)− zg′m(z)

h(z) + gm(z)

}

> 0.

Using the fact that Re(α) > 0 if and only if |1 + α| ≥ |1 − α|. It is suffices to
show that

∣

∣

∣
h(z) + gm(z) + zh′(z)− zg′m(z)

∣

∣

∣

−
∣

∣

∣
h(z) + gm(z)− zh′(z) + zg′m(z)

∣

∣

∣

=

∣

∣

∣

∣

∣

2z −

∞
∑

l=2

(l + 1)|al|z
l − (−1)m

∞
∑

l=1

(l − 1)|bl|zl

∣

∣

∣

∣

∣

−

∣

∣

∣

∣

∣

∞
∑

l=2

(l − 1)|al|z
l + (−1)m

∞
∑

l=1

(l + 1)|bl|zl

∣

∣

∣

∣

∣
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≥

(

2|z| −
∞
∑

l=2

(l + 1)|al||z|
l −

∞
∑

l=1

(l − 1)|bl||z|
l

)

−

(

∞
∑

l=2

(l − 1)|al||z|
l +

∞
∑

l=1

(l + 1)|bl||z|
l

)

= 2|z|

[

1−

(

∞
∑

l=2

l|al||z|
l−1 +

∞
∑

l=1

l|bl||z|
l−1

)]

≥ 2|z|

{

1−
∞
∑

l=2

[|l −m| − β + (|l −m| − 1)ρ]Clm|al|

−

∞
∑

l=1

[|l −m|+ β + (|l −m|+ 1)ρ]Clm|bl|

}

≥ 2|z|[1− (1− β)] = 2|z|β ≥ 0.

Hence proof is complete.

Theorem 5.3. Let fm(z) be given by (5) belong to the class GH (m, ρ, β) and

c is any real number with c > −1. Then the function Lc(fm(z)) defined as

Lc(fm(z)) = c+1
zc

∫ z

0
tc−1fm(t)dt, c > −1, is also belong to the class GH (m, ρ, β).

Proof. From definition of Lc(fm(z)), it follows that

Lc(fm(z)) =
c+ 1

zc

∫ z

0

tc−1fm(t)dt

=
c+ 1

zc

∫ z

0

tc−1

(

t−

∞
∑

l=2

|al|t
l + (−1)m

∞
∑

l=1

|bl|tl

)

dt

= z −

∞
∑

l=2

c+ 1

c+ l
|al|z

l + (−1)m
∞
∑

l=1

c+ 1

c+ l
|bl|zl

= z −

∞
∑

l=2

|Al|z
l + (−1)m

∞
∑

l=1

|Bl|zl

Now,on comparing the above equation with (5), we obtain |al| = |Al| =
c+1
c+l

|al|

and |bl| = |Bl| =
c+1
c+l

|bl|. In order to prove Lc(fm(z)) ∈ GH (m, ρ, β) , we need
to show that condition (7) satisfies. Consider,

∞
∑

l=2

[|l −m| − β + (|l −m| − 1)ρ]Clm

1− β

(

c+ 1

c+ l
|al|

)

+
∞
∑

l=1

[|l −m|+ β + (|l −m|+ 1)ρ]Clm

1− β

(

c+ 1

c+ l
|bl|

)

≤

∞
∑

l=2

[

[|l −m| − β + (|l −m| − 1)ρ]Clm

1− β

]

|al|



Subclass of Harmonic Univalent Functions 203

+

∞
∑

l=1

[

[|l−m|+ β + (|l −m|+ 1)ρ]Clm

1− β

]

|bl| ≤ 1.

Since fm(z) ∈ GH (m, ρ, β). Therefore by Theorem 2.3, Lc(fm(z)) ∈
GH (m, ρ, β). Proof is complete.
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