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Abstract. The aim of this work is to investigate the existence and multiplicity of positive
solutions of a kind of conformable fractional differential equations with an integral
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1. Introduction

Fractional calculus as a generalization of ordinary order calculus from the early
years has been of great interest of many mathematicians and scientists. With
the development of fractional calculus, fractional differential equations have wide
applications in modeling of different Physical phenomena and engineering, such
as mechanics, chemistry, control system, etc. see [16, 27, 28, 29].

Since the early years, different definitions of fractional order derivatives have
been proposed such as Riemann-Liouville, Grunwald-Letnikov, Caputo and etc.
Each of these definitions had its advantages and disadvantages. Very recently in
[19] Khalil et al. introduced a new well-behaved definition of fractional deriva-
tive termed the conformable fractional derivative. This definition has drawn
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much interest from many researchers [1, 17, 19]. Also different applications and
generalizations of the conformable derivative were discussed in [5, 6, 32, 34, 35].

Beside to studying boundary and initial value problems including fractional
differential equations with classical fractional operators, such as Riemann-Liou-
ville and Caputo fractional derivative [2, 3, 4, 7, 8, 10, 11, 13, 15, 18, 20, 23, 24,
25, 26, 30, 31, 33, 36], investigating the existence of solutions to boundary and
initial value problems involving this fractional operator has also attracted some
researchers.

In 2015 Batarfi et al. [9] consider the following three-point boundary value
problem for conformable fractional differential equation

DD + Na(t) = f(t,x(t)), te0,1],
2(0) = 0,2/(0) =0, =(1) = Bz(n)

1 < a < 21is a real number and D® is the conformable derivative and D is
the ordinary derivative, f : [0,1] x R — R is a known continuous function, A
and (§ are real constant numbers, A > 0, and n € (0,1). The existence results
are obtained by means of Krasnoselskiis fixed point theorem and the classical
Banach fixed point theorem.

In 2017, X. Dong et al. [12] studied the existence and multiplicity of positive
solutions for the conformable fractional differential equation with p-Laplacian
operator

D*(pp(Du(t)) = f(t,u(t)), 0<t<1,
u(0) = u(l) = D*u(0) = D*u(1) =0,

where 1 < @ < 2 is a real number and D is the conformable derivative, p,(s) =
s|P72s,p > 1,051 = @q, %—i—% =1,and f :[0,1]x [0, 00) — [0, 00) is continuous.
They used an approximation method and some fixed point theorems on cone and
established some existence results for positive solutions.

In 2019, Zhou and Zhang studied the following fractional boundary value
problem of conformable fractional derivative

T (p(TaHu(t)) = f(tut), ToFu(t), 0<t<1;

u(0) =0, [p, (T u(t ()]@)—o i=0,1,2,...,n—2;
(TS u(t))i=1 =0, —1<B<m
(T (ep(TTu(t))i=1 =0, 1<m<n-—1;

where n — 1 < a < n, ¢, is the p-Laplacian operator, ¢,(s) = |s[P72s,p >
Ly, L=, 1—17—1—% =1, and T} is the conformable fractional derivative. Authors
by using the Guo-Krasnoselskii fixed point theorem, were able to prove the
existence of at least one positive solution.

Motivated by the aforementioned works, this paper discusses the existence of
positive solutions for the fractional boundary value problem

Dﬂ(%( (t)))Zf( u(t)), 0<t<1 (1)
u'(0) = DPu(0) = DPu(1) =0, u(l) = [ u(t)dt
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2. Preliminaries

In this section, notations, definitions and preliminary facts which are used throu-
ghout this paper are introduced. At first, let us recall some basic definitions of
fractional calculus which can be found in [1, 17, 19].

Definition 2.1. Let « be in (0,1]. The conformable fractional derivative of a
function f:[0,00) = R of order « is defined by

D f(t) = tim L)

e—0 €

If D> f(t) exists on (0,b), then D f(0) = limy_o D f(t)

(2)

Definition 2.2. Let o € (n,n + 1]. The conformable fractional derivative of a
function f :[0,00) = R defined by

D f(t) = D" (1)

where B = a —n.

Definition 2.3. Let o € (n,n + 1]. The conformable fractional integral of a
function f:[0,00) = R of order « is defined by

o f (1) =

ol

t
/ (t —8)"s* "L f(s)ds.

0
Lemma 2.4. Let o € (n,n+1]. If f is a continuous function on [0, 00), then for
all t > 0,DI*f(t) = f(¢t).
Lemma 2.5. Let o € (n,n+1]. Then D*t* =0 fort € [0,1] and k = 1,2,...,n.

Lemma 2.6. [29] Let o € (n,n+ 1]. If D*f(t) is continuous on [0,00), then
I°D*f(t) = f(t) + C1 4 Cat® 4 - - + Cpt™,

for some real numbers cx, k=1,2,...,n.

In the rest of the section, we present some defintions, theorems and lemmas
which are used in this paper.

Definition 2.7. Let E be a real Banach space, A nonempty, closed, convex set
P C FE is a cone if it satisfies the following conditions:

(i) If x € P, A > 0 then A\x € P;
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(ii) Ifz € P and —x € P then x = 0.

Theorem 2.8. [21] Let E be a Banach space and P C E, be a cone. Assume
and Qo are bounded open subsets of E with 0 € Q1,21 C Qo and let

T:PN @\ Q) P

be a completely continuous operator such that

1) |1Tu|l < |lull, we PN, and |Tul] > |ul|, v € PNOQs; or
(ii) [|Tu]l = |lull, w € PN O, and |Tul] < |ul|, v € PN oQs.
Then T has a fized point in PN (Q2\ Q).

Theorem 2.9. [14] Let E be a Banach space B a closed convex subset of E, U an
open subset of B and 0 € U. Suppose that T : U — B is a continuous, compact
map. Then either

(1) T has a fived point in U, or
(ii) There is a w € OU and A € (0,1) with u = AA(u).

Theorem 2.10. [22] Let T : P. — P.. be a completely continuous operator and v
a nonnegative continuous concave functional on P such that 1 (u) < |[ul| for all
u in P.. Suppose that there exists constant 0 < a < b < d < ¢ such that

(i) {u € P(,b,d) : ¢p(u) > b} # 0 and Y(Tu) > b if u € P(3),b,d),
(ii) || Tu]| < a if u € P,,
(ili) ¥(Tu) > b for u € P(,b,c) with || Tu|| > d.
Then, T has at least three fized points uy,us and us such that ||u1] < a,
b < (u2) and |lusl| > a with ¥(ug) < b.

Lemma 2.11. [12] Suppose E is a Banach space and Ty, : E — E,n = 3,4,... are
completely continuous operators, T : E — E. If || T,u—Tul|| uniformly converges
to zero when n — oo for all bounded set Q C E, then T : E — E is completely
continuous.

3. Green Function and Bounds

In order to apply the fixed point theorems, we need to calculate the Green
function of the desired operator. In this section in addition to calculate Green
function, we also outline some its properties which is used throughout this paper.

Lemma 3.1. [12] Let h € C([0,1]) and 1 < B < 2. Then the fractional boundary
value problem
DPx(t) = h(t),

2(0) = 2(1) = 0, )
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has a unique solution

2(t) = — /0 H{t, $)h(s)ds, (@)
where
1—35)—(t—s)]sP2 if 0<s<t<1,
H(t’s):{[s(ﬁ2(1)— s() ) f0<t<s<l. (5)

Proof. Integrating of order 8 from Eq. (3) yields
t
x(t) = I%h(t) + co + 1t = / (t — 5)s°2h(s)ds + co + 1t (6)
0

where ¢, ¢ are real constants. By condition z'(0) = 0 we get ¢; = 0 and from
the other boundary condition we have

z(1) = /0 (1 —5)s°"2h(s)ds + co = 0.

So .
co = —/ (1 —5)s"2n(s)ds
0

By replacing ¢g in (6) we have

x(t)

t —ssﬁ*2 s)ds — 1 —ssﬁ*2 s)ds
/0“ )55=2h(s)d /()(1 )55=2h(s)d

_ / (1= 5) — (t — 5)]s°2h(s)ds — / (1= )s5=2h(s)ds
0 t
- /0 H{t, 5)h(s)ds. .

Lemma 3.2. Lety € C([0,1]), 1 < o < 2,0 <n < 1. Then boundary value
problem

Du(t) = y(t), 0<t<1, )
w'(0)=0, u(l)= fon u(t)dt,
is equivalent to the integral equation
t
u(t) = — | G(t,s)y(s)ds (8)
0
where
1
G(ta 8) = Gl(ta 8) + mGQ(na S)a (9)
(=8t (t—s)s*2  if 0<s<t<],
Gl(tas) - {(1_S)sa2 ’Lf 0§t§s§1, (10)
(1 =s)s* 2 = Lt —s)?s*72 if 0<s<t<1,
Galts) = {t(l — 5)s@2 ifo<t<s<t1 (D
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Proof. Applying Lemma 2.3 we have
t
u(t) =I%(t) + co + a1t = / (t—s)s* "2 4 co+ et (12)
0

where cg, ¢1 are real constants. By the boundary condition «'(0) = 0, we obtain
c1 = 0 and from the other boundary condition we have

1 n
u() = [ (=95 2ys) o= [ ult)ar
0 0
Hence
1 n
co = —/ (1—s)sa_2y(s)+/ u(t)dt. (13)
0 0
By replacing Eq. (13) in (12) we obtain

u(t) = /0 (t —s)s72 — /0 (1 —s)s*"2y(s) + /Onu(t)dt. (14)

Now for determining value of fon u(t)dt, we integrating relation (14) from 0 to n,

/On u(t)dt = /0” /Ot(t — 8)s2y(s)dsdt — /0” /Ot(l — §)s"2y(s)ds

+ On /0 " u(s)dsdt
= [ 5o erssis o | (1 sy (s)ds
n /0 " u(s)ds.
So
[ uttrie = [ s ysias - 01<1—s>sa—2y<s>ds (15)

By replacing the right hand side of Eq. (15) in (14) we obtain

ut) = [ (s / (1 - )52y

n 1
= | gt — = [ e tysas
= [l @ sneys = [0 95y
ﬁ A [%(77 — )2 = (1—5)]s*y(s)ds — ﬁ : (1 — 5)s*"?y(s)ds
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- / Ga (t, $)y(s)ds — —— / G, )y (s)ds
0 0

1—n

1
—/ G(t,s)y(s)ds.
0

Lemma 3.3. Fractional boundary value problem (1) is equivalent to the integral
equation

u(t) = /01 G(t, s)pq (/01 H(S,T)f(T,'LL(T))dT) ds (16)

Proof. Let y(t) = @q(x(t)) and h(t) = —f(t,u(t)). Then from Lemmas 3.1 and
3.2, we get

y(t) = ¢q (/01 H(t, S)f(s,u(s))ds) .

Hence we obtain
u(t)z/olG(t,s)y(s)dSZ/ol G(t, ), (/OlH(s,T)f(T,u(T))dT) ds. (1)

Lemma 3.4. The function H(t,s) defined by (5) satisfies the following conditions:
(i) H(t,s) >0 for allt,s € (0,1);
(i) (1 —¢)H(s,s) < H(t,s) < H(s,s), for all t,s € [0,1].

Proof. Statement (i) hold trivially. We prove statement (ii). For 0 < s < ¢ we
get

On the other hand

Hence for all s,t € [0,1]

(1—t)H(s,s) < H(t,s) < H(s,s).

Lemma 3.5. The function G1(t,s) and Ga(t, s) defined by (9) satisfy the following
conditions

(1) Gl(ta 8) > 07 GQ(tvs) > 0 fOT all ta s € [07 1]7

(i) (1 —t)G1(s,s) < Gi(t,s) < Gi(s,s) for all t,s € [0,1];
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(ili) (1 —¢t)Ga(s,s) < Ga(t,s) < Ga(s,s) for allt,s € [0,1].

Proof. Tt is clear that statement (i) hold and statement (ii) is concluded from

Lemma 3.4. We prove statement (iii).

If 0 <s <t <1, weobtain

Go(t,s) = t(1 —5)s72 — %(t — 5)25272

> s 20H(1 — ) 4t~ 5]
= 5201~ )~ 571 )
> 5% 25[(1— 5) — 5t(1— 5)]
> (1- t)safl(l —5)

On the other hand, Ga(t,s) < s*71(1 — s). So for all s,t € [0, 1], we have
(1 —1)Ga(s,s) < Ga(t,s) < Dy(s). =

Lemma 3.6. Let £ € (0,1) be a fizred. Then for G(t,s) we have the following
statements:
(i) G(t,s) >0, for all t,s € [0,1],
(i) 1—=n) 1 —-t)Py(s) <G(t,s) < Pp(s) forall0<t, s <1,
(i) (1— 1) (1 - E)Py(s) < G(t,s) < Dy(s), for all (t,5) € [0,€] x [0,1],
L

where Oy (s) = G1(s,5) + 1, Ga(s, s) = 1(41'f;;750‘*2(1 — ).

<
<

Proof. Tt is clear that (1) holds and (3) is the direct result of (2). So we prove
only statement (2). From Lemma 3.5 and relation (9), it is concluded that

Glt,s) = Gult,s) + Tlnc:z(w
< Gils.3) + T2 Gal5.3) = By()
On the other hand from Lemma 3.5, we obtain
G(t,s) = Gi(t,s) + %Gg(t, 5)

> (1-t)Gi(s,8)+(1—n) ﬁal(& s)

> (1=0) (1= 1) Gi(s.5) + (1= 1) (1 1) 7= Cals.5)

> (1= ) (1= ) (G (5.5) + TG, )

= (1 =1) (1 =n) Py(s). "
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4. Main Results

Let E = C([0,1]) be Banach space of all continuous function on [0, 1], which
equipped with the maximum norm ||u|| = maxo<¢<1 [u(t)|. We define

P={ueE:u(t)= O,I[gigr]lu(t) > pllull},

)

where p = (1 — &) (1 —7n). Now we define the nonnegative continuous concave
functional 1 by 1 (u) = minj ¢ [u(t)].
Let f € C(]0,1] x [0,00)), we define T, T}, : P — FE as

/ G(t, s)pp (/01 H(s,T)f(T,u(T))dT) ds,
u(t) = /_ G(t, 5), (/_1 H(s,r)f(r,u(r))dr) ds, n—34,. .

Remark 4.1. By choosing p = (1 —£)(1 —n) from Lemma 3.4 conclude that for
(t,s) €[0,€] x [0,1] we have

pH(s,s) < H(t,s) < H(s,s).

Lemma 4.2. Operator T : P — P is completely continuous.

Proof. The proof of this Lemma is similar to the proof of Lemma 3.1 in [12] and
we present it in two steps.
Step 1: T, : P — P are completely continuous for n = 3,4,.. ..

Let w € P and u € P. By Lemma 3.2 and the nonnegativity of f(t,u), one
has

So
1 1
[ Tnull SL P,y (s)p </1 H(SaT)f(TaU(T))dT> ds

n

Now if u € P we have

min T, u(t)

o2 Tt = 0@325/ Gt s)ep </:H(S,T)f(7-,u(7))d7> ds
pA Py (s) (/ H(s,7)f(r,u(r ))dT) ds

n

pllTul.

v

Y
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Consequently T, : P — P. Since f(t,u) and G(¢, s)(in [0, 1] x [%, 1]) are contin-
uous functions so T, are continuous operator for n = 3,4,.... Let Q C P be
bounded, i.e., there exists a positive constant M > 0 such that ||u|| < M for all
u € Q. Let

L= max lft,u)|+1, K= / s)ds+1,H = /Htsds+1
0<t<1,0<u<M

Then for u € €2, we have

Tu(t)] = [ G(t, ), </ H(s,r)f(7’,u(7’))d7'> ds < KL ) < o

n

Hence, T, (2) is bounded for n = 3,4, . ... Next we show that T,,(£2) has equicon-
tinuity property. For this let € > is an arbitrary number. let

3(LH)I!

Sa—l

6 =
Then for u € Q,t1,t2 € [0,1],t1 < t2 and t2 — t; < &, we show |T,u(te) —

Thu(t1)] < e. We consider three cases.
Case 1: 0 <t1 <ty < %

| T u tg) Thu(ty)]

©q (/; H(s,¢)f(r,u(r))dr> ds
_/% G(t1,s)pq </%1 H(S,T)f(r,u(T))ch') ds

1
LHH‘H/l |G (t2, s) — G(t1,s)| ds

IA

1
= Lq—lHq—l/ (0)ds
1
=0<e
Case 2: 0 < t1 < % < ts.

|Thu(tz) — Thu(ty)]
[a-1pe-t (/2|G(t2,s)—G(t1,s)|ds+/t G(ta, 5) — G(t1, )|ds>

— [a-lpa-1 (/tz s*72[(1 —tg) — (1 — s)]ds + 0)

IN

3=

1

ta
Letget (/1 Sa_Q[tQ —t1+t — s]ds + 0)

IN
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ta
retget (2(752 - tl)/ 5“7 2ds + 0)
1

1
LI THI 2>ty — ¢
( 2 1)oz -1

IN

IA

< €.
Case 3: 0 <ty <ty < %

|Thu(ts) — Thu(ty)]

LH( / " |Gtar 5) — Gty 5)|ds + / C|G(tan 5) — Gt )|ds

1
w t1

/ Gtz s) — Glts, )lds)
t1 ta 1
= [t / 0ds + 2(t2 — tl)/ s*2ds + (to — 751)/ s°2ds
% t1 ta

< L9~ lpga— 1M<6.
sa— 1

IN

By applying the Arzela-Ascoli Theorem, we conclude that T,, : P — P are
completely continuous operators for all n = 3,4, .. ..

Step 2: T,, : P — P uniformly converges to T" and T : P — P is completely
continuous.

It is clear that T': P — P. On the other hand by use of mean value theorem
we can conclude

ot +0) < gqlu) + (g — 1)(u+v) 0. (18)
Now assume € > 0 be an arbitrary number and let
_ )Lq_lKHq_2 m

2—n (g—1
T—ne—D T 5T
€

N:

By using inequality (18) for all n > N we obtain

[Tu — Tl
max |Tpu(t) — Tu(t)]

[ ctesren ([ s s uteir) as
- / Gtt.yen [ 106,715 u(r)yir ) s

</ 1 [soq ( / 1 H(s,r>f<r,u(r>>dr>
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+g-1) (/1H<s,r)f(r,u ) /0 H(s,7)f(rou(r ))dT] as
- [ Gtenren ([ e uteir) as

/ %WG@, o ( /_ H(s,7) f@,um)m) ds

ta- v [ atas ([ o) - / " Hrr)dr

1 1
< Lq—lHq—l/ @, (s)ds + (q — 1)L‘1‘1KH‘1‘2/ CH(r,7)dr
0 0

IA

oo ()
+ (g - 1)L‘1*1KHq72] ﬁ (%)/B 1

[y - ooy

< €.

Now in view of Steps 1 and 2 and Lemma 2.7 we conclude T' : P — P is
completely continuous. ]

For the convenience we introduce notations

1

M = (/01%(3)@13% (/OlH(T,T)dT)>_ ,
N = <pq /06 B, (s)dseq (/jH(T, T)dT))

OQur first result is based on Theorem 2.4.

Theorem 4.3. Let f(t,u) be continuous on [0,1] x [0,00). Assume that there
exist two different positive constants ro, 71, and r1 < ro such that

(A1) f(t,u) < @(Mrs), for (t,u) € [0,1] x [0,72];
(A2) f(t,u) = @(Nr1) for (t,u) € [0,€] x [pry,m1].

Then fractional boundary value problem (1) has at least two positive solution
such that m < ||lu]| < rea.

Proof. In view of Lemma 4.2, T : P — P is completely continuous. Let

O ={ueP:|ul|<rm}, Q={ueP:|ul|<r}



Positive Solutions to Conformable Fractional Differential Equation 309

If u € 0Qqg, then for all t € [0,1] we have 0 < w(t) < ro. From (Al) it is
concluded that

/0 Gt 9), ( /0 Hism) f(T,u(T))dT) ds

My /0 "B, (5)dsey ( /0 i T)dT)

=72 = |lull.

([Tu]] = max

IN

So || Tu| < ||lull, for u € 9Qa.
Let w € 9Q1. Then by definition of P, we have

u(t) = pllul| = pr1, t€[0,¢].

By assumption (A2), for ¢ € [0,&], we have

Tut) = /0 Gt ), ( /0 Hisr) f(T,u(T))dT) ds
'3 13

/0 p®, ()¢, ( / pH(r, r>f<r,u<f>dr> ds

v

Y
2
=
/N
e
[{)
\
i
KA
3
o
QL
&
S
2
N
o
o
=
2
2
QU
\]
~_—
~—

= NNt =7r; = ||lu

Hence for v € 9, we have ||Tu|| > ||ul|. Therefore by applying Theorem 2.4
we conclude that fractional boundary value problem (1) has at least one positive
solution like u(t) such that r1 < ||ul| < rs. [

By the analogous way, one can obtain the following result.

Theorem 4.4. Let f(t,u) be continuous on [0,1] x [0,00). Assume that there
exist two different positive constants ro, 71, and 1 < 9 such that

(i) f(t,u) > @p(Nra) for all u € [pra,r2], and
(ii) f(t,u) < pp(Mry) for all uw € [0,71] and t € [0,1],

then the problem (1) has at least one positive solution u € P satisfiying
r1 < ||lu|l < re.

Theorem 4.5. Let f(t,u) be continuous on [0,1] x [0,00) and there exists a
constant > 0 such that

w7 | i nar) | ", (5)ds (19)
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where v = max{f(t,u) : (t,u) € [0,1] x [0, u]}. Then, the fractional boundary
value problem (1) has at least one positive solution.

Proof. Let
U={ueP:|ul<u}

In view of Lemma 4.1, the operator 71" : U — P is completely continuous. Assume
that there exists v € U and A € (0,1) such that u = ATu. We have

lu(t)] = NTu(t)| = ’)\/OlG(t,s)gaq (/OlH(T,T)f(T,u(T))dT> ds

/0 LGt ), ( /0 e T)'ydT) ds
i1, ( /0 Her T)dT) /0 "B, (s)ds

lull < v, (/Olﬂ(T, T)dT> /01 B, (s)ds.

Now (19), implies that ||u|| < p, that is, u ¢ OU. Hence it is concluded that
there is no u € U such that v = ATu for A € (0,1). Therefor by Theorem 2.5,
it is concluded that the fractional boundary value problem (1) has at least one
positive solution. n

IN

IN

So

Our next results is based on Theorem 2.6.

Theorem 4.6. Suppose f(t,u) is continuous on [0,1] x [0,00) and there exist
constants 0 < a < pb < b such that the following assumptions hold:

(B1) f(tw) < ¢p(Ma), for (t,u) € [0,1] x [0, a];
(B2) f(t.u) > ¢, (pNb), for (t,u) € [0,€] x [ob,b];
(B3) F(tw) < ¢, (Mb) for (t,u) € [0,5].

Then the fractional boundary value problem (1) has at least three positive
solutions uy,us, us with

t) < a, b < mi t)| < t)| <b,
mmax |ui(t)] <a, p Orgntlgng()I max |uz(t)] <

< i .
a < Jax lus(t) < b, Orgntlg€ lus(t)] < pb

Proof. We show that all the conditions of Theorem 2.6 hold. If u € P, then
lu|| < b. By assumption (B3) we conclude that f(¢,u(t)) < Mbfor 0 <t <1,
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consequently

|[Tu|| = max
0<t<1

/ Gtsgaq</ Hi(s,7)f(r,u(r ))dT)d
/0 D, (s (/ H(r,7) f(r,u(r ))dT) ds
Mb /0 1 D, (5) 0 ( /0 H(r, T)dT) ds

<b.

IA

IA

Hence, T : P, — Pj,. By the analogous way, one can prove, if u € P,, then
ITu|| < a. Therefore, condition (ii) of Theorem 2.6 is satisfied.

Since the constant function @ € {u € P(¢y, pb,b) : Pp(u) > pb}, we conclude
that {u € P(¢, pb,b) : ¥(u) > pb} # 0. On the other hand, for u € P(¢, pb,b),
we have

< = in < < < .
b () = min < u(t) < Jull 5, te 0.
That is ¢(Tw) > pb for all v € P(3), pb,b). On the other hand from assumption
(B2), we have f(t,u(t)) > Npbfor 0 <t <& So

1 §
P(Tu) Orglgg [Tu(t)| > /0 G(t, s)pq </0 pH (T, T)f(T,U(T))dT) ds

3 3
> Npb (/0 pl®,(s)dspq </0 H(r, T)dT))

> pb

Thus, for all u € P(v, pb,b) we have )(Tu) > pb. This shows that condition (i)
of Theorem 2.6 is satisfied. Thus the fractional boundary value problem (1) has
at least three positive solutions u1, us and ug such that

[nax lur(t)],  pb < oo, luz(t)], a< hax lus(t)], 0r<nt1£1 lus(t)| < pb
The proof is complete. -

5. Examples

Example 5.1. Consider the following fractional boundary value problem

{D%(wz(D%u(t))) = 56+ Va+t?), te(01), 20)
w'(0) = D3u(0) = D3u(1) =0, wu(l)= [ u(t)dt

where n = % Let € = 0.8. By a simple computation, we obtain M ~ 0.4938 and
N =~ 1.6390. We choose r1 = 0.1, = 1. Then
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(i) ft,u) = 56+ Vu+1t?) < 0.7 < p,(Mry) = 0.702 for all (t,u) €
[0,1] x [0,1].

(ii) f(t,u) = 55+ Vu +12) > 0.5 > ¢p(Nry) ~ 0.4012 for all (t,u) €
[0,0.8] x [0.02,0.1].

Hence, all conditions of Theorem 4.3 are satisfied, consequently fractional
boundary value problem (20) has at least one positive solution u such that
0.1 < |u|| <1.

Ezample 5.2. Consider the following fractional boundary value problem

{ Di(pg(Diu(t) = f(t,u(t)), te (1), o)
w'(0) = D3u(0) = D3u(1) =0, wu(l) = [ u(t)dt
where n = %, and
Cfsuz4smmt (g u) € [0,1] x [0, 1]
ft,u) = { 2ut + 342% (t,u) €[0,1] x (1,00)

Let £ = 0.75. One can see M =~ 0.3311 and N = 5.862. Then
(i) f(t,u) =5u® + 2Tt < 0.3 < p,(Ma) = 0.3375 for all [0,1] x [0,0.2].
(i) f(t,u) = 2u? +3+801t > 35 o (pNb) = 1.27, for all f(t,u) € [0,0.75] x
1,512].
(ii) (f,u) = 2u7 4+ 3+ 821t < 71 < o, (pNb) ~ 8.1140 for (t,u) € [0,1] x
[1,512].

Thus all conditions of the Theorem 4.5 are satisfied. Therefore, the fractional
boundary value problem (21) has at least three positive solution wui, us and ug
such that

1
max |u(t)] < =, 1< min_ |us(t)] < max |ug(t)| < 512,
0<t<1 5 0<t<0.75 0<t<1

1
— < i .
: < 012%}{1 lus(t)] < 512, [ lus(t)| < 32
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