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Abstract. In geometric function theory, the estimation of upper bound of the Hankel
determinants for various subclasses of analytic functions is an interesting topic of cur-
rent research. Till now, extensive work has been done on the estimation of second and
third Hankel determinants. The present investigation deals with the estimate of fourth
Hankel determinant for certain subclasses of analytic functions in the open unit disc
E = {z : |z| < 1}. This work will set the stage in the direction of investigation of
fourth Hankel determinant for several other classes.
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1. Introduction

Let A denote the class of functions of the form

f(z)zz—l—Zakzk, (1)
k=2
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which are analytic in the unit disc F = {z : |z| < 1} and further normalized
specifically by f(0) = f'(0) — 1 = 0. By S, we denote the subclass of A of the
form (1) and which are univalent in E.

Let P denote the class of analytic functions p(z) of the form

p(z)=1+ Z cnz”,
n=1

whose real parts are positive in F.

For understanding of the main content, let us recall the following definitions:

R ={f:f € ARe(f'(2)) > 0,z € E}, the class of bounded turning
functions introduced and studied by MacGregor [17].

Ri={f:f€ARe (@) > 0,z € E}, the subclass of close-to-star func-
tions studied by MacGregor [18].

R(a) = {f : fe A,Re{(l —a)@ +af’(z)} >0,0<a<l,z€ E}, the
class studied by Murugusundramurthi and Magesh [20]. In particular, R(1) = R
and R(0) = R;.

R(a) ={f:f €A Re(f'(z)+azf"(2)) >0,a >0,z € E}, the class stud-
ied by Sahoo [24]. Particularly, R'(0) = R.

For the complex sequence ay, Gnt1, Gnt2, ..., the Hankel matrix, named after
Herman Hankel (1839-1873), is the infinite matrix whose (,7)!" entry a;; is
defined by ai; = anyitj—2(¢,5,n € N).

The ¢'* Hankel matrix (g € N — {1}) is by definition, the following q x ¢
square sub matrix:

Ap An+41 -+ Api4g—1
An+1
An+tq—1 - Apn42g—2-

We observe that the Hankel matrix has constant positive slopping diagonals
whose entries also satisfy:

Q5 = ai_17j+1(i e N — {1};j S N)

In 1976, Noonan and Thomas [21] stated the ¢** Hankel determinant for ¢ > 1
and n >1 as

(07 Gn41 --- Ap4g—1
_ Ap+1
Hgy(n) =
An+4q—1 ceeeen On42g—2

In particular cases, ¢ = 2,n = 1,a; = 1 and ¢ = 2,n = 2, the Hankel determi-

nant simplifies respectively to Ha(1) = |ag — a3| and H2(2) = |agas — a3|.
Easily, one can observe that the Fekete-Szegé functional is Ha(1). Fekete

and Szegd [8] then further generalised the estimate |ag — pa3| where pu is real
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and f € S. Also Hy(2) is called the second Hankel determinant. The Hankel
determinant in the case ¢ = 3,n =1,

ai az ag
Hg(].) = |a2 a3 a4
as a4 as

is called the Third Hankel determinant.
For fe€ S a1 =1,

Hs(1) = as(asaq — ag) — aq(aq — agas) + as(ag — a%),
and by using the triangle inequality, we have
|H3(1)| < |as||agas — a3] + |aal|agas — as| + |as||as — a3]. (2)

For any f € A of the form (1), we can represent the fourth Hankel determinant
as

H4(1) = a7H3(1) —agD1 + asDy — ayqDs3, (3)
where D1, Dy and D3 are determinants of order 3 given by
Dy = (asag — aqas) — az(azas — aszas) + as(asay — a%), (4)
Dy = (agag — a?) — az(azas — asas) + az(azas — a3), (5)
D3 = as(agap — a%) — as(asag — aqas) + as(asas — ai). (6)

Hankel determinant has been considered by several authors. For example, Noor
[22] determined the rate of growth of H,(n) as n — oo for the functions given by
(1) with bounded boundary. Ehrenborg [7] studied the Hankel determinant of
exponential polynomials and in [13], the Hankel transform of an integer sequence
is defined and some of its properties have been discussed by Layman. Also Hankel
determinant was studied by various authors including Hayman [9], Pommerenke
[23], Tang et al. [31] and Vamshee Krishna et al. [32].

Second Hankel determinant for various classes has been extensively studied
by various authors including Singh [26, 27], Mehrok and Singh [19], Janteng et
al. [10, 12, 11] and many others. Third Hankel determinant has been studied by
some of the researchers including Babalola [2], Shanmugam et al. [25], Sudharsan
et al. [30], Bucur et al. [5], Altinkaya and Yalcin [1] and Singh and Singh [28, 29].

In this paper, we seek upper bound for the functional Hy 1 (f) for the functions
belonging to the classes R(a) and R'(a). This work will motivate the future
researchers to work in this direction.

2. Third and Fourth Hankel Determinants for the Class R(«)

Lemma 2.1. [6, 14] Ifp(z) = 14+ ", cn2™ € P, then forn,k € N = {1,2,3, ...},
we have the following inequalities:

[tk — Acner] <2,0< A< 1
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and
len| < 2.

Lemma 2.2. [20] If f € R(«), then

4

2
—dd < —=
|a2a4 CL3| = (1+2Oé)2

Lemma 2.3. [4, 16, 15] If p € P, then
2y = &+ (4 — ),
des = 3 +2c1(4— D —c1(d—cD)a® +2(4 — )1 — |z)*)z,
8cy = ¢+ (4 — cD)a(c(z? — 3z + 3) + 42)
—4(4 =)L~ [z[*)(er(z — Dy + 20 — (1~ [n*)2),

for some x,z and n satisfying |z| < 1,|z| <1,|n] <1 and ¢; € [0, 2].

Lemma 2.4. [3] If p(z) € P, then

2(1—-o0) if 0 <0,
<{2 if 0<a<2,
20 —-1) if o0>2.

o
Co — O
2

Theorem 2.5. If f € R(«), then

2 if a=0,
lazas — as| < 2(6a2 + 3a 4 1)
3v6a(1l + a)(1 4 2a)(1 + 3a)

i

if 0<a<l.

Results are sharp.
Proof. Since f € R(«), by the definition, we have
f(z)

1 -l pare) =pe)pe) € P 7)
On expanding and equating the coefficients in (7), it yields

o Cn—1
an_l—l—(n—l)a' ®)

Using Lemma 2.1, (8) gives

|an| <
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Again using (8), we obtain

|agas — aq| = ’ c1c2 — %
I+a)(1+2a) (1+43a)

Substituting for ¢z and c¢3 from Lemma 2.3 and letting ¢; = ¢, we get

sz — ag] = ‘ (14 3a —2a?)c3 B a?ex(4 — c?)
UM 0+ )0 +20) (14 3a)  (T+a)(1 +20)(1 + 3a)
cr?(4 —c?) (- ) (1 —|x?)z
4(1+ 3a) 2(1 + 3a) '
Since |c| = |e1] < 2, by using Lemma 2.1, we may assume that ¢ € [0,2]. Then

using triangle inequality and |z| < 1 with p = |z|, we obtain

lasas — aa| < (14 3a — 2a2)c3 a?c(4—c2)p
WU U0 1)1+ 2001 +30) | 1+ a)(1+2a)(1+ 3a)
4-c)  (c=2)(d-c2)p”

2(1+ 3c) 4(1+ 3a)
= F(c,p).
Then
or _ (o) = a?c(4 — c?) (c—2)(4—c*)p
o T U+ o) +20)(1+30) 2(1+ 3a)

Note that, F'(p) > F’'(1) > 0. Then there exists ¢* € (0,2) such that F'(p) >0
for ¢ € (¢*,2] and F'(p) < 0 otherwise. Then for ¢ € (¢*,2], F(p) < F(1).
But
(14 3a —6a?)c® +16a%c  (4c—c?)

Fle ) = a2t sa) 10530

If o =0, we have G(c) = ¢ < 2.
Further
3(1+3a —6a2)c? +16a% (4 —3c?)

O = i rai 230 10 T30) "

which gives

602 +3a+1 B
CTOT\T 62 )
—12a2

(14 a)(1+2a)(1 + 3a)
0, so G(c) has maximum value at ¢g. Hence for ¢ € [0, 2]

So ¢y is the critical point of G(c). Since G (¢co) = co <

2(602 + 3o+ 1)3

max G(c) = G(c) = 3v6a(l +a)(1 +2a)(1 + 3a)
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The results are sharp for the function

Co o 0(2)_23 00(6(2)_3)24+

FR) =24+ 105+ T o 1+ 3a -

For a = 1, Theorem 2.5 gives the following result due to Babalola [2]:

Corollary 2.6. If f € R, then

|a s — a |< 5\/5
S TV
Theorem 2.7. If f € R(«), then
2
_ < .
a3 — az] < 1+ 2«

Proof. Since f € R(«), by using Eq. (8), we obtain

9 o c? 1 2(1 4+ 2a) c?
las —a3| = - = cy — —
(14+2a) (1+a)? (1+2a) (14+a)? 2
2(1+2
Using Lemma 2.4, with 0 < 0 = M < 2, we have
(14 «a)?
2
— <=
s — a2l < 7052 n
Theorem 2.8. If f € R(«), then
16 for a =0,
4 2
|H3(1)| < ¢ 1+ 2a | (1+2a)?
1 60% +3a +1)3
+ (6a” +3a + 1) for0<a<1.

1+4a  3v6a(l+ a)(1 + 3a)?
The bounds are sharp.

Proof. Using Lemma 2.2, Theorems 2.5, 2.7 and inequality (9) in (2), the above
result is obvious.

Sharpness follows for the function

o 9, =2 5 colcg—3) 4 cé—4c§+2)z5+

Fe) =24 05+ T o 1+3a - 1+ 4a o
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For a = 1, Theorem 2.8 gives the following result proved by Babalola [2]:

Corollary 2.9. If f € R, then
|Hs(1)| < 0.7423.

Theorem 2.10. If f € R(«), then

152.0866 for a =0,
8 2 1
(11 20)(1+6a) [(1 1202 T 1+4a
|Hy(1)] < (602 + 30+ 1)2 ] 2 @) (10)
3\/6204(1 )+ 32 (1 +5a)"
—l—mq(a) + mr(a) for0<a<1,
where
1 1
M) =4 a4 50 T 04300 £ 202
+ L } + 29 (11)
1+ a)1+30)?]  4(1+a)(1+2a)(1 +4a)’
(@) = 4] 0
N = 25001 + a)(1 + 2a)(1 + 5a)
+ ) + 70 (12)
5(14+4a)(1 +2a)?  75(1 +2a)(1 +3a)2]’
i 1 1
") =4 a5 50) T A a)d £ 30) 15 50)
2 1 68
TM33ap  Tra0+ 4a)2] 1601 1 20)(1 1 30)(1 1 d)
1
T T 012020 +30)(1 +40)2(1 +5a)° (13)
Proof. Using (9) in (4), (5) and (6), it gives
Dy — C2Cs _ C3C4 _ 0%65
T 1420 (1450) (1430)(1+4a) (1+a)2(1+5a)
| C1C2Cq + clcg _ C3C% (14)
"A+a)(1+20)(1+4a)  (1+a)(1+3a)?  (1+3a)(1+2a)?’
Doy — C3Cs _ Ci _ C1C2C5
> T 0+3a)(1+5a) (1+40)2 1+ a)(l+2a)(1+5a)
C1C3C4 C4C% CQC%

+(1+a)(1+3a)(1+4a)+(1+2a)2(1+4a)_(1+2a)(1+3a)2’ (15)
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Do — C1C3Cs . clci . C%Cg)
P T A+a)(l+30)(1+56a) (I+a)l+4a)?  (1+20)%(1 +5a)
n 2coc3Cy B cg . (16)
(1+20)(1+3a0)(1+4a) (1+3a)3

On rearranging the terms in (14), (15) and (16), it yields

D, - cs(ca —¢2) n c3(cq — ) B cs(eq — c1c3)
(I+a)?2(1+4+5a) (A+30)(1+2a)? (1+a)(l+3a)?
6764(63 — 0102) 1902(05 — 6104)
48(1+ a)(1+20)(1 +4a)  48(1+ a)(1 +2a)(1 + 4av)
C2Cs
TROIT 1+ 20)(1 +4a)’
cs(cs — c1c9) ca(cy —c3) cs(es — cacy)

D» = (1+a)(1+20)(1+5a) (1+40)(1+2a)2 (1+2a)(1+ 3a)?

. 464(64 — 0163) . 1363 (05 — 0164) (18)
5(1+4a)(1+2a)2  50(1+ a)(1 + 2a)(1 + 5a)

n C3Cs
75(1 4 20) (1 + 32)2’

De — cs(cq — ) B cs(cs — cic3) n c3(cs — c3)
5T 1+20)2(1+50) (I+a)(1+3a)(1+5a) (1+3a)?
3 cs(ce — cacq) cq(es — c1cq) B 17cq(c5 — cacs)
1+3a)° @ (I+a)(l+4a)?  16(1+2a)(1 +3a)(1 + 4a)
C4Cx

I T @)1 1 20)2(1 1 3a)(L + 4a)2(L + 5a)’

(17)

(19)

Using Lemma 2.1 and applying triangle inequality in (17), (18) and (19), we
obtain

|D1| < pla), (20)

|D2| < q(a), (21)
and

|Ds| < r(a) (22)

where p(a), ¢(a) and r(«) are defined in (11), (12) and (13) respectively.
Hence using Theorem 2.8, (9), (20), (21) and (22) and applying triangle
inequality in (3), the result (10) is obvious. ]

On putting o = 1 in Theorem 2.10, we obtain the following result:

Corollary 2.11. Let f € R. Then

|Hs(1)] < 0.7973.
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3. Third and Fourth Hankel Determinants for the Class R’ ()

Lemma 3.1. [24] If f € R/(«), then

2
<—————— k>2.
ol < ST Dy F 2
Lemma 3.2. [24] If f € R/(«), then
2
. — <=
las =@l < 3750

Lemma 3.3. [24] For 0 < a < 3, if f € R'(a), then

4
2
— <
|asay a3|_9(1 20)?

Theorem 3.4. If f € R'(«), then

(1802 + 15a.+ 5) 2

18(1 + a)(1 4 2a)(1 + 3a)\/3(602 + 3a + 1)

lasas — aq] <

The result is sharp.

Proof. Since f € R'(«), by the definition, we have

f'(2) + azf"(2) = p(2),p(2) € P. (23)
On expanding and equating the coefficients in (23), it yields

o Cn—1
n = n(l+(n—-1)a) (24)

Using (24), we obtain

C1C2 _ C3
6(1+a)(1+2a) 4(1+3a)

|CL26L3 — CL4| = ‘
Substituting for ¢ and c3 and using Lemma 2.3, we get

lasas — as] = T(a)|(1+ 3a)ci[c + (4 — c)a] — %(1 +a)(1 + 2a)[c}

+2¢1(4 — c%)x —c1(4— c%)ac2 +2(4 - c?)(l — |x|2)z]
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where 1
T(a) = .
() = A Fa)d 1 20)1 5 30)
Letting ¢; = ¢ and |z| = 4. Since |¢| = |e1] < 2, by using Lemma 2.1, we may
assume that ¢ € [0,2]. Then using triangle inequality and |z| < 1, we obtain
T
lagas — aq] < % (1+3a—6a2)c® +6(1 4+ a)(1 + 2a)(4 — %)
+2(143a+60%)c(4—c*)5+3(1 4 o) (1+2a)(c—2)(4— )82
= G(c,9).
Then
oG
— =G
2 (9)
_T(o) 2y (g4 2 _ _ 2
== [(1+43a+6a%)—(4—c*)+ 31+ a)(l+2a)(c—2)(4 —c*)d]
> 0.

Note that, G'(6) > G’(1) > 0. Then there exists c* € (0,2) such that G'(§) > 0
for ¢ € (¢*,2] and G'(0) < 0 otherwise. Then for ¢ € (¢*, 2], G(6) < G(1). But

T
G(e, 1) = %[—4(1 + 3a + 6a2)c® + 4(5 4+ 15a + 18a2)c] = G(c),
T
G'(c) = %[—12(1 +3a + 6a?)c? +4(5 + 15a + 18a2)].
Further G'(c) = 0, gives

(1802415045
T \B86a2+3a+1))

_ 2
24T(()¢)(6(Z +3a+1)do <0, so

So dy is the critical point of G(c). Since G”(dp) =
G(c) has maximum value at dy. Hence for ¢ € [0, 2]
B (1802 + 15a + 5) 2

18(1 + @) (1 + 2a)(1 4 3a)/3(6a2 + 3a + 1)
The result is sharp for the function
20+a) 3(1+2a)° " 4(1+3a)

max G(c) = G(dp)

) =2+

Theorem 3.5. If f € R'(«), then
1 8 4
(1 +20) |90 +20) T 5(1+4a)
(1802 + 15a + 5)3
12(1 + a)(1 + 3)24/3(602 + 3 + 1)

[Hy(1)] <
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Estimate is sharp.
Proof. Using Lemmas 3.1, 3.2, 3.3 and Theorem 3.4 in (2), the above result is
obvious.

do 22+ d(2)_2 23 dO(d(Q)_3)Z4 dé_4d3+2)z5+m
21+ «) 3(1+2«) 4(1 + 3a) 5(1 + 4ar) u

fz) =2+

For a = 0, the result of Theorem 3.5 justified with that of Corollary 2.9.

Theorem 3.6. If f € R'(«), then

2 8 4
Dl S a5y 6a) |90 1202 T 501 10)
N (18a% + 15+ 5)2 (25)
12(1 + a)(1 + 3)24/3(602 + 3a + 1)
1 2 1
+73(1 mn 5a>u(a) + 501 40) 4a)v(a) + 31+ 30) Sa)w(a),
where
B 1 1
U = AT P sa) T AT 3120 T80 T @) T 3a)
29
T 1200 T o)1 + 20) (1 + 40’ (26)
7
) = AT+ 20+ 5a) T 251+ 4a)(1 + 20)2
19 27
T 9251+ 20)(1 1 3a)2 27)
B 2 1 1
W) = AT 9aR( 1 50) T 130 1 a) 11301 £ 5a) T 811 3a)
2 17
51+ a) (1 1 4a)2 | 240(1 + 20)(1 1 3a)(1 + 4a)
1
T 10800(1 + @) (1 + 20)2(1 + 3a) (L + 4a)2(1 + 5a)° (28)
Proof. Using (24) in (4), (5) and (6), it gives
D1 _ C2Cs _ C3Cyq . 6%65
18(14+2a)(1+5a)  20(1+3a)(1+4a) 25(1+ @)?(1+5a)
c1C2¢4 c162
AT )T da) T B T a)(l T30 (29)
CgC%

36(1+ 30)(1 + 20)2’
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Do — C3Cs _ Ci _ C1C2C5
T 24(1+30)(1+5a) 25(1+4a)®  36(1+ a)(1+2a)(1 +5a)

" c163¢4 n cacs
40(1 + a)(1 4+ 3a)(1 + 4a) ~ 45(1 + 2a)%(1 4 4av)
2
CQCS
48(1 + 2a)(1 + 3a))?’
. C1C3Cs . clci
4814 )(1 +3a)(1 +5a)  50(1 + a)(1 + 4a)?

(30)

B 6565 + 2coc304 (31)
54(1+ 20)2(1 + 5a) ' 60(1 + 2a)(1 + 3a)(1 + 4a)

3

64(1 + 3a)3”

On rearranging the terms in (29), (30) and (31), it yields

cs(ca —c2) c3(cy — c2) cs(eq — c1c3)

24(1+ a)2(1+5a) = 36(1+3a)(1+2a)2  32(1+ a)(l + 3a)?
67cy(c3 — c1c2) 19¢a(c5 — c1¢4)
C1440(1 + o) (1 4 2a)(1 + 4a) | 1440(1 + o) (1 + 20)(1 + 4a)’
C2Cs
0L+ )1+ 20)(1 + 4a)’
cs(es — c1eo) 3 ca(cy — c3)
36(1+ a)(1+2a)(1 + 5a)  45(1 + 4a)(1 + 2a)2

B cs(es — cacy) B deq(cqg — cr03)

48(1+20)(1+30)2  225(1 + 4a)(1 + 20)2
- 13es(es — c1¢4) . c3Cs

1800(1 + o) (1 + 2a)(L + 5a) ' 3600(1 + 2a)(1 + 3a)?’

Da — cs(ca — c3) _ cs(cq — c1c3) " cs(cg — cg)
57 541+ 20)2(1+ 5a)  48(1+ a)(1 +3a)(1+5a) = 64(1 + 3a)?
_63(66—6264) ca(es — c1cq) - 17¢4(cs — cacs)
64(1 +3a)3  50(1+a)(1+4a)? 960(1+2a)(1+3a)(1+4a)
C4Csx

1320001+ ) (1 + 20)2(1 + 3a) (1 + 4a)2(1 + 5a)°

D) =

(32)

(33)

(34)

Using Lemma 2.1 and applying triangle inequality in (32), (33) and (34), we
obtain

|D1] < u(a), (35)

|Ds| < w(a), (36)
and

|Ds| < w(a) (37)

where u(a),v(a) and w(a) are defined in (26), (27) and (28) respectively.
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Hence using Theorem 3.5, Lemma 3.1, (35), (36) and (37) and applying
triangle inequality in (3), the result (25) is obvious. ]

For o = 0, Theorem 3.6 gives the following result:

Corollary 3.7. Let f € R. Then

|H,(1)] < 0.7973. (38)

The result of Corollary 3.7 agrees with that of Corollary 2.11.

Acknowledgement. The authors are thankful to the refrees for providing useful
comments and discussions.
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