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Abstract. In this present investigation, we establish some new fractional integral in-
equalities using Marchiev-Saigo-Maeda(MSM) fractional integral operator for synchro-
nous function. The results are obtained by considering weighted form of the Chebyshev
functional and are general in nature which can be reduces to the results from Saigo’s,
Riemann-Liouville and Erdlyi-Kober fractional integral operator.
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1. Introduction

Fractional integral inequalities are one of the most useful and powerful tools in
the development of theory of fractional calculus. These inequalities have wide
applications in probability and statistical problems, transform theory, numerical
quadrature and mostly in establishing uniqueness of solutions in fractional boun-
dary value problems (see [1, 2]). Let the functional

T(h,g)
:ﬁ/a‘h(x)g(x)dx — (Fl@/ah(x)dx) ((cia) /a‘g(x)dx),
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where h and g are two integrable functions and synchronous on [a, c], i.e.

(h(z) = h(y))(9(x) = 9(y)) = 0,

for any z,y € [a,c]. Then the Chebychev integral inequality [5] is given by
T(h,g) > 0.

Under different assumptions (Gfuss inequality, Chebyshev inequalities etc.),
Chebyshev functionals are playing an important role to give a lower bound or an
upper bound for T'(h, g), in the theory of approximations. Such type of works
may be found in the recent papers (see [3, 4, 6, 8, 10, 11, 12, 13, 14, 15, 16, 17,
18, 20, 21, 22, 23, 24, 25]). In the present paper our work is based on weighted
form of Chebyshev functional [5].

T(h,g,p)

= [ @ [ n@g@w@ie - [ s [ gtpa,

a
where h and g are two integrable functions on [a,c] and p(z) is a positive and
integrable function on [a, ].
Dragomir [9] introduced the following inequality:

AT (h, g, p)) < |11, 119’ lls [ / / oo y|p<x>p<y>dxdy] 7

where h and g are two differentiable functions and f’ € L,(a,c), g’ € Lg(a,c),
rl4sT i =1,r>1.

Many researchers have developed several inequalities related to this func-
tional (1), (see [7, 19]). Here, we develop certain integral inequalities involv-
ing Marchiev-Saigo-Maeda (MSM) fractional integral operator related to the
weighted Chebyshev’s functional. Also we establish some other results as a spe-
cial case of main result.

2. Some Definitions and Preliminaries

In this section, we present some useful definitions and preliminaries which are
helpful in further investigation.

Definition 2.1. A real valued function g(t)(t > 0) is said to be in the space
Cy(v € R), if there exists a real number ¢ > v such that g(t) = t9¢(t), where
¢(t) € C(0,00).

Definition 2.2. Let n,7',(,¢',6 € C and Re(§) > 0. Then a MSM fractional
integral,

—Q

T

ING0)

N O /O =) E (0, G, ¢ 611 1= T ) f(0)dt, (2)
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where F3(—) is in kernel is the Horn function.

Fg(a’o‘laﬁ,ﬁ/,’y,x,y) _ Z Z (Oé)m(O(é’/y)n(ﬁ)m(ﬁ/)n &M yn

1
m=0 n=0 )ern m! nl

and (X),, is the Pochhammer symbol
N =2A+1)..A+n-1), (No=1.

Definition 2.3. Let n,7',(,(',0 € C and Re(d) > max|0, Re(n,n’,¢, )] > 0.
Then the following inequality holds [12]

t
F3<nanlvga</76a1__a1_£) >Oa
T t
provided —1 < 1 — % <0and0<1-7< % also, if f(x) > 0, then

[Q,n’,c,c’,éf(x) > 0.

Definition 2.4. Let n,7',¢,(’,6 € C and Re(d) > 0, Re(p) > max|0, Re(n + 7' +
¢~ 8), Relif — ¢')]. Then

In,n’7<7<’76(xp—1)
T

_ -+ L@+ —n—n'—QT(p+ ¢ —n) (3)
Clp+d—n—n)T(p+d—n" =L (p+¢)

3. Main Result

In this section, we establish certain integral inequality involving MSM operator.
We obtain our results related to weighted Chebychev’s functional.

Theorem 3.1. Let f and g be two synchronous functions on [0,00) and let p be a
positive function. If b’ € L.([0,00)),9" € Ls([0,00)),r L +s7t =1,r > 1, then

9 I;z,nﬁ@('75{p(x)}jgv"/v<7<l7é{p(x)h($)g($)}
IS (p(@ph(@)} 12 (g @)

x 2 @ - -
PTw)"h/||T||9/||s//() T (= ) = ) s (0, G, 6,

t T , , U T

([ llg'l| s (27" {p() })2. (4)

IN
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Proof. Let h and g be two synchronous functions. Then, by using Definition 2.1,
for all t,u € (0,z),x > 0, we define

G(t,u) = (h(t) — h(u))(g(t) — g(u)), (5)
and consider
H(z,t) = %t—n'(x — 1) Ry (n,n’,c,g’,é, 1- é 1- %) (6)

We see that in the above series, each term is positive because of the conditions
given in Theorem 3.1, and hence the function H(z,t) remains positive, for all
t e (0,z)(z > 0).
Now multiplying both sides of (5) by H(x,t)p(t)(where H(z,t) is given by
(6) and integrating with respect to ¢ from 0 to z and using (2), we get
x=" [T t x
[t —t‘*—lF( ¢, ¢ 8,1 — = 1——) H)G(t, u)dt
5 [ @0 R (= L= T)png)
= IO p(a)h(a)g (@)} — hu) T {p(x)g ()}
—g ()74 {p(@)h(@)} + h(u)g(u) 27 {p(x)}. (7)

Multiplying (7) by H(x,u)p(u) and integrating with respect to u from 0 to z

® / / t T
N ¢ 6—1 o 671F / / §1l-—o1-2
M u (iE ) ({E u) 3(7777%(7@, ) z’ t)

=21
()
< By (1,7 ¢.¢' 6.1 = 2.1 = Z)p(t)p(u)G (¢, u)dtdu

= 2 () () h() g ()
L p(a)h(a)} x [T p(a)g ()} ), (8)

by (5) we may write
o(t.u) = [[ Wa Gy
t
By the help of Hélder’s inequality for the Double integral

[ o] <| [ morave] | [ terae]”

for r~t 4+ 571 =1, we get

’S_l

50| < | [[ wwraa| | [[ e ra:

‘//t" |h/(y)|rdyclz‘r_1 i

We know

[ wwra
t
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and

[ g@raga =ie—u| [T
t t

Then (9) reduces to

0| < it [ wora | [Cwere]

(10)

by Eq. (8)

><F3(77 n, (( 5,1 — —% p(t u)’g(t,u)’dtdu

,277 ¢
// t "7u of x_t)[s 1(‘2:_u)671F3(T]777I7<5</75)1_571_?)

><F3(77n ¢.¢\81— = 1——)p<t>p<u>

|t—u|/ W (3) |dy‘ |dz ~ dtdu.

Now by applying again Holder’s inequality on the right hand side of (11),

| /\

(11)

obtain

z =20 5— 5 ¢
// t Tlu TI t) 1(‘2:_11’) _1F3(77)n17<5<175)1_551_?)

ng(n,n,C,C,(S,l——,l—E)pt U ‘Q t,u) ‘dtdu

*”’//t"u"(x—t)‘s g — u)’~ 1F3<7777CC51 71_?)
x By (0,6, €01 = 2,1 = ) plt)p(u) |t—u|/t W (y)]" dy drcu B

L 51 5-1 t
// T ((E—t)_ (x_u)_F3(nanlvga<176a1__a1_?)
T

u x “ s
<Fa(/.6,¢' 8,12 1= D) pltp(w) x [e—ul [l (2|
t

IN

We know that
| [ | < i
t
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Then

—2n t
// Z'—t) (x_u)é_lF:}(nvn/anC/a(svl_Evl_%)

X
XF?:(”?W?C;Cv(Sa]-__7]-_E)p(t)p(u)‘g(t’u)‘dtdu
—rn 1 |r
”h” //t a0 o) F (¢ 61—, 1= 7))
x

—1

x Fy (n,n/,g,g',(s, 1— _,1 _ E)p(t)p(u) x |t — u|dtduy
X{M//t"u (x—t)0 Y z—u)’~ 1F3(777]C( 0,1— 1——)

—1

) By (o, €,¢', 0,1 = 21— D) p(t)p(u) x [t — uldtdu] (13)

Since 7! + s~ = 1, the above inequality (13) becomes

,277
// T P e B (- 1 )
><F3(77,77 ¢ ¢ 5,1——,1—a)ptpu‘g t,u) ’dtdu
a2, ||9||s - 5-1 n-1
< 25 //t u T (1) (z—u) Fg(nngg51—1__)

< Iy (n,n 681 = = 1= Z)p(t)p(u) x [t — uldtdu. (14)

By using (8), above inequality gives

2|12 3 (@)} 2 < () () g ()

—I"’"”“”E{p(w) DT ) }\
—2n !
T xT

This shows the left side of the inequality (4).

To prove the right-hand side of the inequality (4), we observe that 0 < ¢ <
z,0 < u < x, therefore

0<|t—ul <=z
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with the help of (14), we have
—2n h/
|| || ||g||9 // = nu x_t)é 1( )6_1F3('I7,77/,C,<I,(5,
1——1——)><F3<7777 ¢, ¢ 61— 1——)p(t) (u) X |t — ul|dtdu
e | NI -
< |1“2 | | |9 // t Wu x_t)é 1( )6 1F3(77a77I;C7C/a57
= 2= D) By (G, ¢ 61— 21— D) pla)plu)did
= I [|[lg"l1s (L4 {p()})?.
The proof is completed. [ ]

Theorem 3.2. Let h and g be two synchronous functions on [0,00) and p a
positive function. If h' € L.([0,00)), 9" € Ls([0,00)),r  + st =1,r > 1, then

LSS () M R () h(w) g ()}

LA @) I () () g ()
— LTS () YN (pla) g )}
D () H S () g ()|

=" A T Y - .
F(a)r(y)”hl”r”gl“S//o 0 (@ = ) (- ) T B (¢ L,

t
1- ] 1- E) X F3 (Aa Alvﬂap’/a v, 1- E’ 1- £)|t - u|p(t)p(u)dtdu
T t T U
< IRl 19 [|sw T4 {p(a) I 1 {p(ar) ). (15)

IA

Proof. To prove the above theorem multiplying (7) by

-
%u_/\ (:E - u)”_1F3 (Aa )‘Ivﬂa//a v, 1- ga 1- f)p(u),

(u € (0,x);z >0)

integrating with respect to u from 0 to x, we get

%I‘(z) //0 t_",u_”\,(x — t)é_l(a: — u)”_ng (r],n’, ¢, ¢, 61— é, 1— %)
x F3 ()\, N, v, 1 — %, 1- %)p(t)p(u)g(t, w)dtdu

= 1776 (@)} () h(x)g (@)} + I {p(x) )
IS () h(x) g ()}
— I (@) () I (@) g ()} — I3 {p(a) h(x) }
< I () g ()} (16)
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By using (10), then (16) becomes

—n=X t
iE // iE —t) ( - u)uilFB nanlvgaclv(sa 1——,
T

(
1——) ><F3<)\,)\,u,u,1/,1—g,l—§) (t)p(u ’g(t,u) ’dtdu
(

pt)p

—n=A ,
’ // N (2 — )5 (@ — w) T Fy
pt)p

t
Z‘ u €T
- )‘>\a ) 7a1__7]-__) t
1 QX&(, o' vyl — — Jp(t)p(u

=] [ wwra|

Applying Holder’s inequality on the right hand side of (17), we get

—n—A
- // x_t) (x—U)”_1F3(77777/7Cagla5,1— évl_ %)

ng()\)\,uu v,1— 1——)p ’gtu ’dtdp

T A t
// 12 Tlu x_t)é 1( )”_1F3(77777/7C,C/75;1—571—%)

-1

t
77)7],7<a<,75;1 -

)
)
/t" |g'(z)|sdzr_ldtdu. (17)

x Fy ()\, N, il v, 1 — _, 1 E)p(t)p(u) x|t — u|‘ / |h/(y)|f"dy‘dtdu}r

sa— sn//t - (x t)a z—u) 1F3(777I ¢, ¢, 1— j)

ng(A,x,N,u',y,1_E,1—5) (B)p(u) x [t— u|‘/ e |dz’dtdu} . (18)

By using (12), inequality (18) becomes

== z =X =N 5—1 ol , , t z
W//Ot R e L R

t
><F3<)\ Ny v, 1 — E 1 - %)p (t) (u)‘g(t,u) ‘dtdu

/ s o, — _ _ Vle )\/ 15
e I //t (@ 07— ) By (0. X G
1_3 1——)><F3(/\)\ ot v = 1= D) p(t)p(u) |t~ uldtdu
:L', t ) 3 ) » 7 :L" U

This shows the left side of the inequality (15).

To prove the right-hand side of the inequality (15), we observe that 0 < ¢ <
z,0 < u < x, therefore

0<[t —ul <z, (19)
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a9l //I Y 51 -1
: 7" (x_t) (x_u)l/ F3(77)n/7<5</75)

L)) 0
t

1- _71 - E) X F3 (7%7]/;(7(/,571 - Ea 1- E)p(t)p(u) X ‘g(tau)‘dtdu
x t x U

x| |1l //T - 5

< txx T (=) —u) T R ()\, N, v,

INQINGD! 0

t
1-—=,1— E) X Fg()\, N, v, 1 — E, 1-— E)p(t)p(u)dtalu
T t T U

< Wl llg’ s I () LI # {p(a)}. (20)

This completes the proof. ]

Remark 8.3. For \=n, N =9, u=¢, 1/ = ,v=4. Then Theorem 3.2 reduces
to Theorem 3.1.

4. Some Results and Special Cases

In this section we consider some results of Theorems 3.1 and 3.2 by choosing
suitably the function p(¢). Let us set p(t) = t"(7 € [0,00),t € (0,00). Then by
using (3), Theorems 3.1 and 3.2 yield the following results.

Corollary 4.1. Let h and g be two synchronous functions on [0,00). If h' €
L([0,00)),9" € Ls([0,00)),77 1 +s7 1 =1,7 > 1 then

P+ DM +14+0—n—n - QIr+1+ —7)
Fr+14+0—n—0)(T+14+5—n—-QT(r+1+)
xaTHEI A T @)g )}
IO ()} IS 0T g () }‘

7277 h/ s
|| || ||g|| // t n' +7 777 +‘r( t)‘sfl(a?—p)‘Lng(n,n',C,C',(S,

1__71__)F3(nanlv<a<17551__51_E) X |t_u|dtdu
T t x U

||h/|| ||gl|| F2(T+1)F2(T+1+6_77_77/_C)F2(7—+1+</_T]/)
T T+ S = )2 (T + 140 -0 = OT2(t+ 1+ ()
Xxl+2-r727772n'+267 (21)

| /\

IN

fort>0,2 >0, >—-1,min(6—n—n',—n') > -1,—1' > max(1-{,1—1n).

Corollary 4.2. Let h and g be two synchronous functions on [0,00). If h' €
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L([0,00)),9" € Ls([0,00)), 771 +s7L =1,7 > 1, then
Fr+D)I(r+140—n—0-QT(r+1+¢ —7)
Fr+140—n—n)T(r+1+6—0 - (r+1+¢")
XL 2T h()g ()}
Fr+1)(r+1+v—-A=N—pl(r+1+4 - N)

Pr4+1+v—-A=NIDFT+1+v-XN—-pwl(r+1+u)

xaTHIAN S [ ) g )

LT T ) HA I (a g ()}

D T B (@) I (a7 g ()}

T+1l-n—n'+5-1

+

x>

W 1]+ 119" 1ls o, N4t -1 vl
TOT () x//ot”*u Tz —t)° Hx —u)
ng(U,n’,C,C’vé,1—571—%)&(77,77’,(,(’,5,1—571—§)p(t)p(U)dtdu
Pr+DP(r+14+6—n—n'=BL(r+1+ 1) 1 nsa
(t+146—n—n)D(r+14+6—1/ =T (r+1+")

P(r+D)D(r+14+v— A= N—p)T(r+14+p = X\) AN 41
D(r+1+p—A=XN)D(t+1+v—N—p)I(7+1+ )

IN

IN

hl T ! S
1711 l1g"M]s 3

(22)

forallz >0,7>0,¢ >—-1,p/ >-1,146 >+ 4+, 1+ > 1,6 > 0, min(6—
n—n—=¢ -0 v=A=-N—-—pp/—N)>-1,6—n>max(1-(,1—n),1+v >
A+ N+p,l+p >Nv>0v—XN>max(1—p,1—N).

Further put 7 = 0 in Corollaries 4.1 and 4.2 or p(¢f) = 1 in Theorems 3.1 and
3.2. Then we get the following corollary.

Corollary 4.3. Let h and g be two synchronous functions on [0,00). If h' €
L,([0,00)),¢" € Ls([0,00)), 7"t + s~ =1,r > 1. Then

PA+dé—n—n-Qra+d—u)
F(+0—n =TI +0 =0 = QT +0)
R R O EON e KRR (N KR CCO)

—2n / / T , ,
- ||}; ||T||g ||S // T uT (if - t)éil(x - u)671F3 (777771, 4-7 Cla 57
I2(6) 0

t
1——,1—5) ng(n,n’,g,g’,5,1— 3,1—5) x |t — u|dtdu
T t T U
2(1+6—n—n —Or2Q1 gy /
< ||hl||r||gl||s ( + U Ui C) ( +C 77) SN +5’ (23)

P46 —n— )21 +6—17 — Q21+ C)

for all z > 0,7 > 0, > —1,min(é6 —n—n' - —7n) > -1, —n >
max(l — ¢, 1—n).
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Corollary 4.4. Let h and g be two synchronous functions on [0,00). If h' €
L([0,00)),9" € Ls([0,00)),77 1 + s =1,7 > 1, then
F(l +5—77_77/ _C)F(l +<I _77/) xl—n—n’-{—é—l
Tt o—n— )T +6—1 —OF(1+0)

b Fl+v—-A=N—-—pwl1+u —-X)
I)\,A S YT
e T h@g@)} + F =T+ v — N — T+ 1)

gl TATN RV L G () g ()} — IO F () FIN Y g(x) )
R @ ()]

x‘"‘*llh’llrllg’lle//'” R 5-1 1
< : T (@ =) (@ —u)”
INQINGD! 0
/ ! _3 _E / ! _E _E
) By (016,01 = = 1= DY By (16,61 = 2,1 = ) p(t)p(u)dtdu
Wi LOLA+0—n—n" = QLA+ —1)  1yyis
< IRl [19]ls — - e
FA+6—n—n)TA+n—n-Qr1+¢)
FOTA+v—A-N-—pPA+p = X) 1 3 Njva
TA4+p—A=NTA4+v—N—p)T(1+ ) '

A

(24)

Now we can see that the operator (2) would reduce immediately to the well
known Saigo, Erdelyi-Kober and Riemann-Liouville type fractional integral op-
erators respectively given by the following relationships

0.CC S (g — pon—b—¢ _ T [T e _t
O () = 1 o5 @0 2 (68,1 D)ntejar, (25)
, —8+C po
PO gy = 2= L / (x — £~ =S h(t)dt, (26)
r'@©) Jo
/ 1 z
1006 (g) = IS = —/ x —1)°~ 1 h(t)dt. 27
(z) ) /., (z—1) (t) (27)

Now If we consider 7’ = 0 (and X' = 0 additionally for Theorem 3.2 and use of
(25), Theorems 3.1 and 3.2, provide, respectively, the known fractional integral
inequalities due to Purohit and Raina [19]. Again, if we take ' = 0,7 =0 (and
X =0, = 0 additionally for Theorem 3.2) and use of (27), Theorems 3.1 and
3.2, correspond to the known integral inequalities due to Dahmani et al. [7].

5. Conclusion

Here, we have discussed some inequalities involving Marchiev-Saigo-Maeda
(MSM) fractional integral operator by taking into account of synchronous func-
tion. Generalization of these inequalities are obtained by using weighted form of
the Chebyshev functional. The key results reduces to the results from Saigo’s,
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Riemann-Liouville and Erdlyi-Kober fractional integral operator. We conclude
this study that our results are general in nature and other important integral
inequalities can be derived from our key results as the particular cases.
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