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Abstract. Let G(V, E) be a graph with vertex set V and edge set E. A map of f from
the union of a vertex set and edge sets to {1, 2, ..., k} such that for each different edge
uv and u'v’ have different weights is called an irregular total edge k-graph labeling
G(V,E). The weight of the edge uv is the sum of the edge label uv, the vertex label
u, and the vertex label v. The smallest k so that the graph G(V, E) can be labeled
with the edge irregular total k labeling is called the total edge irregularity strength
of G(V, E) and is denoted by tes(G). Book graphs By(G) have d copies of graph G
with a common edge, and the common edge is the same fixed one in all copies of G.
We modify the book graphs by replacing G with a wheel graph or a complete graph
to obtain wheel book graphs or complete book graphs, respectively. In this paper, we
determine the total edge irregularity strength of modified book graphs: wheel book
graphs and complete book graphs.
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1. Introduction

We consider a finite, simple and undirected graph. A graph labeling is defined
as a function that assigns graph elements to numbers (usually positive integers).
When the domain of the labelling is the vertex set (edge set, vertex and edge
set) then the labelling is called vertex labeling (edge labeling, total labeling,
respectively) [18].

Chartrand et al. [6] introduced irregular edge k-labeling on graph G(V, E)
as a mapping f from FE to set {1,2,...,k} such that the weights of all vertices
in G are different, in which the weight of vertex v, respect to f, is denoted by
wys(v) and is defined as the sum of all labels of edges that are incident to vertex
v. The smallest number k such that graph G admits an irregular edge k-labeling
is called irregularity strength of G and denoted by s(G).

Baca et al. in [2] defined an edge irregular total labeling of graphs. Suppose
G(V,E) is a finite, simple and undirected graph with vertex set V and edge
set E. An edge irregular total k-labeling of graph G(V, E) is a total-k labelling
f:VUE — {1,2,...,k} there is for any two different edges wv and u'v’,
irregular in the sense of the f(u) + f(uv) + f(v) and f(u') + f(u'v') + f(v') are
not the same. The smallest k for which the graph G admits an edge irregular
total k-labeling is called the total edge irregularity strength of G and is denoted
by tes(G).

In [2] the authors have determined a lower bound of the total edge irregularity
strength by the form tes(G) > maz{ PE‘TH-I , {%-‘} where A(G) is the
maximum vertex degree of G. The exact value of total edge irregularity strength
is also provided for some graphs including path graphs, cycle graphs, wheel
graphs, and fan graphs.

Several results of the total edge irregularity strength for certain classes of
graphs can be found in [1, 4, 3, 17, 7, 8, 9, 10, 11, 12, 14, 13, 15, 16].

For arbitrary natural number d, book graph By(G) has d copies of graph G
with a common edge [5]. Particularly, we have the book graphs B4(C.) if G is
the cycle graph C.. The total edge irregularity strength of book graphs By(C.)
and double book graphs 2B,4(C.) have been determined in [13]. Futhermore,
in this paper we investigate the total edge irregularity strength of wheel book
graphs Bg(W.) and complete book graphs By(K.).

2. Total Edge Irregularity Strength of Wheel Book Graphs

In this section, we construct an edge irregular total k£ labeling of wheel book
graphs. First, we will define the wheel book graphs as below:

Definition 2.1. Given wheel graphs W}

e’

s=1,2,...,d with

V(W) = {u,v,wsy U{vgs: t=1,2,..,e — 2}
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with ws as the center vertex and
S — . J—
EW?) = {uv, uws, Wsvs ¢, WsV, UVs 1, Us tVs 141, Us,e—20 : t =1,...,e — 3}.

By a wheel book graph Ba(W,) we mean a graph obtained from wheel graphs W£,
s =1,2,...,d by merging the edge uv from the wheel graphs. Thus we have the
verter set and the edge set of By(We), respectively, as below:

C~

V(Ba(We)) = VW) = {u,v,ws} U{vss : }

s=1

C =

E(Bd(We)) - E(Wj) = {UU} U {UU}S, WsVs,t, WsV, UVs,1, Us,tUs,t+1, US,672U}

1

fors=1,2,....d;t=1,2,....e — 2.

@
Il

From Definition 2.1, we obtain |E(Bg(W.))| = (2¢ — 1)d + 1.

Ezample 2.2. The following is a wheel book graph Bs (W) of 6 sides and two
sheets, as shown in Figure 1. The following three lemmas show the total edge

(248

oYPO
ok

Figure 1: Wheel Book Graph Ba(Wg)

irregularity strength of some wheel book graphs.

Lemma 2.3. Let By(W.) be a wheel book graph of d sheets. For e = 0(mod 3),
we have tes(By(We)) = {W-‘ .

Proof. For any wheel book graph B;(W,.) has maximum degree A(Bg(W,)) =
maz{2d + 1,e}. By tes(G) > max { PElT“-I ) {%-I }, we have
tes(Bqg(We)) > {W-I Next we show that there is an edge irregular total
k-labeling of By(W,) with k = [%] for e = 0(mod 3).
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We define a total labeling f as below:

For e = 3, let
flw)y=1, f(v)=k
flvs1) =s, 1<s<d
fws) =s+d, 1<s<k-—
flws) =k, k—d+1<s<d
f(uv)zd—i—f%]
fluvs 1) =1, 1<s<d
fluws) =1, 1<s<k-d
fluws) =14+s—k+d, k—d+1<s<d
flwsvsn) =d+2—s, 1<s<k-—d,
flwsvs 1) =2d+2 -k, k—d+1<s<d
f(vs1v) =3d+3 —k, 1<s<d
flwsv) =3d+ 3 —k, 1<s<k-d
flwsv) =4d + 3 — 2k + s, k—d+1<s<d.

L. Ratnasari et al.

From this labeling we obtain the weight of the edges for e = 3 as the following:

wr(uvs1) =2 +s, 1<s<d
wrluws) =d+ 2+ s, 1<s<d
wr(wsvs1) =2d+2+ s, 1<s<d
wp(w) =k+d+[HL] +1, 1<s<d
wr(vs,1v) =3d+ 3 + s, 1<s<d
wr(wsv) =4d+ 3 + s, 1<s<d.

Futhermore, we define the vertex and edge labeling for e > 6. We define the

vertex labeling as below:

f(u): ) f('U):k
f(vs,l =5, 1S5Sd
flws) =s+d, 1<s<d
f(Us,f)ZS—i—td, 1<s<d, 2§t§%
f(Us,f)=8+td, 1§5Sk_%d, t:26§3
fluse) =k, k+1-2¢8d<s<d, t= 23
fluse) =k, 1<s<d, %Stﬁe—z
And we define the edge labeling as the following:
fluv) = 2d + [42]
fluvs 1) =1, 1<s<d
fluws) =1, 1<s<d.
2e—3

Based on the definition of labeling of vertex vs: for t =

for edge w,vs,; is defined as below:

=, the labeling
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flwsvs ) =d+2—s, 1<s<d, 1<t<2, (for e >6)

flwsvs ) = (t—2)d+2 — s, 1<s<d, 3<1t<6+3 (for e > 9)
flwsvsy) = S2d+3 — s, 1<s<d, <t <t< 26326 (for e > 12)
flwsvey) = S2d+2— s, 1<s<k-— 224, t—%(fore—G)
flwgvey) = (t+S2)d+2—k, k+1— 26;3cl<s<d t =2 (for e =6)
f(wsv&t):%d—i—?)—s, 1§s§k‘ 26 Ze=34 t—263§(fore>9)
flwsvs) = (t+ S2)d + 3—k, k;—|—1—2‘)‘3_3d§s§d t =23 (for e > 9)
f(wsv&t):(t—k%)d—i—?)—k, 1<s<d, % <t<e—2, (for e > 6).

Furthermore, the labeling for edges wsv and v, 1v,,+1 is defined as below:

flwsw) =2(352)d + 3 -k,
f(vgfvgt+1) —|—2—S, 1§8Sd 1<t<eg
flustvse41) = (e —t—2)d+ 3 — s, 1<s<d, e<t<26 fore>9
+ 3
Vg, tUs, t4+1 e—1—t)d+3—s, 1<s<k-— e 3d t—u
f( +1) = ( ) 3
f(vs,tvs,41) = ed + 3 — K, k41— 2= 3cl<s<cl t——6
+ 3
Vg, tUs, t4+1 ed+3—k 1§3<k 2e— 3d t—ze?’
f( +) ’ 3 3
fvs,tVs141) = ed +3 — k + p, k41— 2= 3cl<s<cl t=2e=3
E
1<p<26d k
f(vsivsi41) = (t+e)d+3+s—2k, 1<s< d Z<t<e-3(fore>9)
f(vs,e—2v) = (2e — 2)d + 3+s—2k, 1<s<d.

From this labeling we get the weight of the edges for e > 6 as below:

wr(uvs,1) =2+ s, 1<s<d

wr(uws) =d+2+s, 1<s<d

wi(wsvsn) =2d+2+ s, 1<s<d

w(wsvs ) =4d + 2+ s, 1<s<d, t=2

w(wsvs ) = (2t —1)d+ 2+ s, 1<s<d, 3<t<g(fore>9)
wy(uv) =2d+ [HL] + 1+, 1<s<d

wi(wsvst) = (5§ +1)d+2+ s, 1<s<d, t=253 (for e=6)
wf(wsvst):( —|—t)d—|—3+s, 1<s<d, %§t§6—2
wi(wsv) = (*52)d + 3 + s, 1<s<d

Wi(Vs,tVst41) = (E+2)d+2+ s, 1<s<d, 1§t§73(f0re>6)
Wi(Vs,tVst41) = (t+e)d+ 3+ s, 1<s<d, £<t<22 (fore>9)
Wi(Vs,tVst41) = (t+e)d+ 3 + s, 1<s<d, t =255

Wi (Vs,tVs,t41) = ed + 3 + k, 1§s§k—2‘)‘3_3d, :%
Wi(Vs,tVs,t41) = ed + 3 + k + p, k—%d—l—lgsgd, :%
Wi(Vs,tVst41) = (t+e)d+ 3+ s, 1<s<d, ¥<t<e-3(fore>9)
wWi(Vs,e—2v) = (26 — 2)d + 3 + s, 1<s<d.

We obtain that the weight of the edges of By(W,) for e = 0(mod 3) under
the labeling f constitutes the set {3,4,..., (2e — 1)d + 3}. |

Lemma 2.4. Let By(W.) be a wheel book graph of d sheets. For e = 1(mod 3),
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we have tes(Bg(We,)) = {W-‘ .

Proof. For wheel book graphs Bg(W.) with e = 1(mod 3) also has maximum
degree A(Bg(We)) = max{2d + 1, e}, then we have tes(Bq(We)) > {%—‘
To prove the upper bound, we define a mapping g : V(Bg(We)) U E(Bg(W.)) —
{1,2,..k}, with k = [W-‘, as below:

For e = 4 we have,

glu)=1, g(v)=k

9(vs1) = s, 1<s<d

g(ws) =d+ s, 1<s<k-—d
g(vs2) = 2d + s, 1<s<k-—2d
g(vs2) =k, k+1—-2d<s<d.

gluv) = 2d — |41

gluvs1) =1, 1<s<d

g(uws) =1, 1<s<k-d
g(wsvs1) =d+2 —s, 1<s<d,
g(wsvs2) =d+3 — s, 1<s<k-2d,
g(wsvs,2) = 3d+ 3 — k, k+1-2d<s<d
g(wsv) = 4d + 3 — k, 1<s<d
g(vs1vs2) =d+2—s, 1<s<k-2d
9(vs,105,2) = 3d + 2 — k, k—2d+1<s<d
g(vs,0v) =4d + 3 — k, 1<s<k-—2d
g(vs,0v) =4d + 3 — k + p, k—2d+1<s<d, 1<p<3d-k.

From this labeling for e = 4 we get the edge weights below:

wg(uvs 1) =2+, 1<s<d
wg(uws) =d+2+ s, 1<s<d
wy(wsvs1) =2d+2 + s, 1<s<d
wg(vglvgg)—3d+2+s 1<s<d
wg(uwv) =1+ k+2d — |42, 1<s<d
wg(wsvs2) =4d + 3 + s, 1<s<d
wg(wsv) =5d + 3 + s, 1<s<d
wg(vs 2v) = 6d + 3 + s, 1<s<d.

We define the vertex and edge labeling for e > 7 as below:

<
/—\
\_/
-
S}
—
4
~
Il
™
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g(vsy) = s+ td,

g(vst) = s+ td,

g(vs,t) = ka

g(vs,t) = ka

g(uv) =2d+1

gluv ) =1,

g(uws) =1,

g(wsvsy) =d+2—s,
g(wsvsy) = (t—2)d+2 — s,

g(wsvs ¢) = eg4d +3—s

wsvs) = (t+ 57 )d +3 -k,
Wsvs) = (t+ F2)d+ 3 —k,
W ) 493_7)d+3—k,
Vs, tUs,t+1 :d+2_87

=(e—1—-t)d+3—s,

g(

g(

g(

g(

Q(Us tUs,t+1
g(vs, =ed—2d+sd+3—s,
g(

g(

g(

C

P#

<

»

P#

=
o

Vs, tvs ,t+1 (6 - 1)d + 3 — k

Us,tUs,t+1 (6 - 1)d + 3 — k

Vs, tUs,t+1 :(6_1)d+3 k+p,
9(Vs Vs t41) = ( Tl)d + 2+ s,
9(Vs,e—2v) = (252)d +2 + s,

1<s<d, 2<t<25
1<s<k—(%2)d, t =252
k+1—(22)d<s<d, t =252
1<s<d, 2 <t<e-2
1<s<d

1<s<d

1<s<d, 1<t<3
1<s<d, 4<t<<2

(for e > 10)
1<s<d, 95 <t<25
(for e > 10)
1<s<k-—258q, t =22
(for e > 7)

k—28d+1<s<d, t =252
1<s<d, &l <t<e-2
1<s<d
1§s§d1<t
1<s<d, SL<t<
1<S<k %e 2d e—5
k+1-— %£d§s§¢t
1§S§k—2€3—2d, t:2e—2
k—22d+1<s<d, t =252
1<p<2tlg—k
1<s<d, 2l <t<e-3

1 <s<d.

< e-4
3

2e—5
3

Il e

We have the weight of the edges for e > 7 as below:

wg(uvst) =2+ s,
ws) =d+2+s,
st) = ({t+1)d+2+s,
=2d+2+k,
=2t—1)d+2+s,
wsvs,t):(e L +t)d+3+5
(e+t—1)d+3—|—s
(4e 7)d+3—|—8
=3d+2+ s,
(2t +2)d+ 2+ s,
(e+t—1)d+3+s,
(e+t—1)d+3+s,
(e—2)d+3+k,
(
(

&
Q
@
\_/@

(

(

(ws

(uv

(

(

(
wg(wsv)

(Us,tvs,tJrl)
oJg(vs,tvs,tJrl)
oJg(vs,tvs,tJrl)
oJg(vs,tvs,tJrl)
oJg(vs,tvs,tJrl)

(vs, )=(e+t—1)d+3+s

( )=(e—1)d+3+Fk+p,

o-)g vs tvs t+1

k—225d41<s<d, t =250
1<p<22d—k
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wg (Vs tVs41) = (t—e—1)d+ 3+ s, 1§s§d,%§t§e—3
wq(Vs,e—2v) = (26 —4)d + 3 + s, 1<s<d.

We found that the weight of the edges of Bq(We) for e = 1(mod 3) under the
labeling g constitutes the set {3,4, ..., (2e — 1)d + 3}. |

Lemma 2.5. Let Bg(W,.) be a wheel book graph of d sheets. For e = 2(mod 3)
we have tes(Bg(We)) = {M-‘ .

Proof. For wheel book graphs By(W,) with e = 2(mod 3) has maximum de-
gree A(By(W.)) = maxz{2d + 1, e}, similar to Lemmas 2.3 and 2.4, we have

tes(Bq(We)) > {W-I To prove the upper bound, we define a mapping

h:V(Ba(We))U E(Bg(W.)) — {1,2,..k}, with k = {W], as below:
For e = 2(mod 3), we define the vertex and edge labeling h as the following:

h(u)=1, h() =k,

h(vs1) = s, 1<s<d

h(ws) =d+ s, 1<s<d

h(vsy) = s + td, 1<s<d, 2<t<2A
h(vsy) =k, 1<s<d, 2l <t<e-2.
h(uv) =2d + 1

h(uvsy) =1, 1<s<d, t=1

h(uws) =1, 1< <d.

Based on the definition of labeling of vertex vs; for t = 2e—l
for edge w,vs is defined as below:

hMwsvst) =d+2—s, 1<s<d, 1<t<2, (fore=25)
hMwsvst) =d+2—s, 1<s<d, 1<t<3, (fore>38)
hMwsvs ) = (t — 2)d+2—s, 1<s<d, 4<t<e+1 (for e > 11)
h(wsvsyt):eg—zd—i—?)—s, 1<s<d, e+4<t<2‘) 4 (for e > 8)
h(wsvse) = (t — <H)d + 2, 1<s<d, 2%1<t§e— (for e>5)

Furthermore, the labeling for edges ws, v and vs +vs +11 is defined as below:

h(wsv) = (252)d + 2, 1<s<d

h(vstvst+1) =d+2 —s, 1<s<d, 1§t§%
h(vs tVs,t41) = (e—l—t)d+3—s 1<s<d, %§t§2654
h(vs tVs,t41) = (t——)d+1—|—s 1<s<d, 263—1§t§e—3
h(vs,e—2v) = (25 4)d—|—1—|—s 1<s<d.

Under that total labeling h we have the weight of the edges e > 5 as below:

whp(uvs ) =2+ s, 1<s<d, t=1
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Wh

€

h\Ws
h\Ws

€ £ &

hWs

uws) =d+ 2+ s,
1) =2d+2+s,

(t+2)d+2+s,
(t+2)d+2+s,
(2t —1)d+2+s,

wp(uv) =k +2d + 2,

(uw
(wsvs
(wsvs) =
n(Wsvs,t) =
( Ust)
(

(

€

h(Wsvst) =

Wh W

EEgEEEEE

(wsv) =
h(Us tUs,t+1
h(vs tUs,t+1
h(Us tUs,t+1
h(vs tUs,t+1
h('U ;tUs t+1
h(vs e— 21})

() +t)d+3+s,

t—(F2)d+2+k+s,

(2 )d+2+k+s,

=3d+ 2+ s,
=4d+2+k+ s,
= (2t+2)d+2+s,
a+@d+3+s

= (t — 52)d+1+2k+s,
€ﬂd+1+2k+s

1<s<d

1<s<d t=1
1<s<d, t=2, (for e > 5)
1<s<d, t=3, (for e > 8)
1<s<d, 4<t<< (fore>8)

1<s<d, &t <t< 24

(for e > 8)
1<s<d, 21l <t<e—2,
(for e > 5)

1<s<d

1<s<d, t=1
1<s<d, t=2, (fore=5)
1<s<d, 2<t<<2 (fore>8)
1§s§d7 e+1 <t§ 2e—4

1<s<d 21<t<e—3
1 <s<d.

We found that the weight of the edges of Bq(We) for e = 2(mod 3) under the

labeling h constitutes the set {3,4, ...,

(2¢ — 1)d + 3}. .

From Lemmas 2.3, 2.4 and 2.5, we obtain the following theorem.

Theorem 2.6. Let By(W.) be a wheel book graph of d sheets.

tes(Ba(W.)) = [ 242

It below that

Ezxample 2.7. The following is an edge irregular total k-labeling of wheel book
graph Ba(Ws) with £ =9, as shown in Figure 2.

Figure 2: Edge irregular total 9-labeling of wheel book graph Ba(Wg)

3. Total Edge Irregularity Strength of Complete Book Graphs
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In the next discussion, we investigate the total edge irregularity strength of
complete book graphs. We define a complete book graph as below:

Definition 3.1.Given complete graphs K2, s = 1,2, ...,d with

V(KD) ={u,v} U{asp,bsg.Csp: p=1,2,..,2—1, ¢=1,2,...,y}
with x = || andy = e — 2| <2 | and

E(K?) ={aBla# B,a, B € V(K)}

The e-complete book graph with d sheets denoted by Ba(K.) is obtained from com-
plete graphs K2, s = 1,2, ....d by merging the edge uv from the complete graphs.

e’

Therefore, the set of vertex and the set of edge set of Bq(K.), respectively, are:
d d
V(Ba(K.)) = U V(KP), and E(Ba(K.)) = U E(KP).
s=1 s=1

From the Definition 3.1, we have |E(B4(K,))| = (8_6_#

Ezample 3.2. Figure 3 shows the complete book graph Bs(K3).

ai,2 ai,1 az1 a2

C1,1 C1,2 C2.2 C2.1

Figure 3: Complete Book Graph Bs(K3s)

The following lemmas are needed to prove the total edge irregularity strength of
complete book graphs, which is technically motivated by that in [8].

Lemma 3.3. Let By(K.) be the e-complete book graph with e = 0(mod 3) and d
sheets. Then tes(Bq(K.)) = [(62_6_#1 :

Proof. The e-complete book graph By(K.) with e = 0(mod 3) has maximum

degree A(B4(K.)) = d(e —2) 4+ 1. Since |E(B4(K.))| = (e2—e;2)d+2 and
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tes(G) > maw{PElT“-‘ , {%-I }, we have tes(Bgy(K.)) > [(cﬂ—e—#-‘.
For the upper bound, we prove by constructing an edge irregular total k-labeling
for (Ba(K.)) with k = [{==224t0 ],

We define a function f’: V(Bg(K.)) U E(B4(K,.)) — {1,2,...k}, with k =
[M-‘ . The 3-complete book graph By;(K3) is indeed similar to By (Cs),
the tes of B4(C3) can be found in [13].

Furthermore, we define a vertex and edge labeling for By(K.), e > 6, as
below:

Let e = 3l. We have | = £. We define a vertex labeling f" in the following
frlu)y=1, f'(v)=k
way: f'(bsq :d<(é> —|—1—|—l.q—l> —d+s 1<s<d, 1<q<y

= <s<d, 1<p<z-—1.
with z = || andy =e— 2|
We define the edge labeling f’ in the followmg way:

f(uasvp) = ( _1)d+17 1S8Sd, 1Sp§(e§3)
flaspasq) = (p(§—1)+q—<p(p—2“)+1))d+2—s,
1<p<(5%), 1<s<d, e>9, p+1<q<(52)
fl(uabeq) = 1, 1<$<d7 1§q§%
flaspbsg) = pd+2-s, 1<s<d, 1<p<(5%), 1<q¢<s
f'(uesa = (53 +s, 1<s<d
f'(ucs,q) = (¢g—1)d+s, 1<s<d, 2§q§%
pw) = (5 [HE]
fl(as,pcs,q) = (p (%) (]—2)d—|—|7 3—4]
1<s<d 15ps(B), 1< ()
flaspr) = (@+1)(5)-2)d+[4],
1<s<d, 1<p<(53)
c_2
f'(bspbsg) = <4+3 (T+3(t—1))+(2—q) (5—1) - (2EF 1 )d
t=1
+3-5, 1<s<d, 1<p<(52), p+1<q¢<(%)
Fapeng) = ((a+52) (5) — (452)) d+ 4]
L<s<d 1<ps<(5), 1<a<(%")
Flospr) = (0+9)(5) ~ (52 +2))d+ (5 -p) [42],
1<s<d, 1<p<(52)
Plespesa) = (@+52) (5)+a— (B2 +2))n+ 2] — 145,
1S8Sd, 1Sp§(e§6)’ e>97 p_’_lgqs(eg?))
1 (cs pv) = ((p—i—%) (%)_<p(p2+1)+2))d+2[d+11 14
1<s<d, 1<p<(52).
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Considering the Definition 3.1. then we are grouping the vertices and the
edges of graph By(K.) as below:

As = {uvas,lvas,%“was,a:fl}v Bs = {bs,labs,27~~~7bs,y}a Cs =
{Cs,15C5,25 ey Cop—1, V]

It follows that |As| = |Cs| = @ = || and |Bs| = y = e — 2z, with
s=1,2,...,d.

Let (X,,Ys) = {wlu € Xsv € Y}, Xs € {4s,Bs,Cs}, Y, €
{4, Bs,Cs}, s =1,...,d. Under the labeling f’, we obtain the weights of the
edges of (As, As), (As, Bs),

(As,Cs), (Bs, Bs), (Bs, Cy), (Cs,Cs) as below:

(i) e=0(mod 3) and d = 0(mod 3),

1. gl{wf,(uv)m € (As, Ay} = [S,d (32’) + 2}
9. Sle{wff(uvﬂuv € (A, By)} = [d (g) +3,d (g) +2 +xyd]

d
3. U{wyp (wov)|uv € (A5, Cs)} = {d (g)—l—?)—!-xyd,d (§>+1—|—xyd+ar2d]
s=1

=~
ICa

| {wp(wo)uv € (Bs, B)} =

[d<‘§>+2+xyd+x2d,3k—d(§> —yxd—d(gﬂ

5 g{“f’(““”“l’e (B.,Co)} = {3k+1—d(§> —yxd,:sk—d(;)]

[=p}

: Sle{wff(uvﬂuv € (Cs,C5)} = [Sk —d (‘;) + 1,34
(ii) e =0(mod 3) and d = 1(mod 3),

1. G{wf,(uv)mv € (A, Ay} = :3,d (‘;) +1}

s=1

2. G{wf,(uv)mv € (As, B,)} = d(‘;) +2,d(§) +1+xyd]

s=1

] ]
3. U {wp(uv)luw € (4,C5)} = |d (‘;) +2+yd, d (§>+xyd+x2d]
s=1 L

4. le{wff(uvﬂuv € (Bs,Bs)} =

d<g>+1+xyd+x2d,3k—d(g> —yxd—d(g> —1]

—
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d [ x x
5. U A{wp (wv)luv € (Bs,Cs)} = |3k —d < 2) —yxd, 3k — d < 2) - 1}
s=1 L
d [ x
6. U {wp (uwv)luv € (Cs,C5)} = 3k—d<2) ,3k—1]
s=1 L
(iii) e =0(mod 3) and d = 2(mod 3),
d [ T
L. UA{ws (uwo)|uv € (As, Ag)} = 3,d<2)]
s=1 L

2. Ldj{wf/(uvﬂuv € (As, B,)} = :d (‘;) +1,d (‘;) +a:yd}

s=1

] ]
3. U {wp (w)uw € (As,Co)} = |d (§)+1+xyd, d (323>+a:yd+x2d—1}

s=1

4. Lij {wg(uwv)|uv € (Bs, Be)} =

x 2 _a(T) _4(Y)_
[d<2>—|—xyd—|—xd,3k‘ d<2) xyd d<2) 2}

5. Sgl{wf,(uv)m € (Bs,Cy)} = {Sk —d <“2’) —zyd—1,3k—d (;3)—2]

6. Sg{wf,(uv)mv € (Cy,Cy)} = [Sk —d (";) —1,3k— 2}

where [a, b] denotes a discrete interval from a to b.

The weight of the edges of By(K.) for e = 0(mod 3) under the labeling f’
are distinct and form consecutive integer from 3 to 3k, for d = 0(mod 3), from
3 to 3k — 1, for d = 1(mod 3), and from 3 to 3k — 2, for d = 2(mod 3), where

[ (e?—e—2)d+6
e | .
Lemma 3.4. Let By(K.) be the e-complete book graph with e = 1(mod 3) and d

sheets. Then tes(Bg(K.)) = [M—‘ .

Proof. The e-complete book graph By(K.) for e = 1(mod 3) has maximum
degree A(By(K.)) = d(e — 2) + 1, we have tes(By(K.)) > [M-I For
the upper bound, we prove by constructing an edge irregular total k-labeling
for (Bq(Cy)) with k = [M-I. We define a function ¢’ : V(B4(K.)) U
E(By(K.)) — {1,2, ..k}, with k = [%]

For B4(K4), the vertex and edge labeling ¢’ is defined as below:



556 L. Ratnasari et al.
9'(bs1) = s, 1<s<d
d—
g'(bs2) = d+s, l<s<d- EiE!
g'(bs,2) =k, d— %58 <s<d
g'(ubs,1) =1 1<s<d
g'(ubs2) =1 1<s<d— |58 -1
g'(ubs2) =2+ s —(d— [452]) d— [958 <s<d
g'(bsabsp) =d+2—s 1§5§d_td_EGJ—1
g'(bs1bs2) =1+ ([4]) d— |58 <s<d
o) = d-+ [ 42
g (bsav) =d+ | 4L 1<s<d
g'(bsov) = d + | L] 1<s<d—|%8] -1
g'(bs2v) =d+ [ HE| 45— (d— L;%J —1) d— |58 <s<d
with z = [ ] and y = e — 2| <4 |
From this labeling, we get the edge weights as below:
wy (ubs1) =2+ s, 1<s<d
wg (ubs2) =d+2+s, 1<s<d
(ubgg)—k+2+s—(d—[Tﬁj—1) d— |58 <s<d
(bslbsz)—2d+2+s 1<s<d-|%8] -1
(b91b92):(|— 1)+k‘+1+5, d—L%JSSSd
wyr (wv) = %J+d+k+1,
wyr(bs,1v) = |LE | +d+k+3s, 1<s<d
wy (bs2v) = |48 +2d + k + s, 1<s<d-—|%8] -1
d=6 d—6 d—6
wy (bs,20) = |52 +d+2k+s—(d= 52| 1) d- |5 <s<d
For e > 7, we define a vertex and edge labeling ¢’ in the following way:
Let e = 31+ 1. We have | = 631
below:
g =1, g =k
g'(asp) = s, 1<s<d, 1<p<z-1
g (bsq) =d <é)+1+l.q—l>—d+s 1<s<d, 1<q<y
g (csp) =k, 1<s<d, 1<p<z-1.
with z = [ ] and y = e — 2| <2 |.
We define the edge labeling ¢’ in the following way
g (uasp) = (p-1)d+1, 1<s<d, 1<p<(57)
gl(uabs,q) = 1, 1<s<d, 1<¢g< egl
g (aspasy) = (p(SGF—-1)+q— p(”“>+1))d+2—s
1<s<d, 1<p< (50, e>10, p+1<q< (52

g (aspbsq) = pd+2—s,
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1<s<d, 1<p< =

g'(ucs 1) S (%) +s, 1<s<d

g (ucs.q) = (q—l)d+s,d11§s§d, 2<qg< G

g'(u) = (§de+P%L "

9'(aspcsq) = (p (T) +q-2) d+( [?)] ( 4)
1<s<d, 1<p<(55), 1<¢< (5

glaspv) = (1) (5)-2)d+ |5, 1<s<dl<p< (5 -1)

3

g (bspbsq) = <6+t§_jl(8+3(t—1))+(2—q) (52) - (p(p;”) d+3—s,
138§d,13ps(§jﬁp+13qs(§w

g bopesa) = ((a+5) () = (L42)) d+ [42]
1<s<d, 1<p< (1), 1<q< ()

g = (p+5) (5 - Ep@;“ +4))d+ (55— p) [42].
1<s<d, 1<p< (5%

glewcsd) = ((p+52=1) (51 +a— (25243 ) d+2 [42] -1+
1<s<d, 1<p<(5E), e>10, p+1<q<(52)

glew) = ((p+52) () - (M5 +3))d+2 4] —1+5,
1<p< (5, 1<s<d

Similar to Lemma 3.3, we obtain the weights of the edges of
(As, Ay), (As, Bs), (45, Cy), (Bs, Bs), (Bs, Cs), (Cs, Cy) under the labeling ¢’ for
cases:

(i) e = 1(mod 3) and d = 0(mod 3) similar to e = 0(mod 3) and d =
0(mod 3).

(ii) e =1(mod 3) and d = 1(mod 3) similar to e = 0(mod 3) and d = 1(mod 3).
(iii) e = 1(mod 3) and d = 2(mod 3) similar to e = 0(mod 3) and d = 2(mod 3).

The weight of the edges of By(K.) for e = 1(mod 3) under the labeling ¢
are distinct and form consecutive integer from 3 to 3k, for d = 0(mod 3), from
3 to 3k — 1, for d = 1(mod 3), and from 3 to 3k — 2, for d = 2(mod 3), where

e2—e—2)d+6
o [ .
Lemma 3.5. Let By(K.) be the e-complete book graph with e = 2(mod 3) and d

sheets. Then tes(Bg(K.)) = [(62_6_#1 i

Proof. The e-complete book graph By(K.) for e = 2(mod 3) also has maximum

degree A(By(K.)) = d(e — 2) + 1, we have tes(By(K.)) > [M-I For

the upper bound, we prove by constructing an edge irregular total k-labeling for
2

Ba(K.) with k = [%]

We define a function ' : V(Bg(K.)) U E(B4(K.)) — {1,2,..k}, with k =

’7(62—6—2)(1-1—6-‘
—s |-
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For By(K5), the vertex and edge labeling b’ is defined as below:

Mu)=1, W)=k
hW(as1) =s,

hl(bl,l) =d+ ]-7
hl(bs,l) =d+s+1,
hI(CS’l) = k,

W (uas1) =1
h/(ubﬂ) =1
h'(a171b171) =2
W(as1bs1)=d—s+1
R (ucs1) = s

WM(uv) =d+1
h’(as7lcs71) =d+2
h(as1v) =2d+2

R (b11v) =2d+3
h'(b&lcS,l) =2d +2
R (bs1v) =3d+1
W(csiv)=2d+1+s

From this labeling, we get the edge weights below:

wp(uas 1) =2+ s,
h ubll)—d—i—S
Why a11b11)_d—|—4

€

wp (ubs 1) =d+3+ s,
Wi aslbsl)—2d+2—|—s
whp(ucs 1) =3d+2+ s,
wp (uv) = 4d + 3,

w
wp(as,1v) = 5d+ 3+ s,
Wh bl 1C1 1)—6d+4
Wh! bl 11})—6d+5

Wh! slcsl)—6d+4+5
wp(bs1v) =T7d+ 3+ s,

(

(

(

(ub

(

(

(
h’(aslcel)—4d+3+5
(

(

(

(b

(b

whp(cs1v) =8d+ 3+ s,

For e > 8, we define a vertex and edge labeling as below:

1<s<d

2<s<d
1<s<d
1<s<d
1<s<d

2<s<d
1<s<d

1<s<d
1< <d

1<s<d
2<s<d
1<s<d

1<s<d

2<s<d
2<s<d
1<s<d

Let e=3l—1. We have |l = ng—l We define a vertex labeling A’ as follow:

W(u) =1,

W)=k

W (asp) = s,
(b,
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R (csp) =k, 1<s<d, 1<p<z-1.

with z =[] and y = e — 2L6J§1J.

We define the edge labeling A’ in the following way:

R (uasp) = (p—-1d+1, 1<s<d, 1<p<(eg2)
h'(aspasq) = (p 63_1_1)+q_< (p2+1) —|—1))d—|—2—s
1<s<d, 1<p<(52), p+1<q¢<(52)
W (u,bsg) = 1, 1<s<d, 1<qg< 2
W(aspbeg) = pd+2—s, 1<s<d, 1<p<(5F2), 1<q< 2
R (ues 1) = (d—gz)—i—s, 1<s<d
B (ucs,q) = (¢—1d+s, 1<s<d, 2<q<<2
W (uv) = (52)d+ 4,
W (aspcs,q) = (p(eg_l)"_q_Q)d"_{%}
1<s<d, 1<p<(5%), 1<q¢<(53)
Wlaspo) = ((p+ 1) () -2d+[5], 1<s<d 1<p<(57)
W(bopbsg) = <5+i1<6+3<t—1>>+<2—q>(6—32)— P 1) ) d+3-s,
t=
1<s<d, 1<p<(52), p+1<q¢<(52)
W(bogesa) = (<q+63—2><e;—1>—§q<q;”+2)miﬂ
l<s<d, 1<p<(%5°), 1<q¢<(5?)
W) = (<p+%><%>—§p@;”+4)d+<%—m%,
1<s<d, 1<p<(52)
Wlespena) = ((0+t-1) (52)+q— (BB +4)) d+2 [4] -1+,
1<s<d, 1<p<(52), p+1<q<(53)
Wieww) = ((w%)(%l)—5”“’;”+4))d+2[d—;1—1+s
1<s<d, 1<p<(52).

We obtain the weights of the edges of (As,As), (As,Bs), (4s,Cs),
(Bs, Bs), (Bs, Cs), (Cs, Cs) under the labeling b’ as the following;:

1. SL:Jl{wh/(uvﬂuv € (A5, A} = :B,d <“2’) + 2}

u

2. Sle{th(uvﬂuv € (As, By)} = :d (‘;) +3,d (‘;) +2+xyd]

4 -
3. U {wn (uwv)|uv € (45,Cs)} = |d (§)+3+xyd,d (§>+1+xyd+x2d]
s=1 L

n(uv)luv € (Bs, By)} =

{w
1
d<g>+2+xyd+x2d,3k—d(g> —yxd—d(gﬂ

=~
Ca

S

—
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d T T
5. U {wn (uwv)|uv € (Bs,Cs)} = {Bk—i— 1—-d ( 2) —yxd,3k — d < 2)]
s=1

6. Sgl{wh/(uvﬂuv € (Cs,C4)} = [Sk —d <§) +1, 34

where [a, b] denotes a discrete interval from a to b.
The weight of the edges of By(K.) for e = 2(mod 3) and arbitrary d under
the labeling A’ are distinct and form consecutive integer from 3 to 3k where

_ [ (e?—e=2)d+6
fo [czemmiso] .

From Lemmas 3.3, 3.4 and 3.5 can be concluded that tes(Bi(K,)) for arbi-

(e2—e—2)d+6
]

trary e and d is [ . We obtain the following theorem.

Theorem 3.6. Let By(K.) be a wheel book graph of d sheets. It follows that
tes(Ba(K.)) = (=524

In the following example, we show that there is an edge irregular total k-
2
labeling for By (Kg) with k = [%—‘ as constructed in Lemma 3.5.

Ezxample 3.7. Let Ay = {u,a11,a12}, A = {u,a21,a22}, B1 = {b1,1,b1,2},
By = {b21,b22}, C1 = {c11,c1,2,v}, C2 = {c21,¢2,2,v}. We have z = 3 and
y=2.

Based on the construction in Lemma 3.5 for graph Bs(K's) we have the vertex
and edge labeling I’ as below:

W (u) =1, W) =k=19, h(a11) =1,
hl(aLg) = ]., hl(all) = 2, h/(agyg) = 2,
K(b1a) =17, R (b1,2) =13, R'(ba1) =8,
h/(bgﬁg) = ].4, h/(cl,l) = 19, hl(Clyg) =1 y
h/(CQJ) = 9, h/(6272) = 19,

W (uasq1) =1, R (uas,2) = 3, h(as1as2) =6 — s,
B (ubs,q) =1, W (as1bs,q) =4 —s, h'(as2bsq) =6 —s,
B (ucs1) = s, R (ucs2) =2+ s, B (uv) =5,
hl(as,lcs,l) =0, hl(as,lcs,Q) =38, h/(as,lv) =10,

R (as2cs1) =12, R (as2cs,2) = 14, h(as,2v) = 16,
h/(bs71bs72) =19 — S, h’(b&qc&l) = 14, h/(b&qc&g) = 16,

R (bs,qv) = 18, R (esics2) =13+s, h(csav) =15+ s,

B (csov) =17+ s,
with s =1,2, ¢=1,2.

The weights of edges in B2(Kg) under the labeling A’ are as below:



Total Edge Irregularity Strength of Modified Book Graphs 561

Li)l{wh/(uv)mv € (45,45)} =1{3,4,...,8}
Li)l{wh/(uvﬂuv € (As, Bs)} ={9,10,...,20}
2

71{wh/(uv)|uv € (As,Cs)} ={21,22,...,37}
Li)l{wh/(uvﬂuv € (Bs, Bs)} = {38,39}

U {wn (wv)juv € (B, Cs)} = {40, ...,51}

s=1

LiJl{wh/(uv)luv € (Cs,Cs)} = {52,...,57}.

Under the function A/, the weights of the edges in graph By(K3) are distinct
and form consecutive integers from 3 to 57, we obtain tes(Bq(Ks)) = 19.

4. Conclusion

In this paper we studied the total edge irregularity strength of any wheel book
graph By(W,) and complete book graph B;(K.). We found that the exact
value of the total edge irregularity strength of wheel book graphs tes(Bg(W.))

%—‘ . We found also that the edge irregularity strength of any

(e2—e—2)d+6
S

is equal to {

complete book graph tes(By(K.)) is equal to {
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