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Abstract. Let 2 be a bounded domain in R™ with smooth boundary 9f). In this article,
in view of our earlier paper [12], let the conditions made on this paper be sufficiently
more general than [12]. We investigate the spectral properties of a non-selfadjoint
elliptic differential operator (Pu)(z) = —32",_, (p2a(x)aij(x)Q(x)u;i(x));j, acting
on Hilbert space H, = L?(Q)*. Here ¢|s|> < doijo1@ij(2)si5; (s = (s1,...,80) €
C", z€Q), p(x)=dist{z,00}, ay(r) = a;u(x) € C*(Q), 0< a < 1. Fur-
thermore, suppose that Q(z) € C?(Q, End C*) such that for each = € Q the matrix
function Q(z) has non-zero simple eigenvalues p;(z) € C*(Q) (1 < j < £) lie in the
C\®, where ® = {2z € C: |arg z| < ¢}, ¢ € (0, ).

Keywords: Resolvent; Asymptotic spectrum; Eigenvalues; Non-self-adjoint elliptic dif-
ferential operators.

1. Introduction

Let © be a bounded domain in R"™ with smooth boundary 052 (i.e., 91 € C°).
We introduce the weighted Sobolev space H = W22 () as the space of complex
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abad).
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value functions u(x) defined on Q with the finite norm:

lul, = (Z/ )i, (2)] dx—f—/ ()| da:) 1/2.

We denote by ’;[ the closure of C§°(€2) in ‘H with respect to the above norm. i.e.,

’;[ is the closure of C§°(Q) in W3 ,(€2). The notion C§°(2) stands for the space
of infinitely differentiable functions with compact support in Q. In this paper,
we investigate the spectral properties, in particular we estimate the resolvent of
a non-selfadjoint elliptic differential operator of type

n

(Pu)(z) = = Y (0 (@)ai; (2)Q()ul, (), (1)

ij=1

acting on Hilbert space Hy = LZ(Q)Z with Dirichlet-type boundary conditions.
Here p(x) = dist{z, 00}, 0<a <1, a;x)=aju(z) (G,j=1,...,n), a;;(z)
€ C?(Q)  (i,j = 1,...,n), and the functions a;;(z) satisfies the uniformly
elliptic condition, i.e., there exists ¢ > 0 such that:

n

cls|* < Z a;j(z)s;5; (s=(s1,...,8,) €C", z€Q).

ij=1

Furthermore, suppose that Q(x) € C%(Q, End C*) such that for each z € Q the
matrix function Q(x) has non-zero simple eigenvalues uj(x) € C%(Q) (1 <j <)
arranged in the complex plane in the following way:

pa(x), ..., pe(x) € C\@,

where ® = {z € C: |arg z| < ¢}, ¢ € (0,7). (ie., the eigenvalues p;(x) of
Q(x) lie on the complex plane and outside of the closed angle ®).

For a closed extension of the operator A with respect to space H = W3 ,(Q)
above, we need to extend its domain to the closed domain

n

D(P) = {y €H W3 10(Q) 1 Y p*ay;Qul. ), € HY,

ij=1

(see [8]) where the local space VV22 1oc(§2) is the functions w(x) (z € Q) in this
form W3,,.(Q) = {u(z) : 2, [, WD (z)]?de < 0o, J C €, open}. Here,
and in the sequel the value of the function arg z € (—m, 7], and ||T'|| denotes the
norm of the bounded operator T': H — H.

To get a feeling for the history of the subject under study, refer to our earlier
papers [12, 13]. Indeed this paper was written in continuing on earlier our
papers, the paper is sufficiently more general than earlier our papers, which
here, we obtain the resolvent estimate of the operator P, that satisfying the
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special and general conditions, The paper consists of four sections. Section 1
is devoted to introduction. In Section 2, we have Theorem 2.1 on the resolvent
estimate of the differential operator A, acting on H in the certain case (i.e.,
in this case, we will study Theorem 2.1 under assumption (3)). In Section 3,
we have Theorem 3.1 on the resolvent estimate of the differential operator A,
acting on H in the general case (i.e., in this case, we will study Theorem 3.1
in contrast to Theorem 2.1. in other words, Theorem 3.1 does not include
assumption (3) of Theorem 2.1). It is necessary to take note some remarks
regarding Theorem 2.1 and Theorem 3.1: Theorem 3.1 follows from Theorem
2.1 by dropping assumption (3) from Theorem 2.1, and so another comment
regarding the assertion of these two theorems: We will see that Theorem 2.1
under the assumption (3) leads to its assertion that includes two estimates (4)
and (5). Meanwhile, Theorem 3.1 without including assumption (3) of Theorem
2.1, leads to its assertion that is similar to the assertion of Theorem 2.1, but
asserts only statement (4) of Theorem 2.1, which becomes (11) (in other words
now here, it is an open question arises for us, i.e., whether we can prove a
theorem the same Theorem 2.1 for general case ? i.e., without condition (3),
which its assertion includes two estimates (4) and (5)7). In Section 4, we have
a general Theorem 4.1, i.e. in this theorem we let the operator P in (1) acting
on the general space Hy = L2(Q)" and then by using the result of Theorem 2.1
we prove Theorem 4.1.

2. The Resolvent Estimate of Degenerate Elliptic Differential Operators
on H in Some Special Case

Theorem 2.1. Let A = P in (1), i.e., assume that the operator A acting on
Hilbert space H = L*(Q) with Dirichlet-type boundary conditions, and the sector
® be defined as in Section 1. Let the complex function q(x) satisfy the following
conditions

q(z) € C*(Q), q(z) € C\@, (Vx €Q), (2)
larg{a(e)g ™ (@)} < 5. (Va2 €. 3)

Then, for sufficiently large in modulus X € ®, the inverse operator (A — \I)~*
exists and is continuous in H, and the following estimates are valid

I(A=ADTH < Ma|AI™H (A € @, [N > Co), (4)

o 0 _ —1
I 5= (A= AD7H < MaA| ™2 (A € @, A > Ca), (5)
fori=1,...,n where Mg, Cy > 0 are sufficiently large numbers depending on

S. The symbol ||.|| stands for the norm of a bounded arbitrary operator T in H.

Proof. Here, to establish Theorem 2.1, we will first prove the assertion of Theo-
rem 2.1 together with estimate (4). So, as in Section 1 for a closed extension the
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operator A (for more explain, see [8, Chap. 6]), we need to extend its domain to
the closed set

D(A) = {veHﬂW21OC(Q): hu' € H, (hqv')/EH}.

Let the operator A, now satisfy (2), (3). Then there exists a complex number
Z € C (noticed that we can take Z = €', for a fix real v € (—m, 7)), such that:
|Z = €| =1, and so

d < Re{Zq(x)}, |\ <—Re{Z)\}, >0(Vze€Q, A€ ). (6)

In view of the uniformly elliptic condition, we have

n

c|s|? —CZ|81|2 Z a;j(z)s;55, (¢>0, s=(s1,...,8,) €C", z€Q)

,j=1

Taking s; =y, , we have ¢> i |y} (z)]* < dor =1 @ij ()Y, (2)y, (z). From
this, and according to ¢’ < Re{Zq(z)} in (5), we then multiply these two positive
relations with each other implies that

n

i Z v, (2)* < ReZq(x) Y aij(x)y,, (x)y,, (), for y e D(A)

4,j=1

Multiply both sides of the latter relation by the positive term p?®(z), and then
integrate from both sides, we will have

qu wx|W<&ZZ/‘ 2)as; (2)a(@)yl, (@), (@) de.

Now by applying the integration by parts, and using Dirichlet-type condition,
then the right sides of the latter relation without multiple ReZ becomes:

Z/”“aw Ja(@)y,, (@), @)da

zgl

~ /2aa” Ja(x)yy, (x))}, G(w)da (7)

1,j=1

= S (P @a @, (1)),  vl@) | = (Ay,p).

i,j=1
. li
Since (Ay)(z) = — 7y (0% (@)ay; (2)a(e)ul, (@)’
Here, the the symbol (,) denotes the inner product in H.

Notice that the above equality in (7) obtains by the well known theorem of
the m-sectorial operators which are closed by extending its domain to the closed
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domain in H. These operators are associated with the closed sectorial bilinear
forms that are densely defined in H (for more explanation, see the well known
Theorem 2.1, [8, Chap. 6]). This why we extend the domain of the operator A
to the closed domain in space ‘H above. Therefore

oy /Q P2 @)y, (2)Pdz < ReZ(Ay . y)
=1

from (5) we have: /|| < —Re{Z\}, ¢ > 0, VA € &. Multiply this inequality
by [ ly(@)|? dz = (y, y) = |ly|*> > 0. It follows that

¢ /Q (@) dt < ~Re{lZ\}(y . v).

From this and the above inequality we will have

0y /Q P (@) ol () 2+ | /Q ly(a)2dz
=1

< Re{Z(Ay,y) — Z\(y,y)}

= Re{Z((A—A)y,y)}

< 1ZIyll(A = ADy]|

= [[yl[II(A = AD)yl[; (8)

ie.,
clz / Dl (@) 2z + || / (@) dz <yl II(A — A Dyl.

Since ¢1 Y1y [o, P2 (2)]y, (x)|?da is positive, we will have either ¢/|A[[|y(z)[|* =
Al fo ly(@)? do < |lylll[(A =X D)yl or
Allly@)] < Mal[(A =X Dyl 9)

This inequality ensures that the operator (A — A I) is one to one, which implies
that ker(A — X I) = 0. Therefore the inverse operator (A — )1 exists,
and its continuity follows from the proof of the estimate (4) of Theorem 2.1. To
prove (4), we set v = (A — X)~'f, f € H in (8) implies that
Al /Q (A= AD)TH? do < Ma|(A— AD)TUAIII(A = AD(A = X)THf.
Since (A — NI)(A—X)~Lf =I(f) = f, we have
LI =ADTP do < Mall(A = A1 FI1S

So
A =AD~HAI? < Mal(A = AD~HN)IISL
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This implies that |A|[[(A  — M)7Y(f)]] < Msl|f|. Since A # 0, we have
(A= XD~ < Ma|MTLf; ie., (A= A7 < Mg|A|~!. This estimate
completes the proof of the assertion of Theorem 2.1 together with the estimate
(4). Now, we start to prove the estimate (5) of Theorem 2.1 As in the above
argument, we drop the positive term ¢’|A| [, [y(z)|* dz from

61Z/ﬂpw(x)ly;i(x)IdeﬂLC'|>\|/QIy(ff)|2 dz <[yl [[(A — A D)yl
i=1
It follows that

clz / )y, (@)Pdz < [yl 1A — A Dyl.

Equivalently

2
<yl ItA = A Dyll.

o 0 (AT

C1

Setting y = (A—XI)~1f, f € H in the latter relation, and proceeding by similar
calculation as in the proof (4) we then obtain:

2
<NA=ADTHIIA = ADA =MD .

a (9 -1
5y (A= AD)

C1||p

Since (A — XI)(A—X)~'f =I(f) = f, we have

2

0
Pra— (A=) < A= ADTHIfIP,

&fri

C1

consequently, by (4) this implies that

2
< Mo A ™M £II?

0
e |[p” 5 (A=)t

to this end we will have
8 1 _7
(T (A M) Y| < MG [A72.

Thus, here the proof of the estimate (5) is finished; i.e., this completes the proof
of Theorem 2.1. n

Now let the condition (3) does not hold. Then we will have the following
statement:
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3. The Resolvent Estimate of Some Classes of Degenerate Elliptic
Differential Operators on H

In this section, we will derive a new general theorem by dropping the assumption
(3) from Theorem 2.1 in Section 2.

Theorem 3.1. As in Section 1, let ® be some closed sector with vertex at 0 in
the complex plane (for more explain see [8]), and let the complex function q(x)
satisfy

q(z) € C1(Q), q(z) € C\®, (Vz € Q). (10)

Then, for sufficiently large in modulus \ € ®, the inverse operator (A—\I)~1
exists and is continuous in H, and the following estimates holds:

[(A=XD)7H < MaA ™!, (A€ @, [A] > Co) (11)
where Mg, Cp > 0 are sufficiently large numbers depending on ®.

Proof. Suppose that (4) does not satisfy. To prove the assertion of The-
orem 3.1 together with (11), we construct the functions ¢i(x),...,om(z),

q1(x),...,qn(x) so that each one of the functions ¢i(x),...,qn(z) (z € Q),
as the function g(x) in Theorem 2.1 satisfies (3). Therefore, let

@l(x)""’@m(x)’ Qh(x)?""qm(x) ECSO(Q),

satisfy

0<¢.(z), r=1,....m, i) +...+¢>(x) =1 (z€Q)
d
Z#r(@) € C5°(Q), ¢ (@) = q(z), Y € supp ¢,
¢-(z) € C\®, (Vzx €Q), r=1,...,m.
|arg{g,(x1)q, " (z2)}] < %’ (V &1, 20 € supp @), r=1,...,m.
In view of Theorem 2.1, and by (4), and (5), setting A, = A in the definition

of the differential operator, we have

n

Avu(e) = = 7 (p*(2)ay; (2)q- (2)u,, (), acting on H

3,5=1
where

n

D(Ay) = Qu e W3 1, (Q) 1 ) (p™aijqel,),, € H
ij=1
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Due to the assertion of Theorem 2.1, for 0 # A € ® the inverse operator (A —
AI)~! exists and is continuous in space H = L?(2), and satisfies

0

I(Ar =AM < Mo 7Y o (A = ADTH S MIATE - (12)

for A € @, |A| > Cp, where 0 # X € ®. Let us introduce
G =D or(Ar = M) ey, (13)
r=1

Here ¢, is the multiplication operator in H by the function ¢,.(z). Consequently,
it is easily verified that

m

(A=ADGW) = I+ p* (@)Y Br(a) (A, = M),
r=1

n m

) 0D W (A~ AD e (14)

where 8,.,7:. € Loo(Q), suppf, and supp ~;,. are contained in supp ..
Let us take the right side of (14) equals to I + T'(\) Thus, we will have

(A=M)G\) =1+T(N). (15)
Now according to Section 2 if we put A = A, for r = 1,...,m in (3) we will
have
-1 -1 o 0 -1 ’ -1
14, A0 < M1 o (4 - a0 < Mgl

Owing to the definition of T'(\) in the (14), it easily follows that

ITOI| < MalA "2 (A € @, [A] > 1). (16)
Since |A| is sufficiently large number easily implies that || T(\)|| < 3 < 1, from
this and using the well known theorem in the operator theory we conclude that
I+ T(X) and so (A — AI)G()) are invertible. Hence, ((A — AI)G(\))~! exists
and equals to

(GO)THA-A)T =T + T(\) ™ (17)
By adding +7 and —1I to the right side of the (16) it follows that

(GO HA=XD)'=T + TO)™' —T +1.

We now set
FON = +TWN\)™" - 1.
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Then
(GO HA-XD)P =T + F(\).

In view of ||T'(N\)|| < 1 and (16), we now estimate F'(\) by the following geometric
series:

+oo
[FMN < Z 1T < ITOPA+ T+ 1T +-.2)
< ITO)PMa(1+1/2+...) < 2Mg (M| A|~2/2)2

ie., [FV] < 2M 15|\~ By [[(Ay — M)~1|| < M1g|A| ™, for we will have

GV = < Mg[[(Ar = ADTH < MgM1e|A 7Y

Z‘PT(AT - M)y,
r=1

ie., |G| < M2g|A|"*. Now from (17) we have
(A= AD"'=GNI + TN) ™ =GN + F(N).
Therefore
(A =XD7H = IGIT + FO))| < M2o|A|7HI(1+2M 1A ™)

i.e., here the assertion of Theorem 3.1 is proved. Therefore to complete the proof
Theorem 3.1 we must prove the estimate in (11). Finally, according to latter
inequality, we have

1A= AT < M2gAI~" + 2020 M1g A A,
and since |A|7HA|7! = |A|72 < |A|7L, it follows that
I(A=ADTH < MaATY (A 20 Ae@).

This complete the proof. ]

4. On the Resolvent Estimate of the Differential Operator in Hp

As in Section 1, let the differential operator

n

(Pu)(z) = — Y (p**(x)ay (2)Q(x)ul, (x)))

ij=1

J

acting on Hilbert space Hy = L2(§2)Z with Dirichlet-type boundary conditions,
and suppose that Q(z) € C?(Q, End C*) such that for each x € Q the matrix
function Q(z) has non-zero simple eigenvalues p;(z) € C?(Q) (1 < j < ¢)
arranged in the complex plane in the following way:

231 (Z‘), T ,/.Lg(a:‘) € C\(I)a (18)
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where
b ={z€C: |arg z| < ¢}, ¢ € (0,).
Furthermore suppose that for j =1,...,¢ we have
pi(z) € CH(Q), p;(z) € C\@, (Va € Q), (19)
_ T =
larg{p; (1) (22)}] < 5 (VoLz2€0). (20)

Now according to Theorem 2.1, but here instead of the operator A which
acting on the space H = L?(2), let the operator P acting on the space H, =

L? (Q)e, now by the assumption of Section 1, we will have the following theorem
in the general case:

Theorem 4.1. Let (19), (20) and the assumptions of Section 1 hold for the
operator P as in (1,1), then for sufficiently large in modulus A\ € ®, the inverse
operator (P — XI)~1 exists and is continuous in the space Hy = L2(Q)" and the
following estimate holds:

I(P = AD7Y| < Mo (21)
where Mg, Co > 0 is sufficiently large number depending on ® and |A| > Cs.

Proof. Now by applying the eigenvalues uq(x), ..., ue(x) of the matrix function
Q(x) we defined the operators Py, ..., Py such that

n

(Pu)(@) = = > (" (@)ay (@) (@) (2)), (G =1,....0),

ij=1
where its extension domains are

n

D(Pj) =y €HNWE 1,o(Q) : Y p™aijp;(x)yl,),, €H ¢,

i,j=1

which as the operator A in Theorem 2.1, the operators P;, j=1,...,¢, acting
on space H = L?(Q2) (Notice that here the operators P; are the same of the
operator A in Section 2, i.e., to define the operators P;, we just change the
function ¢(z) in the operator A by the eigenvalues functions pj;(z), j=1,...,¢
of matrix Q(z)).

The conditions which we consider on the eigenvalues p;(x) of the matrix
function Q(z) in Section 1 guarantee that one can convert the matrix Q(z) to
the diagonal form

Q(z) = U(x)A(2)UY(z), for U(z), U Y(x) e C?([0,1], End C*)

where
A(x) = diag{pi(x), ..., pe(x)}.
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Consider space Hy = H ®---® H ({-times). Put
I'(\) =UBMNU,
where the operator
B(\) = diag{(P, = XI)™*,..., (P, — XI)™'}.
acting on the direct sum
H=H&®---®&H ((-times)

where A € ®\R, |A| > Cp and (Uu)(z) = U(x)u(z), (u € Hy).
Consequently, as the relation (14) in Section 3, we will have

_ _ e )

(A= ADPO) = T+ 9 @ao(w) BV + 9 (0) Y i) o

i=1

BAUTY(22)

for ¢; € C(Q; EndC'), i =0,1,...,n. Now as in section 3, let us take the right
side of (22) equals to I + T'(\) Thus, we will have

(P = AT\ =1 +T'(N). (23)

Now according to Section 2 if we put P; = A for j =1,...,¢in (4) and (5)
we will have

_ _ o O _ _1
(P = AD)7H| < M1o|A 7", |Ip 5p. L = A) Yl < MM ~=.

K3

Owing to the latter relations and the definition of 7/(\) in (22) easily it follows
that

IT' (NI < M| "2(A € ®, [A] > 1), (24)

Since [A| is sufficiently large number easily implies that || 77(\)|| < 3 < 1, from
this and using the well known theorem in the operator theory we conclude that
I+ T'()\) and so (P — AI)T'(\) are invertible. Hence, ((A — A)T'(X))~! exists
and equals to

CONTHP =AY =T + T'(\) 7 (25)
By adding 4+ and —I to the right side of the (24) it follows that
T P-A)P=T + T'N) " -1 +1.

We now set
FFN=1 4+ T\ - I

Then
(I‘(/\))_l(A — /\I)_1 =1+ F'().
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In view of ||T"(N)]| < 1 and (24), we now estimate F/(\) by the following geo-
metric series:

[PCV

IN

“+o0
ZIIT’k(A)II < IT P+ TV + 1T + )

IA

1T/ (W) 12Ma (1 4+ 1/2 4+ ..) < 2Mg (M| N|~1/2)?2

ie., |[F'O\)|| < 2M1g|A|"L By (P = A)7Y| < M1g|A| ™", j=1,..., 0 in view
of definition B(A) and I'(\) we will have

I < M2g|A"

Now from (25) we have
(P =AD7H =TT + T'N))~ = [T+ E')]-
Therefore
[P =2ADTH = [CMIE + F'O)IF < M2o[A7H[(1+2M1e[A 7).
To the end according to latter inequality we have
[(P—=AD)7Y < M2a A ~! +2M26 M 1| A1 A7,
and since |A\|7HA|7L = |A|72 < |A|7L, it follows that
(P =AD7H < Ma|A™Y (A 2>C, Ae@).

This completes the proof. ]
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