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Abstract. In this paper, we introduced a reproducing kernel space which is a particular
class of Hilbert space. We discuss various properties of the reproducing kernel. In
particular, our aim is to construct kernel in reproducing kernel Hilbert space of the
specific function space (Sobolev space) with the improved inner product and norm.
Also, we derive the reproducing kernel for periodic boundary conditions.
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1. Introduction

Reproducing kernels were discovered during the initial stage of the twentieth
century by Zeremba [20] in that effort the center of interest on harmonic func-
tion with boundary value. This was the earliest reproducing kernel with the
reproducibility proved correlated with function family. Actually, in the early es-
tablishment develop of the reproducing kernel hypothesis, almost all the works
were executed by Bergman [10, 11, 12, 13, 14], and most of the kernels discussed
in the 1930’s and 1940’s are Bergman kernels. Bergman raise the conversation of
the kernels with one or several variables to the harmonic functions, and utilized
to solve Laplace equation. It can be stated that this is the establishment of a par-
ticular trend of reproducing kernel. Next development of the reproducing kernel
theory was pushed by Mercer [19]. He invented the positive definite property of
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reproducing kernel and known its as positive definite Hermition matrix:

n

Z k(xi,xj)@@j 2 0 (].)

ij=1

In 1950, N. Aronszajn [1] outlined the past works and gave a systematic
reproducing kernel theory and laid a good foundation for the research of each
special case and greatly simplified the proof. In this theory unifying the Bergman
and Marces concept of reproducing kernel development.

Subsequently, reproducing kernel theory was use by mathematician, scientist
[17, 16, 2, 7, 5, 6, 8, 9, 3, 4, 18] like to solve the theoretical problems of many
special fields. In 1986, Cui [15] construct the reproducing kernel space and
corresponding kernel in the Sobolev space.

Here, we review some aspect of reproducing kernel space and then construct
the reproducing kernel for the inner product and norm of Sobolev space for
m = 2 with periodic boundary conditions.

2. Preliminaries

Definition 2.1. An inner product space is a vector space V over the field F (F
denotes R or C) together with an inner product

(,):VxV =T, (2)

that satisfies the following three properties for all vectors o, p,9 € V and all
scalars a € F':

1) (o) = (¢, 0)-

(ii) (ao,p) = alo,¥)-

(iil) (o + @, 7) = (0,9) + (p, V).
(iv) (0,¢) >0.

Definition 2.2. A Hilbert space H is a complete real or complex inner product
space.

Definition 2.3. Consider H = {f(0) : f(0) € R or f(o) € C, o is in abstract set}
is endowed with (f(0),g(0))u, with respect to which H is a Hilbert space.

For an abstract set X, a function R(g,¢) : X x X = F (F denotes R or C)
is called the reproducing kernel of Hilbert space H if its satisfies,

(f(0), (e, 0))n = f(), 3)
for each fixed p € X.

Definition 2.4. A periodic boundary conditions have equal function values or its
derivatives values at end points.
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Lemma 2.5. In reproducing kernel space H, R(o,v) = R(p, 0).

Proof. We have

R(o, @) = (R 9), R(, 0))m = (R( 0), R(-, 9))5, = R(ep, 0)-

Hence, R(o, p) is conjugate symmetric. [

Lemma 2.6. The reproducing kernel R(o, ) is unique in reproducing kernel space

H.

Proof. Let ®(p, ) be also reproducing kernel. Then

D(0,¢) = (B(- ), R(:, 0))m = (R(, 0), @, 9))3, = R(ep, 0) = R(o, )-

Hence, reproducing kernel is unique. ]

Lemma 2.7. If R(p, ) is the reproducing kernel in H, then for each o € X,
R(o, 0) >0 and R(o, 0) =0 if and only if H = {0}.

Proof. We have

Re,0) = (R(, ), R(, 0))n = IRC )3

Which gives R(o, 0) > 0 and R(p, 0) = 0 if and only if H = {0}. [
Lemma 2.8. Reproducing kernel R(o, ) is a positive definite.
Proof. For any complex number (;
Z <7<j QHQ] ZZECJ<%(591)7§R(7Q])>H
2,7=1 =1 j=1
Z Cj Qj Z GR 1
Jj=1
Z GR Qz Z GR 7
=1
= IIZQ L 0i)ll3 > 0.
Hence, reproducing kernel is positive definite. ]

Lemma 2.9. For any fized o € X, the linear functional I(f(0)) = f(0) is bounded
if and only if Hilbert space H is a reproducing kernel space.



808 G. Patel and K. Patel

Proof. Since H is a reproducing kernel space, there exists a reproducing kernel

R0, ¢).

[3(f )l =1f(o)] = I(f(:
< |If(:
=

= s
Therefore, J(f(0)) = f(p) is bounded.
Now, for every f(g) € H, because of linear functional, by F. Riesz theorem

there exists a unique R(-, 0) € H, whence f(o) = J(f(0) = (f(-),R(:, 0))%.
Hence, the lemma is proved. ]

~—

s RC,0))nu|

[#IIR(, )HH

v/ (R (- 0))u
(EXRY, 5}?(97 )

_ L O

3. Reproducing Kernel Space WJ" [, 3]

In this section, the function space W5'[a, 8] = {f(0) : f(™ V(o) is abso-
lutely continuous, (™) (o) € L?[a, ], 0 € [a, B]}. For any functions f(o), g(0) €
Wi|a, 8], we have

[df(@)digla)  df(B)dg(B)], [Pd™ f(0)d™g(o)
@ gty = Y| P T [ T e )
ILf()llwy = +/(f(0), 9(0))wy. (5)

Theorem 3.1. The space W3'[a, ] is an inner product space.

Proof. Let f(0),9(0), h(0) € W5[a, §]. Here,

(F(0), F(@)wp ;1 [( sl ))2 + (dcjsz )”
B

do?

Since, (d fg(a)) > 0 and (d fg(ﬂ)) > 0,0 <i<m-—1. Also, (dif(q))z =0
) if f

=0 and dié‘g@ —0,0<i<m-—

d
and ( dgf ) 0 if and only i

e 2
1. And, (de(")) > 0 and ( dg,gf’))

f = 0,Vp €

[, B]. Therefore, ff (dmf(,g)) do > 0 and fﬁ (dmf(g)) do = 0 if and only

do™
if % = 0Yo € [, B]. Thus, (f(e),g(0))wy is positive definite. Clearly,
<f(Q)7g(g)>W'2m:<g(g), f(Q)>W5” which gives (f(g),g(g»wén is symmetric.
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Now for linearity consider scalars a and b,

809

(@S(0) +b9(0) - [( = bdljg(? ) e
=0
dlf d'g(8) d'h(B)
+(a d@ ) do’ }
7 9 d™g(0)] d™h(e)
“f { T } dom ™
— d'h(e) | d'f(B) d'h(B)
; {a o +a o' o ]
[ admf (Q) J
(S h(a) d'f(8) d'h(B)
+2;[ o 'de do }
 d™ f(o) d™h(o)
—|—/a b———= o™ o ———2dp
=a(f(0), h(@))wy +b{g(0), h(0))wy -
Thus, (f(0),g9(e))wy is linear. This completes the proof. ]

Theorem 3.2. The space W5« 8] is a Hilbert space.

Proof. Consider f,(0), n

m—1
| frtp — fn”%/\/;" = Z

Which gives, dif”*ﬁ’(a) —

, ... 1s a Cauchy sequence in Wi [, ]. Therefore,

d' frip() df‘fn<a>)2

do’ dot

d'furp(B) difmﬂ

dot

d™ frip(0) d’”fn(g)>2

do™ do™

IInl@) () agn — 00,0< 1

Similarly,

[

d’ f'nﬂ_o (,B)
o

do—0 as n— oo

<m-1n=12...

—di{i";gﬂ)—>Oasn—>oo,0§i§m—1,nzl,2,.... And
™ fa(0)\”
e _ d];ﬂE@)) do—0 as n— oo.

This indicates that for any ¢ (0 < i < m — 1), the sequence %;(a) and

A fn(B)
d—gi,n = ]., 2, ..

Cauchy sequence in space L%«

. are Cauchy sequences in R and

el

d™ fn (o) :
dgm oM = 1,2,...is a
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So, there exists unique real numbers ¢; and d;, 0 <7 < m — 1 and unique
function h(g) € L?[a, (] such that, & f”(a) — ¢; and L f”(ﬂ) —d;,0<i<m-1

and fﬁ (M h(g)) do — 0 as n — oco. We must have g(g) € Wi'|a, S]

w1thddg—§,ia)=ci, ddg;,m =d;,0<i<m—1and dQ,EJ = h(p).
Moreover,

in do' do do

i
+/a <dmfn(9) d’”g(g))2d9
d

= i fo(a iala) 2 if i 2
|fn<g>—g<g>||%v;n=2[ M) o)) (L)) ]
B

do™ do™

+

B m 2
/a <ddj;7;(p)—h(g)> do—0 as n— oo.

Hence, the function space W3" is a Hilbert space. ]

Theorem 3.3. The space W5« 8] is a reproducing kernel Hilbert space.

Proof. As per Lemma 2.9, suppose that J(f) = f(o), 0 € [, 8] is linear func-
tional of Wi*[e, 8] and f(g) € Wi*. We have,

") _ d" () | [ i,

dgmfl - dgmfl de
d"'fe) _ [Pdmf(o), dmT'f(B)
dgmfl _/Q de dQ_ dgmfl :
Therefore,
A" f(e) 1 [d™'f(a) dmf(B)] 1 [7d"f(o)
dgm ! _5[ g1 dgm-! }+5/a “ag "
Obviously,
A" f(o)| _ |dm T f(@)| | [dmTf(B) 7ldm f (o)
‘ de—l ‘<‘ de—l +’ de—l ‘+A de ‘d (6)
Since,
/ﬁ " f(o)] ,
o | do™ ¢
N L O :
< l(ﬁ o) [ |55 e
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[/ o]
w5 (5 - ()

= Kol fllwy-

d" f(o)
do™

d™ f(o)
do™

IN

1
2]2

Now, for any i, 0 <i < m —1,

2 ()| _ [ <d"f(0<)>2 (dif(ﬂ))Q ?lamsio) ]
do’ = [;( do T +/a do™ (7)
= [l fllwy-
Similarly,
di
O <l (®)
From (6) to (8),
dmflf
L < kg 0
Analogously,
dmf2f
T < Kall - (10)

Thus,|3(f)| = [f(e)| < Kl flw;y . Hence, J is bounded functional which pro-
vide that W4"[a, ] is reproducing kernel Hilbert space. [

4. Method to Construct Reproducing Kernel

Suppose R(p, ) is the reproducing kernel function of W3"[a, 8]. Then for any
fixed ¢ € [, 8] and any f(0) € Wi« 8], R(p, ¢) must satisfy

(f(e); R(e, 0))wy = f(o). (11)
Therefore,
S [dif(a) 9R(a,p) | dUf(B) I'R(B, )
(f(e), R(o, 0wy = g [ i 00 | dp  og 12)

N /B d™ f(0) 0™R(o, ¢) do.

do™ o™
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Since,
B gm m m—1 m—i—1 m-1 B
/ dmf(e) 0 %(gwp)dQ:Z = )d f(0) 0™ R (0, )
o de 8Qm — m—z—l 8Qm+1 o=a (13)
82’”8‘%
+ ( / flo 90 257 ?) do.
Also,
mil((_l)v dm_z_lf(g) 8m+7§}%(97 90)
— de—i—l 8Qm+i
- (14)

:m_l(_l)mﬂ;l d'f(e) *" "' R(e,¢)
: ot dorm—i—1

From equations (12) to (14), we get

m— 2m—i—19p(~
PERT > { ) (IR0 (a8 S0
f 5) (( ym-i- 132”""“1?}%(57%) N 5@?(6,@))} (15)

Og?m—i-1 do’
[ TN d)y,
Now, from equations (11), (15) and the Dirac delta function
R - ), 10
W%(iza;sa) - (—1)m—i—1% =0, 0<i<m-1, (I7)
(-1)’”@‘1822;72(_61’ ?) + ama(f; ?) _ 0, 0<i<m-—1.  (18)

Here, R(g, ¢) is the solution of the following constant coefficient 2m order dif-
ferential equation with boundary conditions (17) and (18)

an%(g, )

———= =0. 19
()" (19)
The equation (19) has characteristic equation A>™ = 0 whose the characteristic
root A = 0 with multiplicity 2m. Therefore,

2m .
Ri(o, ) = X cilp)o™,  o<e
R(o,¢) = Pt A (20)
Ra(o, ) = El di(p)o™", o>
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Since, the solution (20) of (19) also satisfied the following conditions
IR (p,0) _ O'Ra(e, )

‘ ‘ i< om 2 21
do" dot 0<i<2m-—2, (21)

PRt ) P IRa(pT ) ] (22)
§o2m—1 9?1 (=1

Using boundary conditions (17), (18), (21) and (22), we can derive the repro-
ducing kernel R(p, ) for any m.

5. Reproducing Kernel for Periodic Boundary Conditions

In this section, we will derive reproducing kernel for m = 2 with periodic bound-
ary conditions.

5.1. Reproducing Kernel R(g, ¢) for f(a) = f(B)

The function space W3[«, B8] is defined as, W3, 8] = {f(0) : f(o0), f'(0) are
absolutely continuous, f”(¢) € L*[a, f],0 € |a, B, f(a) = f(B)}. Described
method in Section 4 with the periodic boundary conditions, we get fourth order
differential equation with the boundary conditions in the form

'R (0, )
94" 0 (23)
PR, p) PR(B,p)
M(a,p) PR, p) 0
do 90>

R(a, ) = R(B, ) =0,
I*R(B, ¢) N OR(B, ¢)

e 90 =0,
Ri(p, @) = Ra(, ), (24)
O (p,0) _ Moo, )

0o 0o ’
O’R1 (0, ) _ I*Ra(p, ©)

00> 00 7
PR (pT, 0) 3 PR, p) 1

00° 03 -

Hence, the solution of (23) and (24) is
3

R(o,p) = Ri(0, ) = c1(p) + ca(p)o + c3(0)0” + calp) d®,
7 Ra(0,9) = di(p) +da(p)o + ds(p)0® +da(p)0®, 0> .
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Where,

cl(w)=62—527¢—6<p+%3+%3

5( B> =3B+ 1884+ 382 % — 4553 ¢ + 36 33 >

—B2p3 +3652p2 —T28%9p —9Bp3 +54 B9 —18¢?
108 (e — )

B(B-9)® B(B+2) (B2-2B8p+28+¢*—2¢)

18 (a — B)? 4(B—a+2)

3 _ 2 2 2

B —18B8p+188— w3 +9¢2—18¢p n
108 (B —a +6)

atB—atp+2at —4a3B+4adp
(B - ) —8ad —a2B3 —a2pB2p —4a2 B2

1
2’

202 Bp? —4a?Bo+2029* +2a 8¢

al9) = - 2B (B-a+2) (f—ato)

208 —2ap?e? +10ap?p+8apB?
(B =) —8afBp?+8aBp—4ap?—283¢p
+2B829% - 8320 +48¢?

2(a—B)? (B-a+2) (B—a+6)

3

_(B=p)(2B-2p+4) i (B—¢) (287 =B p+12 -2 —6 p+12) o
2 2

(@=B)* (B—a+2) (B—a+6)
(B-9) (482 —28p+128-2¢) a
2
(@=B)* (B—a+2) (B—a+6)
(B—¢) (=B o+8% 02 —4 2 p+2 5 o)
2

(@—B)° (B—a+2) (B—a+6)

ca(p) = —

(B=9) (B> +B9+68-2¢") o (B—p) (38-3¢+6)
6

04(30) = = > ’

(@—B) (B—a+6)

2 3
die) = 8" -T2 gt O
5( B =3B 0+ 188" +38%y* —453°p 436 3° >
—B2p*+368%¢% — 72020 98> +54 8% — 18¢°
108 (a — B)
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B(B—p)? B(B+2) (B2—2B¢+2B8+9?—20p)

C18(a—pB)° 1(8-at2)

B =300+ 952+ 309" — 180
B(W+9ﬁ+m)< +188 — 97 +9¢> —18¢ )
108 (8 — o+ 6)

L1
27

adp?—2a2Bp+2a3B—-2a%p
(a— ) +a?2B2p—4a282+2a2B¢p2+10a28p
—8a28+2a%¢?+8a2¢p
2(a—B)° (B-a+2) (B-a+06)
—apft—4ap-2ap?0? —4ap?yp
(a— ) —8afp?—8aBp—4dap?+pry
F204 +4330+8B3 +25202 +43 2

2(a-B)? (B-a+2) (B—a+6)

da(p) = —

e Cp e (mp) (20tta pr2org—op12) 9
dB(SD) = - 2 3 2
(a=p)" (B-—a+2)(B—a+6)
(a—¢p) (043 p—a’?p?—40? p+2a <p2) i (a—¢) (—4 o242 a p+12a+2 <p2) B8
2 2

(@—B)° (B—a+2) (B—a+6)

)

(a—¢) (-’ —apt+6a+2¢®)  B(a—yp)(3p-3a+6)
6

d — 6
1#) (@a—B)° (B—a+6)

5.2. Reproducing Kernel R(g, ) for f'(a) = f/(3)

Wila, 8] = {f(0)|f(e), f'(¢) are absolutely continuous,f”(0) € L*[a,B],0 €
[, B], /() = f/(B)}. Described method in Section 4 with the periodic bound-

ary conditions, we get fourth order differential equation with the boundary con-
ditions in the form

'R0, )

ot 0, (26)
PR(a, 0)

R(a, ) + —0r 0,

OMM(a.p) O*R(ang) | P*R(B.y) , OR(5.)

do D0? D? 90 0
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IPR(B,
8(Q3 SD) - m(ﬁa SD) =0,

85}%(04 (,0) - 8%(5, SD)
0o do
Ri(p, 0) = RNa(p, 9),
OR1 (0, ) _ M2 (¢, ¢)

=0, (27)

do do '
R G N ()

d0? 00>
FPRilpT ) PRale™0) _

d0? d0? '

Hence, the solution of (26) and (27) is

R0, 9) = c1(p) + calp)o+ cs(p)o® +ealp)e®,  o0<¢
R = ‘ 28
(e.) {%z(g,w)=dl(w)+d2(¢)9+d3(<ﬁ)92+d4(w)93, 0> ¢ %
Where,
2 2 3 3
6ap—6aB—68¢p
< 6% —3ap? ) —3af?—-3ap?—3F¢?
—Gaf+ 5 +12) | 4652+ 05+ 203 +6aBp+12
12 (a2 (38+6) —a (382 +128) — a3 + 652 + 38 + 24)
B (B —y)
e T
2 _ 2
68p—6ap—6aB+3a?B+3ayp?
(a=f+aB) <+36302+6a2—a3—2<p3—6a6<p+12)
2B (120—3a2)+ 3 Ba—6)—6a2+ad -3 —24)
_ 2
SCR T
bap—6aB—68p—3aB%—3ayp?
. (a4 5) (—3ﬁ<p2—|—662+ﬁ3+2gp3+6aﬁ¢+12)
4 (a2 (3B+6)—a(382+128)—a3+632+33+24)
B L o+ B8 —a (S -Be+p+E —p)+2
ca(p) = —

a2 (3B8+6)—a (382+128)—ad+6p2+33+24
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2 2 3
bap—6af—68¢p
( 66% —3ap? ) —3apf?2—-3ap?—33p?

—6af+ 3 +12) | 4642+ 2+ 203+ 6a e+ 12
12 (a2 (38+6) —a (382 +128) — a3 + 652 + 38 + 24)

B2 (8- )
TTa-s Th
2
by = LD ypo-
6ap—6aB—6Bp—3aB?—3ayp?
_(a—ﬁ+aﬁ) (—36(,02+662+53+2<p3+6a6<p+12)
2(a* (38+6)—a(3p>+1253) —a®+652 + 33 +24)
B(B—9)°
2 (a-p)’
RO
d3(<ﬂ)—m—§
6bap—6aB—68p—3aB%—3ayp?
. (a+5) (—3ﬁ<p2—|—662+ﬁ3+2gp3+6aﬁ¢+12)
4 (a2 (38+6)—a (3B2+128) —a3+632+ 3 +24)
d4(¢):_“—§ﬁ—a<ﬂ+a2—a—;—%—3+ﬁ(%Q—aw—a+5"2—2+<p)+2

B(12a—3a2)+ 52 (Ba—6)—6a%2+a3—33—24
6. Conclusion

In this paper we derived a generalized reproducing kernel for periodic boundary
conditions using an improved inner product. This reproducing kernel is used
to solve the first order ordinary differential equations with periodic boundary
condition in particular for m = 2. The derive reproducing kernel is generalized
to " order ordinary differential equations for substitute m = n + 1.

Acknowledgement. I wish to thank the editor-in-chief and the anonymous ref-
erees for their valuable suggestions to improve the quality of the paper.
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