Southeast Asian Bulletin of Mathematics (2023) 47: 819-834 G theast Asian

Bulletin of

Mathematics
© SEAMS. 2023

Inclusion Relations of Various Subclasses of Harmonic
Univalent Mappings and k-Uniformly Harmonic

Starlike Functions

Saurabh Porwal

Department of Mathematics, Ram Sahai Government Degree College, Bairi-Shivrajpur,
Kanpur-209205, (U.P.), India

Email: saurabhjcb@rediffmail.com

Nanjundan Magesh

Post-Graduate and Research Department of Mathematics, Govt Arts College (Men),
Krishnagiri - 635 001, Tamilnadu, India

Email: nmagi_2000@Qyahoo.co.in

Received 19 April 2021
Accepted 1 December 2021

Communicated by Peichu Hu
AMS Mathematics Subject Classification(2020): 31A05, 30C45, 33B15, 33E20.

Abstract. The purpose of the present paper is to obtain inclusion relations between
various subclasses of harmonic univalent mappings by applying a convolution opera-
tor involving generalized Wright functions. To be more precise, we investigate such
connections with Goodman-Rgnning-type harmonic univalent functions, k-uniformly
harmonic convex functions and k-uniformly harmonic starlike functions in the open
unit disc U. Some of our results generalize and correct the results of Maharana and
Sahoo [11].
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1. Introduction

A continuous complex-valued function f = u + v is said to be harmonic in a
simply-connected complex domain D C C, if both u and v are real and harmonic
in D. In any simply-connected domain we can be uniquely expressed as f = h+7,
where h and ¢ are analytic in D, called the analytic and co-analytic part of
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the function f, respectively. Let H denote the class of functions of the form
f = h+73, which are harmonic in the open unit disk U= (z : z € Cand|z]| < 1)
and normalized by the condition f(0) = f,(0) —1=0.

If f=h+79 € H, then h and g can be expressed in Taylor series expansion
of the form

h(z)=z+ Z anz" and g(z) = Z bp2", |b1] < 1. (1)
n=2 n=1

Further, we denote H° C H consisting of functions of the form (1) with
b1 = 0. Let Sy represent the class of all harmonic functions f = h 4+ g of the
form (1) which are univalent and sense-preserving in the open unit disk U. We
further let S% represent the subclass of Sy consisting of functions of the form
(1) with b; = 0. In other words, we say that S, = Sy N HO.

The family S% is compact and normal while the class Sy is normal only but
not compact. For detailed study, one may refer the excellent text book by Duren
[7] or Ponnusamy and Rasila [13] (see also [4, 6, 12, 15, 16]). The geometric
subclasses of Sy consisting of starlike, convex and close-to-convex functions in
D are denoted by S}, Ky and Cy, respectively and 87*_[’0 = &5 NHO, IC;{’O =
KK, NH, ;)0 = cg nHO.

A function f of the form (1) is said to be in the class Ny (), if it satisfy the

condition ,
%(”;”) >8  0<p<l

z

A function f of the form (1) is said to be in the class G3(8), if it satisfy the
condition
o 2012 )
3?( 1+ ———=—¢€e"*)>p8, aceR, 0<p8<1,
U750
where 2/ = %(z = re?) and f/(z) = % f(re'®). Further, we suppose that T
consist of the functions f = h 4+ g in H so that A and g are of the form

h(z)=z— Z |an|2™ and g9(z) = Z |62 (2)
n=2 n=1

The class T was initially introduced and studied by Jahangiri [9] (see also
[20, 21]). The classes N3 (8), TNx(8) and Gy (8), TGw(8), were studied earlier
by Ahuja et al. [2] and Rosy et al. [19]. The applications of hypergeometric
function, generalized hypergeometric function, Wright function, Mittag-Leffler
function, generalized Wright hypergeometric function on univalent functions are
interesting topic of research in geometric function theory. Several researchers
obtain various fruitful results by applying these functions. Noteworthy contri-
bution in this direction may be found in [1, 11, 14, 15, 16, 17, 18, 22, 23].

In the present paper, we give a nice application of Wright hypergeometric
function on certain classes of harmonic univalent functions.
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Now, we recall the definition of Wright function

o0
Zn

W)\,H(Z):Zom, )\>—]., MGC (3)

This function was introduced by British mathematician Wright [24] in 1933.
In [24], it is proved that this is an entire function for A > —1. Recently, Sahed
and Salem [8] introduced generalized Wright function WA}’z(z) which is defined
as

70 4
W)\ l" Z n'F An+/l) ( )
where A > —1, 7, §, p € C, (7), is a Pochhammer symbol and defined as
_TPly+n)  [1 if n=0,
(V)n = I'(v) '_{7(7+1)---(7+n—1) if neN (5)

and symbol I' is the Gamma function. The function W7’ i(z) is an entire function

of order g + -

Now, we define normalized generalized Wright function in the following way

0o ZnJrl
W3oo(2) =T W) =D 8;: F()l\;glﬁ p) nl )

n=0

The study of normalized generalized Wright function is of special interest
because by specific values of parameters it reduces to various known special
functions. Some particular cases are given below:

(i) If we take v = 4, then W}\Z(z) reduces to normalized Wright function
W)\’ H(’Z)
(ii) If we take A = 0, then W}i(z) reduces to z W(v; d; z), where W(v;d; z)
represent the confluent hypergeometric function.
(ili) If we take 0 =, A =1, p = 1 — v, then W}’ Z(—z) reduces to normalized
Bessel function of first kind 7, (2).

For complex parameters v1, v2, 61, d2, A1, A2, f1, o with Ay, Ay > —1 and
M1, 2 > 0, we get

S1(z) =W (2)  and  g(z) = W2 %2 (2).

Corresponding to the functions ¢, and ¢2, we consider the convolution operator

O |00 AL g
Y2, 02, A2, p2

defined as

V1, 01, A1, H1 —_— -
Q _ .
|:’}/2, 82, Ao, Mz}f [+ (o1 + ¢2) * 1+ g * d2
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for any function f = h + g in H, where the symbol '+’ denotes the usual convo-
lution of two analytic functions. If we write

H(Z2)+G(z)=hx¢1+g* o (7)
then it follows from the definition of convolution that
> n— F n "
H(z) =21 Y ooy ) o (8)

(01)(n—1) T(M(n = 1) + p1) (n = I

6y =Y e et o)

A function f of the form (1) is said to be in the class HUK (k, () if it satisfy
the condition

T IO,

zh(z) —29'(2)

where 0 < k <o00,0< < 1andzeUl.

Further, we let T HUK (K, B8) = HUK(k, B) NT. A function f € HUK(k, 5)
is called harmonic k-uniformly convex functions in D). The classes HUK(k, [3)
and T HUK (k, B) were extensively studied by Kim et al. [10].

Analogous to class HUK (k, B), Ahuja et al. [2] define the class HUS* (k, B)
in the following way:

A function f of the form (1) is said to be in the class HUS™ (k, B), if it satisfy

the condition
z ['(z) ) 2 f'(z)
R — >
(Fr5-7) = =553
where 0 < k < 0o and 0 < 8 < 1. Further, we let T HUS™ (k, B) = HUS™ (k, )N
T.

For simplicity, throughout this article we will use the notation

01, A
QO =0 Y1, 01, A1, M1
(f) |:72a 527 )\Qa 2 f

—1‘, zeU,

and call this the convolution image of f.

In this paper, we obtain some inclusion relations among the classes N3 (8),
Gu(B), HUK (K, B), HUS™(k, B), KY,, 87*{’0 and CJ; by applying the convolution
operator (2 over the generalized Wright function.

2. Preliminary Results

In order to prove our main results, we shall require the following results, due to
Clunie and Shal-Small [5] (see also [7]), Rosy et al. [19], Kim et al. [10] and
Ahuja et al. [2].
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Lemma 2.1. [5] Let f = h+g € KY,, where h and g are given by (1) with by = 0.
Then, for n > 2 we have
n+1 n—1

d b,| < .
and bl <

lan| <

Lemma 2.2. [5] Let f =h+g € CyUSy; O where h(z) and g(z) are of the form
(1) with by = 0. Then, for n > 2 we have

(2n+1)(n+1)

2n—-1)(n—-1)
6 6 '

lan| < and |b,] <

Lemma 2.3. [19] Let f = h + g, where h and g are given by (1). If for some §,
0 < B <1 the inequality

d@n—1-B)an+ > @n+1+B)b] <1-8 (10)
n=2 n=1

is satisfied, then f is a sense-preserving harmonic univalent mapping lying in

Gn(8).

Remark 2.4. [19] Let f = h+ g be given by (2) is in the family 7Gx (), if and
only if the coefficient condition (10) holds. Moreover, if f € TGy (5), then

1-p 1-p
P a>2 d - |pal<——" >l
n > an | |*2n—|—1—|—5 n

|an| <

Lemma 2.5. [3] Let f = h + g where h and g are given by (2) and suppose that
0 < B < 1. Then we have

fETNu(B) &> nlan|+ ) nlby| <1-5.
n=2 n=1

Remark 2.6. [3]If f = h+g € TNy (B) where h and g are given by (2), then

1 1-
lan| < 1-5 for n>2 and |b,] < 1-6 for n>1.
n n

Lemma 2.7. [10] Let f = h + G where h and g are given by (1). If for some &,
0<k<ooandB,0<pB <1, then the inequality

oo

Yo n{n(w+1) = (5 + B)Han| + Y nfnls +1) + (5 + H)}bal <1 -5, (11)

n=2 =
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is satisfied, then f is sense preserving harmonic univalent in U and f €

HUK (K, B).

Remark 2.8. [10] A mapping f = h+7, where h and g are given by (2), belongs
to the family THUK (k, B) if and only if the condition (11) holds. Moreover, if
f € THUK(k, B), then the coefficient inequalities

1-p 1-p

et ey ey VR B TR ) Eu )
hold for n > 1.

lan| <

Lemma 2.9. [2] Let f = h + g, where h and g are given by (1). If for some k,
0<kK<ooand B, 0<p <1, the inequality

Do Anlk+1) = (s + B} an] + Y {n(s + 1)+ (x + B)} bl <1 -5,  (12)

is satisfied, then f is sense preserving harmonic univalent in U and f €

HUS™ (x, B).

Remark 2.10. [2] A mapping f = h + g, where h and g are given by (2),
belongs to the family THUS™ (k, ) if and only if the condition (12) is satisfied.
Moreover, if f € THUS"(k, B), then the coefficient inequalities

1-3 1-3

> 2 Ll < >1
Y e gy prary n > and |b,| < n

nk+1)+(k+p5)"

lan| <

The following relations are an easy consequences of the definition of W7’ i,
which are useful in the proof of our main results.

Lemma 2.11. For allv> 0, A > O and p > 0, we have
: 0 (V) C'(p) 5 .
(1) Zn 0 (g)nii F()\(n—ifl)—i-u) (n+1)' W}: u( ) 1’

©  (Vn C'(p) 5 ,0 .
Dn= WE r(,\(n#)w) )t (WW ) (1) =Wy (1)

if) ®
o (N () L 6 5\ 81
(i) %;;NMwhHw)mfml_(qu)(n_z(wqﬂ)(n+2wquux
(iv) Toor, et Lt — (wy)” () -3 (W)

)1 TO+UTA) (-2 A A

!

, , 0

+6 (W325) (1) — 6w 5(1).

Remark 2.12. The results of above lemma, generalize the results of Maharana
and Sahoo [11]. It is worthy to note that for v = ¢, our results correct the
corresponding results of [11].
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3. Main Results

In our first theorem, we obtain a sufficient condition for the inclusion relation
between the classes K, and Gy ().

Theorem 3.1. Let v1, 72, 01, 62 > 0, pu1, pz > 0 and A1, Ao > 0. If for some
B, 0< B <1, the inequality
2 (Wi ) () + @ - 8) (Wi ) (@) - (4 8) (W3ts) (1)
w2 (W) @+ (148 (W) ) -+ 8) (W ) )
is satisfied, then Q(KY,) C Gu(B).

Proof. Let f = h+7g € K3, where h and g are given by (1) with b; = 0. Here
we need to prove that Q(f) = H + G € Gy (B), for this it is sufficient to prove
that P, <1 — 3, where

oo

- (71)n—1 NI 1
Py —;(Qn -1-0) (61)n—1 TA1(n—1)+ 1) (n—1)! |an]| .
i 13
N (v2)n—-1 T(p2) 1
+ ;(271—1- 1+ p) (0)n_1 Ta(n—1) + p2) (n—1)! [br]-

Applying Lemma 2.1, we have

1 (1)n— I'(p1) 1
h < 5{;2(2”_1_5)("“)(5 . : I‘(/\l(n—i)—i—m) =1
S 1y 02)n [(p2) 1
e D o ) <n—1>!}
:%{Z (n—1)(n—-2)+(7-8)(n—1)+2(1-p)]
n=2
. (n- I'(p1) 1
* )ns F(/\l(n—l)Jrﬂl) (n—1)!
- _ (72)n—1 [(p2) 1
P R 5 s S e TR (n—2>!}

'71 n—1 F(Nl) 1
+Z T G Tonm =D ) =2

(1) 1
{22 Jn—1 F(/\l(n—l)-f-'ul) (n—3)!
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- (71)71—1 F(,Ul) 1
F20-8) D G Tont =D ) (=)

(Y2)n—1 T(u2) 1
P22 Gy Tt -1 ) (=)

o~ (72)n— D(p2) 1
4D Y Gy TOln— 1) 57 (- 2)!}

_ 1 — (Y1)n+1 (1) 1
2 {2; (51)17,4—1 F()\l(n + 1) + Nl) (n _ 1)]

(Y1) n41 I'(p1) 1
TP 2 Gy TR+ D T )

(V1)n+1 (1) 1
(01)nt1 T(n+1) + p1) (n+1)!

(Y2)n+1 I'(p2) 1
+2Z Jn+1 T(Ae(n+1) + p2) (n—1)!

Y2)n+1 I'(p2) 1
62)n+1 T(A2(n+ 1) + p2) (n)!

(
<
=5 {2 0mn) W 6o () 0 - as ()

+2 (W”;‘SQ )” 1)+ (1+ B) (W”’ 52 )/ (1)

A2, p2 A2, p2
—(1+8) (Wiz%2) (1) =20 - )}
< (1-5)
by given hypothesis. This completes the proof. ]

If we put 3 = §; and 5 = 2 in Theorem 3.1, then we obtain the following
result.

Corollary 3.2. Let A1, Ao > 0 and pq, pe > 0. If for some 5, 0 < <1 and the
inequality

2 K17111(1)+(3_/8) &1,[1,1(1) - (1+5)W>\1,}1‘1(1)

F2WY, 1, (1) + (L 4+ BWY, 1, (1) = (L+ B)Way, 4y (1)

is satisfied, then the inclusion relation Q(KY,) C Gy (B) holds.

Remark 3.3. Tt is worthy to note that the result of above corollary correct the
corresponding result of Maharana and Sahoo [11].
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Theorem 3.4. Let v1, v2, 01, 02, 1, p2 > 0 and Ay, Ao > 0. If for some 5, 0 <
B < 1, the inequality

()" @+ a6 —20) (W38 ) )+ (- 59) (W) ()

— w4 (W) W+ s +28) (W) )
A1, p1 A2, 2 A2, p2

!/
—(1+8) (W3 2) () + (14 BWR 22 (1) < 12(1 - ),
is satisfied, then the inclusion relations Q(CY,) C Gu(B) and Q(S; % < Gu(B)
hold.

Proof. Let f = h+g, where h and g are given by (1) with by =0 and f € CY, or
fesy % To prove that Q(f) = H + G € G (B), where H and G are defined by
(8) and (9), it is sufficient to prove that P, < 1 — 3, where P is given by (13).
Using Lemma 2.2, we have

IDES (Y1)n—1 L(p1) 1
Pr< g {;(271 —1-8)2n+1)(n+1) e o D ) e
- (’Y )nfl P(M ) 1
+nz::2(2n—|— 1+8)2n—1)(n—1) (52)%1 T — i) ) s 1)!}
= é {2{4(71 —1)(n—=2)(n—3)+ (28 -28)(n —1)(n—2)
(Y1)n-1 I(p1) 1

HEI=98)(n = D)+ 60 =B G = =) o) =1

+ i {4(n —2)(n—=3)+ (20+28)(n —2) + (15 + 3p)}
n=2

(v2)n—1 I'(p2) 1
- No(n —1) + piz) (n— 2)!}

T

-5 {45_03 s T T
8 2/”2 B e G
- 95)2 B e T G
+6{1 - mi B TOne 5 T

— (72)n—1 ['(p2) 1
2 Gy T ) ) =)
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1
+ p2) (n—3)!

Y2)n—1 (g2
52 n—1 F( (

)
Aa2(n —1)
D (ji2) L }
Aa(n —1) + p2) (n—2)!
- {4 (w3s)" )+ 6 —28) (w3yss ) () + (7 58) (Wi ) (1)
(WS (1) 601 - 8) +4 (W) ()
++20) (W) ()
~a ) (W) W+ @ s )

< (1-5),

52 n—1 F(

by given hypothesis. Thus the proof is established. ]

Remark 3.5. 1Tt is worthy to note that for y4 = §; and 5 = &5 the result of
Theorem 3.4 correct the corresponding result of Maharana and Sahoo [11].

Theorem 3.6. Let A1, Ao > 0 and 71, 72, 01, d2 > 0, pu1, pe > 0. If the inequality

WL O (1) + W2 (1) < 2. (14)

A1, p1 A2, p2
is satisfied, then for B, 0 < B < 1, we have QT Gx(B) C Gu(B)).

Proof. Let f = h+7g € TGu(B), where h and g are given by (2). To prove
Q(f) € Gu(B), it is sufficient to prove that P, <1 — 3, where

oo

= gy e T(p1) L
Py = TZQ(QTL 1-0) (0)n-1 TAi(n—1)+ 1) (n—1)! |an| .
i 2 +1+ ) (72)"—1 L(p2) 1 bl

(52)71,1 F()\Q(n — 1) + Mz) (n — 1)'

Using Remark 2.4, we have

o (1)n— L(p1) 1
fa=t=p) {Z G TOWGn— 1) ) a1

o (72)n—1 I'(p2) 1
+Z (62)n—1 T'(Aa(n—1) 4+ p2) (n— 1)!}

_a-p) {i (1t Tlu) !

(61)n-1 T(Ai(n—1) +p1) (n+1)!
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— (12)n I'(p2) 1
* 2 o) TOan + ) H}

n=0
0 , O
== {Wr i) -1+ Wiz 2 ()}
by given hypothesis. This completes the proof. ]

Lemma 3.7. For all A >0 and p > A, v, 6 > 1, we have

o~ (W T(w) 1 (6-1 T(4) s
nz:;) (8)n TOn+p) (n+1)1 <7—1) T(u—\) {Wx,uj)\ (1) —1].

1
n=0 (5)n F(/\n—k‘u) (n+1)|
- (5—1> [(p) i (7 = Dnia (- ) X
v=1) D(p—=X) = (6 =1ps1 TA(n+1)+p—A) (n+1)!
-1\ _T(w s
:(7—1> T(p—A) [Wx,ufi (1)—1] .

Theorem 3.8. Let A1, Ao > 0 and 71, Y2, 01, 02 > 1, u1 > A1, e > Ao. If for
some B, 0 < B < 1, the inequality

WL (1) 420722 (1) (1+5){(51 — 1) F(;(M) |:W('y1—1,61—1)(1)_1

A1, 41 A2, 2 y1—1 _ /\1) (A1,u1—=A1)

] L(p2) (12=1,8-1)
— .
<72 B 1) F(/JQ - )\2) [W(A%Hz A2) ( ) 1} <2-p

is satisfied, then Q(TNy(B8)) C Gu(B).

Proof. Let f = h+g with h and g are given by (2) and f € TN(8). To prove
Q(f) € Gx(B), it is sufficient to prove that Py < 1 — 3, where P, is given by
(15). Using Remark 2.6 in the definition of P, we have

B (5 18\ (m)n D(p1) 1
fa=t=p) [Z(? ) B Tt Y e

(o4 18 (2)n T (u2) 1
Z:: ( > (02)n—1 T(Aa(n —1) 4+ p2) (n—1)!

g~ (1 I'(p) 1
[ f;) Un+1 Pa(n+1) + p1) (n+1)!
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- (71)77, F(Ml) 1
A 2 G Tt + )
S (r2)n Dlpa) 1
Y22 (o) T + )
— (12)n ['(p2) 1
HUH0) D ) TOutm) + ) (14 1

o0

~(1-5) [2 (Wi (-1)~(1+5) <Z e 1>

= (61)n Tu(m)+pm) (n+ 1)1

02 — 1 F(MQ) —1.69—1 :|
W’Y2 ,02 1 _ 1
vo —1 (g — A2) [ Nospizg (1) }

, 0 , O
=(1 = B) [2W31 31 (1) + 2032 2 (1)

nen it s )

0 —1 D(pe) {sz—lﬁz—lu) - 1} —(1- ﬁ)}

W2 (1) + (14 6)

2 =1 D(pz — Ag) L A2wz—
S]- - Ba
by given hypothesis. Thus, the proof is established. ]

Remark 3.9. 1f we put v1 = 2, 47 = 2 in Theorems 3.6 and 3.8, then we
obtain the corresponding result of Maharana and Sahoo [11].

Theorem 3.10. Let Ay, Ao > 0 and 71, Y2, 61, 2, p1, 2 > 0. If for some Kk,
0<k<ooand B, 0<p <1, the inequality
5 "
W)+ (r+1) (W32 2) (1)

(s +1) (W) W+ - p) (wWy %) e
—- gy (w20 - 8) (W) @) - 20 - B ()
is satisfied, then Q(KY,) C HUK(k, B).

"

Proof. Let f = h+7 € K3, where h and g are given by (1) with b; = 0. Here
we need to show that Q(f) € H U K(k, ), for this it is sufficient to prove that
P; <1-— 3, where

= n—1 P 1 ].
Ps an:;n{n(li +1)—(k+5)} Egi;n_l F(/\1(n(51%+,u1) (n—1)! |an]

oo (16)
+ Zn{n(n+1)+(n+6)} (2)n-1 Llp2) ! 1 1bn]-

(02)n—1 T'(A2(n—1)+p2) (n—1)!
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Now, applying Lemma 2.1, we have

1 [& (s D) i
< [Z Mo Dt )= D G, S T 1)+ ) (10

n=2

N (2ot T(po) 1
+nz::1n{n(/f+ )+ (k+8)} G2 TOan 1) 7)) (=21

[Z((H +1)(n—-1)(n—-2)(n-3)+ Br+4-0F)(n—1)(n—2))

_5) (1)n—1 L'(p) 1
(01)n—1 T(A1(n—1) + p1) (n—1)!

+> ((k+ 1) (n=2)(n—3) + (35 + 2+ B)(n — 2))

L (2)n-1 T(p2) 1
(02)n—1 T(da(n — 1)+ p2) (n—1)!

:% (k+1) i 83:: F(Al(nr(_“i; ) i 1)
+(3k+4-f) 2 832_1 F(Al(nr(_”i% e _1 3)!
+2(1- B) ; &;:_i r(Al(nF(_“i; T ) (n - 2)]
ey i e Tt T D)
+(3k+ 2+ B) i gz;:_z F(AQ(E(_Mﬂ ) _1 3)!]

=5 | 0 () W+ - (i) )
tr ) (W) - a-s (W) o
w2019 (w3 21) @) =20 - ) (W 3) )
<(1-8)

by given hypothesis. Thus the proof is established. ]

In our next theorem, we obtain an inclusion relation between QA% (3) and

HUK (K, B).
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Theorem 3.11. Let A1, A2 > 0 and 1, 72, 61, 02, p1, o > 0. If for some k,
0<k<ooandB,0<pB <1, the inequality

e { () 0+ () o)
~r ) (W ) W m) <28,

is satisfied, then Q(TNy(8) C HUK(k, B).

Proof. Let f = h+9 € TNy(8), where h and g are given by (2). To prove
Q(f) € HUK(k, B) it is sufficient to prove that Py < 1 — 3, where

Py=> n{n(s+1)—(s+p)} (y1)n-1 L(p1) 1
n=2

|an|

(51)71,1 F()\l (n—l)—f'/lq) (n — 1)'

3 (17)
+ > n{n(s+1)+(s+p)} (92)n-1 I'(p2) 1

by, |-

(02)n—1 T'(A2(n—1)+p2) (n — 1)!

Using Remark 2.6, we have

P <1=6) [Z e+ D=1+ -4)} 83“ F()\l(EL(fi%'FM ) (n - 1)!
n=2 n-l ! ’

+2 A+ D=1+ @r+8+1)} Eg:_i F(AQ(I;%LMQ) (n i 1)!

i (11)n-1 ['(p1) 1

= (y2)no1 T(p2) 1
+(26+B+1) Z (02)n—1 T(Aa(n —1) 4+ p2) (n— 1)!]

A1y p1

=(1-5) [(/ﬁ +1) (W )/ (1) = (k + B)W % (1)
+(k+1) (W’h:&z )’ (1) + (k + 5)W7\21iz2(1) (- 5)]

S]-_Ba

by given hypothesis. Thus the proof is established. ]

Theorem 3.12. Let A1, Ao > 0 and 1, 72, 61, 02, w1, po > 0. If for some k,
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0<k<ooand fB,0< B <1, the inequality (14) holds, then Q(THUK (k, B) C
HUK (K, B)).

Proof. The proof of the above theorem is much akin to that of Theorem 3.11.
Therefore we omit the details involved. ]

Remark 3.13. 1f we put 1 = 72, 41 = d2 in Theorem 3.12, then we obtain the
corresponding result of Maharana and Sahoo [11].

Theorem 3.14. Let A1, Ao > 0 and 71, 72, 61, 02, p1, pz > 0. If for some K,
0<kK<ooand B, 0<p <1, the inequality

G 1) (W3) () = (o4 8) (W3 5) () + G 1) (W 2)) ) .
s 8) (W) () = (s 8) (W3 %) () + (s 4+ 8) < 201 )
is satisfied, then Q(K3,) C HUS™(k, B).

Proof. The proof is much akin to that of Theorem 3.10. Hence we omit the
details. ]

Theorem 3.15. Let A1, Ao > 0 and 71, 72, 61, 02, p1, pe > 0. If for some K,
0<k<ooandfB, 0<8 <1, the inequality

2(k+1) (W};‘f;l)ﬂl(l)ﬂm?,—w) (W;;le)"@)—(n + B) (W}ll;fjl)/(l)
vt 1) (W) ) - (s 3 -20) (W) ) (19)
w050 (W) @)= (W) ) + (6+.9) <60 5)

is satisfied, then Q(CY) C HUS™(k, B) or Q(Sy; %) € HUS™ (K, B).

Remark 3.16. If we let 3 = §; and 72 = 9 in the results of Theorems 3.11,
3.12, 3.14 and 3.15, then we correct the corresponding results of Maharana and
Sahoo [11].

Acknowledgement. The authors would like thank the referee for their insightful
suggestions to improve the paper in the present form.
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