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Abstract. The notion of factor set in Lie algebras is defined by Moneyhun in 1994. It
was developed by Eshrati et al. on n-Lie algebras. In this paper we present an m-factor
set notion on Filippov algebras and obtain some results for finite dimensional m-stem
Filippov algebras. Moreover, we show that if A and B are two finite dimensional
m-stem Filippov algebras or have the same dimensions, then A ~,, B if and only if
A=~ B.
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1. Introduction and Preliminaries

The concept of n-Lie algebra was introduced by Filippov [6] in 1987. In this
paper, we use Filippov algebra instead of n-Lie algebra. A Filippov algebra
over a field A is a vector space A along with an anti-symmetric n-linear form

[z1,- -+, @] satisfying the Jacobi identity:
n
[[xh'" axn]7y2a"' 7yn] :Z[xla"' 7[531‘,2!27"' ayn]a"' axn]
i=1

for all z;,y; € A,1 < ¢ <nand 2 < j <n Clearly when n = 2, we have
Jacobi identity in Lie algebra. A subspace B of an Filippov algebra A is called
subalgebra of A if which is closed under the n-Lie product on A. Also, an n-Lie
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subalgebra I of A is called n-Lie ideal if, [I, A,---,A] C I. The center of A is
———

(n—1)—time

defined by
Z(A)={x €A, [x,y2,-  ,yn] = 0,Vy; € A,2 <7 <n}
The lower and upper central series of A, are defined as follows
L CAMTTC A C . CAPC A=A

and
(0) C Z(A) = Z4(A) C Zo(A) C -+ C Zp(A) C -+

respectively, where ATt =[A,--- | A A™]. For 2 < n and 1 < m, the subalge-
bra A™*+1 is generated by elements of the form [z1, 22, - - - T(n-1)s [Tns 5 To(n-1)s
[l =) (=105 B =) (n=1)+1> " " * s Tm(mn—1)41]] - - -]]]].  Thus for conve-
nience, put t = (n — 1)m + 1 and use the form [z1, 22, - ,2¢|, where z1, 29, ...,
vy € Aand 2 € A™. Also Zyy1(A)/Zn(A) = Z(A/Zn(A)). The map
¢ : A — B is called homomorphism if ¢ is an n-linear map and

O([z1, - s an]) = [p(1), -+, P(xn)].

In 1940, the notion of m-isoclinism between two groups was presented by
Bioch [1], and in 2010, introduced in Lie algebras by Salemkar and Mirzaei
[13]. In [3] and [4], the authors defined the concept of m-isoclinism on Filippov
algebras and studied some principle properties of m-isoclinism in the class of
Filippov algebras. For further information on isoclinism (m-isoclinism) of Lie
algebras and Filippov algebras, see [12, 2, 7, §].

Now we recall the definition of m-isoclinic between two Filippov algebras.

Definition 1.1. Let A and B be two Filippov algebras. Assume o« : A/ Z,(A) —
B/Zm(B) and B : A™tY — B™HL are isomorphisms such that the following
diagram is commutative:

A o o A
Zm(A) Zm(A) — = gm+1
t—times
lat .
B B
x o e x
Zm(B) Zm(B) —— pm+1
t—times
where the rule’s of horizontal maps are (ZT1,...,T¢) — [x1,...,2¢] when x; €

A/ Z(A) and Similarly for §; € B/ Z,(B). Also, B([x1,...,2]) = [y1,- -+, 4],
for all0 <i <t,y; € alx; + Zn(A) andt = (n—1)m+ 1. In this case the pair
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(a, B) is called an m-isoclinism from A to B and they are called m- isoclinic,
which is denoted by A ~,, B.

In order to state our main results, we need the following lemmas, which their
proofs are the same on Lie algebra (see [11, 9]).

Lemma 1.2. Let A be an Filippov algebra and B an abelian Filippov algebra.
Then A ~,, A® B.

Lemma 1.3. Let I be an ideal of Filippov algebra A. Then

(i) if INA%2 =0, then A ~,, A/I,
(ii) if A is of finite dimension and A ~,, A/I, then I N A% =0.

Lemma 1.4. Let A and B be m-isoclinisms Filippov algebras with the given pair
(a, B). Then, for each x € A™+L,

(i) alz+ Zn(A)) = B(x) + Zm(B),
(i) B[z, z2, - ,x] = [B(x),y2, - ,ye], for all x; € A, yi € oz, +

The concepts of stem Lie algebra, m-stem Lie algebra, and stem n-Lie algebra
are defined and studied in [9], [6] and [5], respectively.

Definition 1.5. The Filippov algebra A is said to be m-stem Filippov algebra,
when Z(A) C A™HL form > 1.

In the next section, we obtain some results by using this notion.

Lemma 1.6. Let € be an isoclinism family of Filippov algebras. Then

(i) € contains an m-stem Filippov algebra;
(ii) each finite dimensional Filippov algebra T in € is m-stem if and only if T
has minimal dimension in €.

2. m-Factor Sets on Filippov Algebras

The notion of factor sets in Lie algebra is defined by Moneyhun [10] in 1994,
and he showed that if L and M are two finite dimensional stem Lie algebras or
they have the same dimensions, then L ~ M if and only if L 2 M. The same
notions for n-Lie algebras studied by Eshrati et al. in [5]. In this section, we
give a more general definition of the concept of m-factor set in Filippov algebras,
which includes the previous ones and gives some of its properties. We show that,
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if A and B are two finite dimensional m-stem Filippov algebras or have the same
dimensions, then A ~,, B if and only if A = B.

Definition 2.1. Let A be a finite dimensional Filippov algebra over a field A. For
each 1 <m andt = (n—1)m + 1, the t-linear map

A A

mx---xm—)Zm(A)

fm:

is called an m-factor set if it satisfies the following conditions:
1) f(@1s-- Ty Ty, &) = 0, if Ty =Ty, for al Ty =z + Z(A) €
A)Z(A).

(11) fm([flaj%--wjt]vy%" y
for allT;,y; € A/Zn(A), 1

) = ZZ:lfm(Ela-"a[fivaV")yt]v"wjt);
<t <tand2<j <t

The following lemmas are needed for the proofs of our main results.

Lemma 2.2. Let A be a Filippov algebra and f,, be an m-factor set on A. Then
(i) the set

A 3 _ A
M’fm) ={(a,7) 1 a € Z,,(A), T €

is a Filippov algebra under the following multiplication

R = (Zm(A),

[(a1,T1),...,(at,Tt)] = (fm(T1, - Tt), [T1y .-, i)
(ii) Zr={(a,0) ER:a € Zp,(A)} = Z,,(A).

Proof. (i) Clearly, R is an algebra and so one only need to check the properties
of Filippov algebra. Hence, if (a;,%;) = (a;j,%;), then

[(al,fl), ey (ai,@), ey (aj,fj), ey (at,ft)] = 0,

for all ay, € Z,(A), T, € A/Zp(A) and 1 < k < t. Now we show the Jacobi
identity,

[[(alv'xl) (atajt)]v(b%yZ) (btvyt)]

= [(f (xlv"th)’[flv" ]) (b2’y2) 'a(bt’yt)]

= (fm([xlv"'7ft]7y27"'7yt) [[mlv"'a_] Yas y])

= (me(fla'"7[fiay2""ayt]7 th“ xuy%"wyt]"'wft])
i=1 -

3

= (fm(jla-"7[571;?2;'"ayt]v"'aft);[Elv"'a[Eiag%"wyt]a"wjt])
1

i=
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[(ahfl)? SRR (fm(fiyym s ’yt)’ [Eiaym s 7yt])’ LR (at’ft)]

|
'M“

=1

[(a1,Z1), ..., [(ai,Ti), (b2,Ts), -+ (b, Gl - - - (at, Tt)] -

|
KM“

=1

Hence, R is a Filippov algebra.
(ii) Define the map ¢ : Z,,(A) — Zg, given by ¢(z) = (z,0), for all z €
Zm(A). Clearly ¢ is an isomorphism and so Zr = Z,,(A). ]

The following lemma shows that every Filippov algebra has an m-factor set.

Lemma 2.3. Let A be a Filippov algebra. Then there exists an m-factor set fp,

on A such that

A (Z(A), %me»

Proof. Put K to be a complement of Z,,(A) in A, hence A = K & Z,,(A).
Now define the map T : A/Z,,(A) — A, given by T(Z) = T(z + Zn(A)) =
Tk+a+ Zn(A) =k, forallz € A, a € Z,,(A) and k € K. Clearly, T(Z) ==
and

[T(%1), T (T2),...,T(@)] — T[T1, T2, - - -, Tt] € Zm(A).

Consider the map

defined by
fm(flvf% T ajt) = [T(jl)vT(EQ)v to 7T(§t)] - T[jlvf% to ,ftL

so that f,, is an m-factor set. Part (i) of Definition 2.1 is clear. So for part (ii)
we check Jacobi identity. Hence

fm([B1, T2y oy Tt), Yoy - -, Uy)
= [T([EMEQ’ s 7Et])aT(52)v . . aT(yf)] - T([[EMEQ’ s ’Et]ag% v agt])
[[T(El)’T(EQ)’ cee aT(ft)LT(yQ)’ s ’T(yt)] - T([[Elaf% v 7ft]’y27 s 7@1&])

Y T@), o [T@), T, TG, T(@0)]

=1

o+

~
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= Z([T(fl),...,T([@,yg,...,m]),...7T(ft)])

@
I
A

—T(Z1y- -, [TisTay -5 sy - - -, Tt])

fm(flw"7[fiayQa"';yt]""axt)~

|
'M“

=1

Now, define the map ¢ : (Z,,(A), A/Z(A), fm) —> A given by ¢(a,T) = a +
T(Z), forall a € Z,,,(A) and T =2+ Z,(A) =k + Zp,(A) € A/ Z,,(A). Clearly,
¢ is a well-defined map and it is isomorphism. ]

The relationship between the two m-stem Filippov algebras is shown in the
following lemma.

Lemma 2.4. Let A be an m-stem Filippov algebra in m-isoclinism family of
Filippov algebras €. Then for any m-stem Filippov algebra B of €, there exists
an m-factor set fp, on A, such that:

A

B= (Zm(A)v M7fm)

Proof. Let (a, ) be a pair of m-isoclinism between Filippov algebras A and B.
Then by Lemma 1.2, 5(Z,,(A)) = Z(B). According to Lemma 2.3, there exists
an m-factor set g,, such that

t—time
given by
fn (@1, T) = B (gm(@(@1), -, al(Fr))),
for all Zv,...,7 € A/Z,,(A). Let
A B

¢ (Zm(A), mafm) — (Zm(B), mvgm)
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be given by ¢(a,T) = (8(a),a(T)), for all a € Z,,(A) and T € A/ Z,,,(A). Tt is
easy to see that the map ¢ is a well-defined bijection and also we have

ollar,T1),. .., (at,Tt)] = @(fm(T1,s - - -, Tt), [T1, - - -, Tt])
B

So ¢ is an isomorphism of Filippov algebras and the proof is completed. ]

Lemma 2.5. Let A be a Filippov algebra and f,, and g,, be two m-factor sets on
A. Assume that

R=(Zn(A), 05 ) Zn={(@0) € R:a € Z (),
S = (Zm(A)7 %wagm)v Zs = {(G,O) €S:ac€ Zm(A)}

If X is an isomorphism from R onto S satisfying N(Zr) = Zg, then the restriction
of N on A/ Z,(A) and Z,,(A) define the automorphisms o € Aut(A/Z,,(A)) and
B € Aut(Z,,(A)), respectively.

Proof. See [5, Lemma 2.7] for the proof. [

Lemma 2.6. Let A be a Filippov algebra, R, S, Zg, and Zg be as in the previous
lemma. Then the following statements hold:

(i) If \: R — S is a Filippov isomorphism such that N(Zr) = Zs and «, 8 are
the corresponding automorphisms induced by X on A/Z,,(A) and Z,,(A),
respectively. Then there exists a linear map v : A/ Zm(A) — Zn(A) such
that

B(fm(fla oo ;ft)) =+ 7([E17 R aft]) = gm(a(fl)v ) a(ft))'

(i) If o € Aut(A/Zn(A)), B € Aut(Zm(A)), and 6 : A/ Zm(A) — Zn(A) are
linear maps satisfying

B(fM(fl’ s 7575)) + 5([Elv s 7ft]) = gm(a(fl)’ s ,Oc(ft)),

then R 2 S wvia the isomorphism A induced by « and B satisfying N(Zr) =
Zs.

Proof. The proof is similar to Lemma 2.6 in [5]. ]

Now we are in a position to state and prove our main results.
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Theorem 2.7. Let A and B be two finite dimensional m-stem Filippov algebras.
Then A ~,, B if and only if A = B.

Proof. The proof of sufficient condition is obvious. To prove the other side
assume that A ~,, B. According to Lemma 2.4, there exist m-factor sets f,
and g, such that

A= (Z,(A), L,fm) =R and B (Z,(4), %(A)’gm)

Z(A) =5

.Now suppose the pair (w,7) is an m-isoclinic between two Filippov algebras
R and S. Then Z,(R) = Z,(A) = Zr and Z,(S) = Z,(B) = Zg. As
Zr C Zn(R), we have Z,,,(R) = Zr. Now, let o € Aut(A/Z,,(A)) be a map
defined by

w((0,Z) + Zgr) = (0, () + Zs,

for all T € A/Z,(A). Also suppose f € Aut(Z,,(A)) defined by 7(a,0) =
(B(a),0). Consider the following commutative diagram:

A A P R R 0

Zm(A)x”'x—Zm(A) ;Z_Rx...XZ_R—>.Rm+1
A A € ml
Ty XX ZA e s X X gy ——>
where
p(@1,-.., %) = ((0,Z1) + Zg, ..., (0,T4) + Zr),
0'(.131, 7331‘) = ((07f1)+257- 7(Oaxt)+ZS)a
9((&1,51) + ZRa ey (a'taft) + ZR) = [(alafl)v o) (a'tvft)]
= (fm(fla ;ft)v [xla ;ft]a
g((alajl) +Zsg,. ., (atajt) + ZS) = [(alajl)v sy (atvft)]
= (gm(xlv 7ft)a [xlv 7Et]

Using the right hand side of the above diagram and the property R ~,, S, we
have

T[(val)’ ) (O’ft)] = [(07 '(fl))’ EERE) (07 (ft))]
= (gm(.(Z1),...,.(@)), [(@1), -, (TV)]) (1)

On the other hand, by assuming § : A™*1/Z,,(A) — Z,,(A) given by

71(0,Z1), ., (0,%)] = 7(fi(F1, ..., Tt), [T1, ..., T))
= 7(fm(T1,...,Tt),0) + 7(0, [T1,. .., Tt))
= (B(fm(T1,...,7¢)),0) + (O[T, ..., Tt], %)
= (B(fm(T1,...,Tt)) + 0[T1, ..., Tt], %), (2)
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where # is element of A/Z,,,(A). The Egs. (1) and (2) give the following equation

ﬁ(fm(jla 751‘/))_"6[51"" ajt] ng(a(fl),"' aa(ft))'

Now we extend the linear map 6 on A/Z,,(A) to obtain the conditions of Lemma
2.6 (ii). Assume that it is a pure subalgebra in the complement of A™*1/Z,,(A)
in A/Z,,(A). Then we obtain R = S. |

Theorem 2.8. Let € be an m-isoclinism family of Filippov algebras of finite di-
mension. Then € possesses a stem Filippov algebra T'. Also any Filippov algebra
A in € can be expressed as the direct sum of T with some finite dimensional
abelian Filippov algebra.

Proof. By Lemma 1.6, € contains an m-stem Filippov algebra T'. By Lemma 1.2,
T ~,, T ® A, for any abelian Filippov algebra A, and so T ® A is in €. Let A
be arbitrary Filippov algebra in € and S be the complement of Z,,(A4) N A™+!
in Z,,(A), that is,

S®(Zp(A)NA™Y = Z,.(A).
As S C Z,,(A), we have [S,A,--- | A] C [Z,,(A),A,---,A] and so S is an ideal

of A. Assume T'= A/S. Then SN (Z,,(A) N A" = SN A" =0 and by
Lemma 1.3, A/S ~,, A. Also,

A) B Zm(A) c Am+1 + 8 N (A)m+1 _Terl

s)- s = 8 S

Zm(T) = Zp, (

Therefore T is m-stem Filippov algebra.

Now, there exists a subspace K of A such that A™*! C K.kNs = 0 and
K®S=A. Hence [K, A, -+ ,A] C[A,A,...,A] = A™T! C K and consequently
K <A Also, A~y AJS =2 (K®S)/S = K, and so K is a finite dimensional
m-stem Filippov algebra. Clearly T' ~,, A ~,, K, which gives T" ~,, K and
hence T'= K. In particular, A=K ® S =T S. ]

Theorem 2.9. Let A and B be two Filippov algebras with the same dimensions.
Then A ~,, B if and only if A = B.

Proof. Suppose that A ~,,, B. Then A=T&S; and B=T'& S5, where T and
T’ are m-stem Filippov algebras. By Theorem 2.7, T = T’. Now, since S; = S5,
it follows that T@® S; =T’ @ S5. Therefore A = B. [ ]
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