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Abstract. In this paper, we proved that each nonlinear non-global semi-Jordan triple
higher derivable mapping on a 2-torsion free triangular algebra is an additive higher
derivation. As its application, we get the similar conclusion on a nest algebra or a
2-torsion free block upper triangular matrix algebra, respectively.
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1. Introduction

Let R be a commutative ring with identity and A a unital algebra over R,
Q={X € A: X? =0}, N be the set of non-negative integers, 4, j, k,n € N, A
be an additive mapping on A, D = {d,}nen be a sequence additive mapping
on A (dy = id 4 the identity mapping). For any X,Y € A, denote the Jordan
product of X, Y by X oY = XY + YX. For any X € A, if 2X = 0, implies
X =0, then A is said to be a 2-torsion free algebra. Recall that A is called
a derivation (resp. Jordan derivation) if A(XY) = A(X)Y + XA(Y) (resp.
A(XoY)=A(X)oY + X o A(Y)) for all X,Y € A; D is said to be a higher
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derivation (resp. Jordan higher derivation) if d,(XY) = >, . di(X)d;(Y)
(resp. dn(XoY) =3, . di(X)od;(Y)) foralln € N, X,Y € A. Furthermore,
if A and D without assumption of additivity in the above definitions, then A is
said to be a nonlinear (Jordan) derivable mapping, and D is called a nonlinear
(Jordan) higher derivable mapping, respectively. Obviously, every derivation is
a Jordan derivation and every higher derivation is a Jordan higher derivation.
However, the inverse statement is not true in general.

An important and interesting problem that we want to know what condi-
tions can imply a Jordan (higher) derivation (resp. nonlinear Jordan (higher)
derivable mapping) is a (higher) derivation, respectively.

In the past 60 years, many mathematicians studied this problem and obtained
abundant results. For example, each Jordan derivation on a prime or semi-prime
ring not of characteristic 2 is a derivation (see [3], [5] and [10]). Every Jordan
derivation on a nest algebra or a 2-torsion free triangular algebra is a inner
derivation or a derivation (see [16, 17]), respectively. Hoger in [9] extended the
result of Zhang in [17] and proved that under certain conditions, each Jordan
derivation on trivial extension algebras is a sum of a derivation and an anti-
derivation. Other similar results about Jordan derivations (nonlinear Jordan
derivable mappings), we refer the readers to [3], [5], [10], [13] and references
therein for more details.

With the deepening of research, the research of Jordan higher derivations
(nonlinear Jordan higher derivable mappings) has also attracted extensive at-
tention of many scholars and many research results have been achieved . For
example, Xiao and Wei in [15] obtained that every Jordan higher derivation on
triangular algebras is a higher derivation. This result was extended by Fu and
Xiao in [8]. They proved that each nonlinear Jordan higher derivable mapping
on triangular algebras is a higher derivation. H.R.E. Vishki et al. in [14] proved
that under certain conditions each Jordan higher derivation on a trivial exten-
sion algebra is a higher derivation. Other similar results about Jordan higher
derivations (nonlinear Jordan higher derivable mappings), are presente in [11],
[12], [18] and references therein for more details. In particularly, M. Ashraf and
A. Jabeen in [1] proved that if D = {d,}nen without the additivity assumption
and satisfies

d(XYZ+2YX)= Y {di(X)d;(Y)d(Z) + di(Z)d;(Y)dn(X)}
it+jt+k=n

for alln € N, X, Y, Z € A, then such a D on a 2-torsion free triangular algebra
is an additive higher derivation.

In [7], we call A a nonlinear non-global semi-Jordan triple derivable mapping
on A, if A without the additivity assumption and satisfies

AXYZ+YXZ) = AX)YZ+XAY)Z+XYA(Z)+ AY)XZ
+YAX)Z+YXA(Z)

for all X,Y,Z € A with XY Z € Q. Furthermore, we proved that such a A on a
2-torsion free triangular algebra is an additive derivation (see [7, Theorem 1]).
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In this paper, we say D = {d,}nen is a nonlinear non-global semi-Jordan
triple higher derivable mapping on A, if D = {d,}nen without the additivity
assumption and satisfies

d(XYZ+YXZ)= Y {di(X)d;(Y)d(Z) + di(Y)d; (X)di(Z)}
i+j+k=n

forallm e N, XY, Z € A with XY Z € Q. Here, it needs to be pointed out that
our above definition is different to M. Ashraf’s and A. Jabeen’s in [1]. The main
purpose of this paper is that extend the result of [7, Theorem 1] for semi-Jordan
triple higher derivable mapping on triangular algebras.

For the convenience of reading, we give some basic concepts and properties
of triangular algebras as follows:

Let A and B be unital algebras over a commutative ring R and M be a
unital (A, B)-bimodule, which is faithful as both a left .A-module and a right
B-module. Then the R-algebra

M:{(g?):aEA,mEM,bEB}

under the usual matrix operations is called a triangular algebra. We refer the
reader to [4] for more details about the triangular algebras. Basic examples of
triangular algebras are upper triangular matrix algebras and nest algebras.

Let 14 and 15 be the identities of the algebras A and B, respectively, and let
1 be the identity of the triangular algebra . Throughout this paper, we shall
use the following notations

P1:(1648> andP2:1—P1:(81(;>.

It is clear that the triangular algebra &/ may be represented as
U=PUP + PUP, + PUP, = A+ M + B.

Here PyUP; and PoU P, are subalgebras of U isomorphic to A and B, respectively,
and PiUP, is a (PiU Py, PoU Py)-bimodule isomorphic to the (A, B)-bimodule M.

2. Nonlinear Non-Global Semi-Jordan Triple Higher Derivable
Mappings on Triangular Algebras

Theorem 1. Let U be a 2-torsion free triangular algebra and D = {d,}nen be
a sequence mappings from U into itself (without assumption of additivity) such
that

G(XYZ+YXZ) = Y Ad(X)d;(YV)d(2) + di(Y)d;(X)di(Z)} (1)
i+j+k=n
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for any n € NyX )Y, Z € U with XYZ € Q. Then D is an additive higher
derivation on U.

In fact, Theorem 1 in this paper is a generalization of [7, Theorem 1]. To
prove Theorem 1, we will introduce Lemmas 2-6, and then prove that Lemmas
2-6 hold by using the mathematical induction. We assume that I/ is a 2-torsion
free triangular algebra, @ = {X € U : X2 = 0}, and D = {d, }nen is a nonlinear
non-global semi-Jordan triple higher derivable mapping on triangular algebra U.
Let N be the set of non-negative integers, Nt be the set of positive integers,
and i,7,k,p,q,n € N. It is known from [7, Theorem 1] that d; is an additive
derivation on U, and d; satisfies the following properties (P1):

(i) d1(0) =0,d1(P1) = —d1(P2) € M;
(i) d1(X11) € A+ M(VX1; € A);

di(Xa2) € M + B(VX2; € B);
di(X12) € M(¥X12 € M);
di(XY) =3

irj=1 G(X)d;(Y)(VX,Y € U).

Now, we assume that di (1 < k < n) have the additivity on & and satisfy
the following properties (P2):

(i) dk(O) = O,dl(Pk) = —dk(Pg) € M,
(i) dip(X11) € A+ M(VX711 € A);
(111) dk(XQQ) eM+ B(VXQQ S B),
(iV) dk(Xlg) S M(VXlg S M),
(V) de(XY) = X, di(X)ds (V)(VX, Y € ).

Lemma 2. For any n € NT and X152 € M, we have d,(0) = 0, d,(P;) =
—dn(PQ) e M and dn(Xlg) c M.

Proof. For any n € NT, taking X =Y = Z = 0 in Eq. (1), it follows from the
properties (P2) and the property of 2-torsion free of U that

dy(0) = > 2di(0)d;(0)dx(0)

i+j+k=n

2 > di(0)d;(0)dx(0)+2 > 0d;(0)d(0)

i+j+k=n,1<ijk Jjtk=n,1<jk
+2 > di(0)0di(0)+2 DY di(0)d;(0)0
i+k=n,1<i,k i+j=n,1<i,j
+{dn(0)0 + 0d,,(0)0 + 0d,,(0)}
= 0.

Since PiP1 P, =0 € Q, we take X = P;,Y = P;,Z = P, in Eq. (1). Then by
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the properties (P2), we get

0

dn(PyPi Py + PP P,)
=2 Y di(P)d;j(Py)di(Py)
i+jt+k=n
=2 > di(P)d;(P)de(Po) +2 Y Pudj(Pr)di(Py)
i+j+k=n,1<i,jk j+k=n,1<j,k
+2 > di(P)Pd(P)+2 Y di(P)di(P)P
i+k=n,1<i,k itj=n,1<i,j
+2d,(P1)P1Po 4+ 2Pid, (P1) Py + 2P Pid,, (Ps)
= 2Pid,(P)P; + 2P.d,,(P,).

And then we get from the property of 2-torsion free of U that
Pyd,(Py)Py =0 and Pid,,(P1)Ps + Pid,(P2) Py = 0. (2)
Similarly, we get that
Pyd,(P1)P, = 0. (3)

For any n € NT and X5 € M, since P X12P, = 0 € Q, we take X =
P, Y = X15,7Z = P; in Eq. (1). Then we can get from the properties (P2) and
the property of 2-torsion free of U that

dn(X12) = dn(P2X12Ps + X129 P2 Ps)

> {di(Po)d;(X12)di(P2) + di( X12)d; (Py)di(P2)}
i+j+k=n

> {di(P2)d;j(X12)di(Pa) + di(X12)dj(P)dr (P2)}

it j+h=n,1<i,j.k

+ Z {PQdJ(Xlg)dk(PQ)+X12dj(P2)dk(P2)}
J+k=n,1<j.k

+ Z {di(P2) X12di(P2) + di(X12) Podi(Pe)}
ith—n, 1<i,k

+ Z {di(Pg)dj (X12)P2 + di(X12)dj (PQ)PQ}

i+j=n1<ij

+dn(P2) X129 P2 + dn(X12) P2 + Pady (X12) P2 + X12d, (P2) P2
+ P X12dn (P2) + X120 Pody (P2)
= dp(P2)X12 + dn(X12) P2 + Pady (X12) P2 + 2X12d, (P2) Ps.

And so we get from Pid,,(P2)P; = 0, the property of 2-torsion free of & and the
faithfulness of M that

Pid,(X12)P1 = Pady (X12) Po = Pod,, (P2) Py = 0. 4)
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Similarly, we can get that
Pyd,(P)P, =0. (5)

Therefore, by the Eqs. (2)-(5), we get dn(P1) = —dp(P2) € M and d,(X12) €
M. The proof is completed. [

Lemma 3. For any n € N* X1, € A and X9z € B, we have d,(X11) € A+ M
and dn(XQQ) e M+ B.

Proof. For any n € NT and X1 € A, since X11 P2 P> = 0 € Q, we take X = X1,
Y = Z = P, in Eq. (1). Then we can get from the properties (P2) and Lemma 2
that

0 =dp(X11 2P+ P2 X111 )

> {di(X11)d; (Po)di(P2) + di( P2)d;(X11)di(P2)}
itj+h=n
= Z {d7(X11)dj(P2)dk(P2)+d7(P2)dj(X11)dk(P2)}

it+j+k=n,1<i,j,k

+ Z {X11d;(P2)dy(P2) + Padj(X11)dy(P2)}
Jtk=m 1<)k

+ > A{di(X11) Padi(P2) + di(P2) X 11y (P2)}
i+k=n,1<i,k

+ Z {di(X11)d;(P2) Py + d;(P2)d; (X11) P2}
it =<
+dn(X11) Py + X11dn (P2) P2 + Pady (X11) P2
= ) di(Xn)d;(P)P,
i+j=n,1<i,j

+dn(X11) P2 + X11d0 (P2) Py + Pody (X11) Po.

This implies that Pad,(X11)P> = 0. Similarly, for any Xoo € B, we can get that
Pyd,,(X22)P1 = 0. The proof is completed. n

Lemma 4. For any n € NT, X11,Y11 € A, X152 € M and Xoo,Yas € B, the
following statements hold:

(i) dn(X11X22) = 22 i, di(X11)d;(Xa2) = 0;
(i) dn(X11X12) = X204 di(X11)dj(X12);
(i) dn(X12X22) = 325y, di(X12)d; (X22);
(iv) dn(X11Y11) = 30540, di(X11)d; (Y1)

(V) dn(X22Ya2) =37, i, di(Xa22)d;(Yo2).

Proof. (i) For any n € NT, X1; € A and Xo3 € B, since X11X02P, =0 € Q, we
take X = X11,Y = X5y, Z = P5 in Eq. (1). Then we can get from the properties
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(P2), Lemmas 2 and 3 that

0 = dn(X11X22)
= dp(X11 X202 P2 + X202 X11P)

= Y {di(X11)d;(Xo2)di(P2) + di(X22)d; (X11)di(Py)}
i+j+k=n

= Y {d(Xn)di(Xa2)dy(Pa) + dil Xa2)ds (X11) i (P2))
i+j+k=n,1<i,j,k

+ Z {X11d;(X22)dp(P2) + Xood;(X11)dk(P2)}
j+k=n,1<jk

+ > {di(X11) Xoad(P2) + di(Xa2) X11dk(Py) }
i+h=n,1<i,k

+ Z {di(X11)d;(Xa2)Po + di(X22)d;(X11) P2}
= 1<ij
+dn(X11) Xo2 + X11dn (X22) Po
= ) di(Xn)dj(Xa2) + dn(X11)Xaz + X11dn(X22)

itj=n,1<4,j

= Z di(Xll)dj(XQQ)-

i+j=n

(ii) For any n € NT, X1; € A, X12 € M, since X11 X12P = X11X12 € Q, we
take X = X311, = X15,Z = P5 in Eq. (1). Then we can get from the properties
(P2), Lemmas 2 and 3 that

dn(X11X12) = dp(X11 X12P2 + X12X 11 P)
= Y {di(X11)d;(X12)di(P2) + di(X12)d; (X11)di (Py)}
it+jth=n
= > {di(X11)dj(X12)dr (Pe) + di(X12)d;(X11)dr (Pz)}

ibj+k=n,1<ij,k

+ Z {X11d;(X12)dr(P2) + X12d;(X11)di (P2) }
Jk=n,1<j,k

+ Z {di(X11)X12dk(P2) + di(X12) X11dk (P2) }
itk=n,1<i,k

+ Z {di(X11)dj(X12) P2 + di(X12)d;(X11) P2}
=, 1<,
+dn(X11)X12 + X11dn(X12) Po
= Y dilX1)dj(X12) + dn(X11)X12 + X11dn(X12)

itj=n,1<i,j

= Z di(Xll)dj(XH)-

i+j=n
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Similarly, we can show (iii) holds.
(iv) For any n € NT, X11, Y11 € A, Z12 € M, it follows from Lemma 4 (ii)
and the properties (P2) that

dn(X11Y11Z12)

= dn,((X11Y11)Z12) = Z d;(X11Y11)d;(Z12)
i+j=n
= Z di(X11Y11)d;(Z12) + dn(X11Y11) Z12

it+j=n1<j
S (Y dp(X11)dg(Y11))dj(Z12) + dn(X11Y11) Z12

i+j=n,1<j p+qg=1i

Z dp(X11)dq(Y11)dj(Z12) + dn(X11Y11) Z12.
pt+qt+i=n,1<j5

On the other hand,

dn(X11Y11Z12)

= d(X11(Yi1Z12)) = Y di(X11)d;(Y11Z12)

i+j=n

= ) di(Xn) D dp(Yin)dg(Z12)

t+j=n ptqg=j

= Y dy(X11)dg(Yi1)d;(Z12)

pt+gt+j=n

= Y d(Xi)dg(Yi)d;(Z12) + Y dp(X11)dg(Y11) Z1a.

p+q+ij=n,1<j p+g=n

Comparing above two equations, and by the faithfulness of M, we get that

Prdn(X11Y1)Pr = Py Z di(X11)d;(Yi1) Py (6)
i+j=n

In the following, we will show Pid,(X11Y11)P, = P Ziﬂ»:n di(X11)
dj(Y11) P, holds. Indeed, For any n € Nt, X;1,Y;; € A, by Lemma 4(i) and the
properties (P2), we get

0

dn((X11Y11) P2)
Z di(X11Y11)d; (P)
i+j=n
Z d;(X11Y11)d; (P2) + dn(X11Y11) P>
it =, 1<
Z { Z dp(X11)dg(Y11) }d;(Pe) 4 dn(X11Y11) P>
i+j=n,1<j p+q=i

Z dp(X11)dg(Y11)d;(P2) + dn(X11Y11) P2
p+g+j=n,1<j
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=D BX){ Y dy(Yi)d;(P2)}

p=0 q+j=n—p
— Z dp(X11)dg(Y11) Po + dp(X11Y11) Po
pt+g=n
=Y dp(X1)dnp(Yir P2) = Y dp(X11)dg(Y11) P2 + dn(X11Y11) Py
p=0 ptq=n

I
|
i\
Q.
E<

dq(Y11) P2 + dn(X11Y11) Po.

This implies that

Prdn(X11Y11) P = Py Z di(X11)d; (Y1) P2 (7)
i+j=n

Therefore, by Egs. (6) and (7) and Lemma 3, we get d,(X11Y11) =
> it jen @i(X11)d;(Y11). Similarly, we can show (v) holds. The proof is com-
pleted. ]

Lemma 5. For anyn € N, X11,Y11 € A, X12,Y12 € M and Xos,Yes € B, the
following statements hold:

(i) dn(X11 + X12) = dn(X11) + dn(X12);

(i) dn (Y12 + Ya2) = dn(Yi2) + dn(Y22);

(111) dn(X12 + Y12) dn(Xlg) + dn(Ylg);
(iv) dn(X11 +Y11) = dn(X11) + dn(Y11);
(V) dn(Xaz2 + Ya2) = dn(Xa2) + dy (Ya2).

Proof. (i) For any n € Nt X;; € A and X135 € M, since P(X11 + X12)P =
X12 € Q, we take X = P,Y = X117 + X12,Z = P, in Eq. (1). Then by
Lemmas 24, and the properties (P2), we get

dn(X12)
dp(P1(X11 + X12)Po + (X711 + X12) P )

= Z {di(P1)d;(X11 + X12)di(P2) + di(X11 + X12)d; (P1)dk(P2) }
i+jth=n

= Z {di(P1)d;(X11 + X12)di(P2) + di(X11 + X12)d; (P1)di(P2) }
it k=r,1<i,j,k

+ Y P (Xun + X12)di(P2) + (X11 + X12)d; (Py)di(P2)}
j+k=n,1<jk

+ Y Adi(P)(Xa1 + X12)di(P2) + di(X11 + X12) Prdi(P)}
i+k=n,1<ik

+ Z {di(Pr1)d;(X11 + X12)Po + di(X11 + X12)d;(P1) P}
i 1<i,j
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+Pid,(X11 + X12)Po + X11dn (P1) Py + 2X11d,, (P2)
= Y GXd(P)+ Y di(Xn)dk(P2)

j+k=n,1<j,k i+k=n,1<i,k
+ ) di(Xn)di(Py)
itj=n,1<i,j
+P1d, (X171 + X12) P + X11d (P1) + 2X11d,,(P2)
S di(Xn)de(Po) + Y di(Xn)de(Po) + Y di(X11)d;(Pr)

j+k=n i+k=n t+j=n
+P1dy(X11 + X12)Po — dp (X11) P1 — 2d, (X11) Pe
= dn(X11) + Prdn(X11 + X12) P2 — dp(X11) Py — 2d,(X11) P2
= Pid,(X11 + X12) Py — dp(X11) P2

This implies that
Pid,,(X11 4+ X12) P2 = Pid,(X11) P2 + dn(X12). (8)
Similarly, we can get that
Pody, (X11 + X12) P2 = 0. (9)

In the following, we will show Pyd,, (X11+ X12)P1 = P1d,,(X11)P; holds. For
any n € N*, X5, Z15 € M, since (X11 + X12)Z12P> = X11Z12 € Q, we take
X = X171+ X12,Y = Z15,Z = P, in Eq. (1). Then by Lemmas 2-3, Lemma
4(ii), Pody,(X11 + X12) P2 = 0 and the properties (P2), we get

dn(X112Z12)

= dn((X11 + X12)Z12P2 + Z12(X11 + X12) P2)
= Z {di(X11 + X12)d;(Z12)di(P2)
i+j+k=n
+d;(Z12)dj(X11 + X12)di(P2)}

Z {di(X11 + X12)dj(Z12)di(P2)
it h=n,1<i,j,k
+di(Z12)d;(X11 + X12)dp(Po) }

+ Z {(X11 + X12)d;(Z12)di(Pa) + Z12dj (X11 + Xi2)di(P2)}
k= 1<4,k

+ Z {di(X11 + X12) Z12di (P2) + di(Z12)(X11 + X12)dk(Pe)}
ith—n,1<i,k

+ Z {di(X11 4+ X12)dj(Z12) P2 + di(Z12)d;(X11 + X12) P}
i 1<ij
+dp (X114 X12)Z12 + X11dn (Z12)
= ) di(X1)dj(Zi2) + dn(X11 + X12) Z12 + X11dn(Z12)

itj=n,1<i,5
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Z di(X11)d;(Z12) + dn(X11 + X12) Z12 — dn(X11) Z12
i+j=n
= dn(X11Z12) + dn(X11 + X12)Z12 — dn(X11) Z12.

And then by the faithfulness of M, we get that
Prdy (X114 X12)P1 = Pid,(X11) Py (10)

Therefore, by Egs. (8)-(10) and Lemmas 2-3, we have dp, (X11+X12) = dn(X11)+
dp(X12). Similarly, we can show (ii) holds.

(iii) For any n € Nt X15, Y12 € M, since (P; + X12)(Yi2 + P2) Py = X1 +
Y12 € Q, we take X = (P1 + X12),Y = Yi2 + ), Z = P» in Eq. (1). Then by
Lemmas 2-4, Lemma 5(i)-(ii), and the properties (P2), we get

dn(X12 + Y12) = dn((P1 + X12)(Yi2 + o) P + (Yi2 + Po)(P1 + X12) Pa)

= Z {di(P1 + X12)d; (Y12 + P2)d(P2)
i+jtk=n
+d;(Yiz + P2)d; (P + X12)di(P2)}
= S {di(Pr+ Xa2)d; (Yiz + Po)di(Py)
it j+k=n,1<i 5,k
+d;(Yiz + Po)d;(P1 + X12)di(P2) }
+ Z {(P1 + X12)d; (Y12 + Po)di(P2)
jtk=n,1<jk
+(Yi2 + Po)dj(Py + X12)di(P2)}
+ Z {d;(P1 + X12) (Y12 + Po)di(P2)
itk=n,1<ik
+d;(Yi2 + P2)(P1 + X12)di(P2)}

+ Z {di(P1 + X12)d; (Y12 + P2)P»
=, 1<,

+d;(Yiz + Po)d;(P1 + X12) P2}
+dn(Xi12) + dn(P1) + dn(Yi2) + dn ()
= dn(X12) + dn(P1) + dr(Y12) + di(P2)
= dp(X12) + dn(Yi2).
(iv) For any n € Nt X1;,Y11 € A, Z12 € M, then by Lemmas 2-5(iii), and
the properties (P2), we get
dn(X11212) + dn(Y11Z12)
= dn((X11 +Y11)Z12)
= Z di(X11 + Y11)d;j(Z12)
i+i=n
= Y (di(X11) + di(Yi1))d;(Z12)

i+j=n,1<ij
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+dn(X11 + Y11)Z12 + (X11 + Y11)dn(Z12)

= Y di(X11)d;j(Z12) — dn(X11) Z12
i+j=n

+ Y di(Y11)dj(Z12) — dn(Yi1) Zaa + dn(X11 + Y11) Z12
i+j=n
= dn(X11Z12) + dn (Y11 Z12)
+(dn(X11 + Y1) — dn(X11) — dn(Y11)) Z12.

Therefore, by the faithfulness of M, we get that
Pyd,(X11 + Y1) Py = Pid, (X11) Py + Pid, (Y11) Pr. (11)
On the other hand, it follows from Lemma 4(i) and the properties (P2) that

0 = dp(X11 +Y11)Po)
= ) di(Xi1+Yi)d;(Py)
i+j=n

= Z {di(Xu) + di(Yll)}dj(PQ)

i+j=n,1<i,j

+dn(X11 + Y1) Pe + (X1 + Y11)dn (P)
= Y di(Xn)di(P) + Y di(Yir)d;(P2)
+j=n +j=n
+dn(X11 + Y11) P2 — dn(X11) P2 — dn(Y11) P
= dn(X11 + Y11) P2 — dp(X11) P2 — dp (Y11) Pa.
This implies that

Pid, (X114 Y11) P2 = Pidp(X11) Pe + Pid, (Y11) Po. (12)

Therefore, by Egs. (11)-(12) and Lemma 3, we obtain d,, (X171 +Y11) = d,(X11)+
dp,(Y11). Similarly, we can show (v) holds. The proof is completed. ]

Lemma 6. For any n € NT,X;; € A, X195 € M and Xos € B, we have

drn(X11 + X2 + Xo92) = dn(X11) + dn(X12) + dn(X22).

Proof. For any n € Nt X1, € A, X152 € M and Xay € B, since P (X171 + X120 +
Xoo)Po = X120 € Q, we take X = P, Y = X113 + X192 + Xo3, Z = P> in Eq. (1).
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Then by Lemmas 2-4, and the properties (P2), we get

dn(X12)
= dp(P1(X11 + X1z + X20) Py + (X114 X12 + Xo2) P o)
= Z {d;(P1)d;(X11 + X2 + Xo9)di(P2)

i+j+k=n
+d;(X11 + X2 + Xo2)d; (P1)di (P2)}
= Z {di(P1)d;(X11 + X12 + Xo2)dp(P2)

it jrk=n,1<i,j,k

+d;(X11 + X2 + Xo2)d; (Pr)di(P2)}

+ Z {P1d;(X11 + X12 + Xo2)dp (P2)
Jrk=m 1<),k

+(X11 + X2 + Xo2)d; (Pr)d(P2)}

+ > A{di(P)(Xa1 + Xaa + Xo2)di(Py)
ith=n,1<i,k

+di(X11 + X124+ Xoo) Prdi(Po)}

+ Z {d;(P1)d;(X11 + X12 + Xo2) P>
i 1<i ]

+di(X11 + X192 + Xo2)d; (P1) P2}

+dp (Pr1) X2z + Prdn (X11 + X12 + Xo2) Po + X11d, (P1) Py 4+ 2X11d,(P2)

- Z dj(X11)dr(Pe) + Z di(X11)dk(P2)

jrk=n,1<j.k itk=n,1<i,k
+ Y di(P)di(Xa)+ Y di(Xan)d;(Py)
i+j=n,1<4,j it+j=n,1<4,j

+dn(P1)Xo2 + Pidy (X11 + X12 + Xo2) Pe + X11d,, (P1)+2X11d (P2)
=2 > di(Xn)de(Po) + Y di(P)d;(Xa2) + > di(X11)d;(Py)

jt+k=n t+j=n i+j=n
+P1dy (X11 + Xi2 + Xo2) Py — 2d,,(X11) Po — Prdp(Xa2) — dn(X11) P
= dn(X11) + Prdn(X11 + X124 Xo2) Po
—2d,,(X11) P2 — Pidy,(Xa2) — dp(X11) P2
= Pid,(X11 + X12 + Xo2) Py — dp(X11) P — Pidp(Xa2).

This implies that
Pidy (X114 X12 + Xo2)Po = Pidy (X11) Pe + dn(X12) + Pidn(Xo2) Py, (13)
In the following, we will show Pid,(X11 + X12 + Xo2)P1 = Pid,(X11)P1
and Pgdn(Xu + X12 + X22)P2 = Pgdn(ng)Pg hold. Indeed, For any n € NJr,

Z19 € M, since Pl(Xll + X9 +X22)Zlg = X11Z12 € Q, we take X = P1,Y =
X114+ X190+ X902, Z = Z15 in Eq. (1). Then by Lemmas 2-5, and the properties
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(P2), we get

dn(2X11212)
dp (P1(X11 + X12 + X22)Z12 + (X11 + X120 + X22) P1 Z12)
> {di(P)di (X1 + Xiz + Xoo)di(Z12)
itj+hk=n
+di(X11 + Xi2 + Xo2)d; (P1)di(Z12)}
= Z {d;(P1)d;(X11 + X12 + Xo9)di(Z12)
it k=n,1<i,j,k
+d;(X11 + Xi2 + Xo2)d; (P1)di(Z12)}
+ > {Pudi(Xa1 + Xig + Xoo)di(Z12)
j+k=n,1<jk
+(X11 + X2 + Xo9)d; (P1)dr(Z12) }
+ Z {di(P1)(X11 + X12 + Xo2)di(Z12)
ith=n,1<i,k
+d;(X11 + Xi2 + Xo2) Prdi(Z12) }
+ Z {d;(P1)d;(X11 + X12 + Xo22) Z12
i 1<ij
+di(X11 + X12 + Xo2)d; (P1)Z12}
+2P1dp (X171 + Xi2 + X22) Z12 + 2X11dn(Z12)
= Y di(X1)di(Z12)

jak=n, 1<,k

+ Z di(X11)P1di(Z12)
itk=n,1<i,k

+2P1dp (X114 X12 + X22) Z12 + 2X11dn (Z12)

2 Z di(X11)d;(Z12) + 2P1dn(X11 + X2 + X22) Z12 — 2d(X11) Z12
iri=n

= dn(2X117212) + 2P (dn(X11 + X12 + Xo2) — dn(X11)) Z12.

Hence, by the property of 2-torsion free of ¢ and the faithfulness of M, we get
that

Pid, (X114 X12 + Xo2)P1 = Pid, (X11) P (14)
Similarly, we can get that
Prd, (X114 X1 + Xo2) Po = Pod, (X22) Ps. (15)

Therefore, by Egs. (13)-(15), we get d,,(X11+ X124+ Xo2) = d,,(X11) +dn(X12) +
dn(XQQ). | |

Now, we begin to prove Theorem 1.
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Proof of Theorem 1. Tt follows from Lemmas 5 and 6 that D = {d,}nen has
the additivity on Y. Now, we show that D = {d,}nen is an additive higher
derivation on U. Let X = X171+ X12+ X902 and Y = Y71 + Y12+ Yoo be arbitrary
elements of U, where X11,Y11 € A, X12,Y12 € M and Xo9,Y2o € B. Since
D = {d, } nen has the additivity on U, so we can obtain from Lemmas 2-4 that

dp(XY) = dp((X11 + X12 + Xa2) (Y11 + Yi2 + Ya2))
= dp(X11 Y11 + X11Yi2 + X12Y29 + X20Y29)
dn(X11Y11) + dn(X11Y12) + dpn (X12Y22) + dn(X22Y22)

> di(Xn)d;(Yi)+ Y di(Xun)dj(Yiz)+ Y di(X11)d;(Vaz)

i+j=n i+j=n i+j=n
+ ) di(Xa2)d; (Yaz) + Y di(Xa2)d;(Vaz)
i+j=n i+j=n
= Y di(X)d;(Y
i+j=n

Therefore, D = {d,,}nen is an additive higher derivation on . The proof is
completed. ]

Next we give an application of Theorem 1 to certain special classes of trian-
gular algebras, such as block upper triangular matrix algebras and nest algebras.

Let R be a commutative ring with identity and let M, «x(R) be the set of
all n x k matrices over R. For n > 2 and m < n, the block upper triangular
matrix algebra T¥(R) is a subalgebra of M, (R) with the form

My, (R) My, xky,(R) -+ My, xk,, (R)

0 My, (R) -+ Mpiyxk,,(R)
0 0 o My, (R)
where k = (k1, ks, -+ , k) is an ordered m-vector of positive integers such that

ki +ko+4- 4+ ky =

A nest of a complex Hilbert space H is a chain A of closed subspaces of H
containing {0} and H which is closed under arbitrary intersections and closed
linear span. The nest algebra associated to A is the algebra

AlgN = {T € B(H): TN C N for all N € N'}.

A nest NV is called trivial if N = {0, H}. It is clear that every nontrivial nest
algebra is a triangular algebra and every finite dimensional nest algebra is iso-
morphic to a complex block upper triangular matrix algebra.

Corollary 7. Let Tf (R) be a 2-torsion free block upper triangular matriz alge-
bra, D = {d,,}nen be a nonlinear non-global semi-Jordan triple higher derivable
mapping on TF(R). Then D = {d,}nen is an additive higher derivation.
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Corollary 8. Let N be a nontrivial nest of a complex Hilbert space H and Alg\
be a nest algebra, D = {dp}nen be a nonlinear non-global semi-Jordan triple
higher derivable mapping on AlgN. Then D = {d,}nen is an additive higher
derivation.
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